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Mathematics is а necessary avenue to scientific knowledge which opens new 
vistas of mental activity. A sound knowledge of Mathematics is must for a modern 
scientist, information technologist, financial specialist and/or an engineer io attain 
new dimensions in all aspects of professional practices. Applied mathematics is alive 
and very vigorous. That ought to be reflected in our teaching. In our own teaching we 
became convinced that the textbook is crucial. Н must provide a framework into which 
the applications will fit in. A good course has a clear purpose, and you can sense that it 
is there. It is a pleasure to teach a subject when it is moving forward, and this one is- 
but the book has to share in that spirit and help to establish it. 


This book is a self-contained comprehensive volume covering the entire ambit 
of the course of Mathematics ХИ offered by Khyber Pakhtunkhwa Textbook Board, 
Peshawar. Prof. Mumtaz Khan enjoys a rich and diversified experience of 36 years of 
curriculum development in the specialized areas of Pure Mathematics, Applied 
Mathematics, Statistics, Quantitative Research and Operational Research, preparing 
and delivering lectures at undergraduate, graduate and post-graduate level in 
Engineering, computer science, business administration and information technology, 
supervising research at undergraduate, graduate and post-graduate level. He is author 
of many books being taught at different universities and colleges at graduate and 
undergraduate level. He remained associated with the University Of Engineering & 
Technology Peshawar since 1976. К 


One of his areas of expertise is the application of mathematical and statistical 
techniques to engineering, information technology, computer science, business 
administration, economics and medicine. 


This book is written in a lucid, easy to understand language. Each topic has 
been thoroughly covered in scope, content and also from the examination point of 
view. For each topic several worked out examples are carefully selected and presenied 
to cover all aspects of the topic. This is followed by practice exercise with answers to 
the problems and hints to the difficult ones. 


e Students may write him at: profmumtar@hotmaiLcom for any query about any topic discussed in 


this book. 
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Higher Order Derivatives and Applications 


Differentiation of Vector Functions 


Conics-I 


Differential Equations 


Partial Differentiation 


Introduction to Numerical methods 


“| Answers Mae 
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Introduction To Symbolic Package: MAPLE 


This unit tells us, how to 


recognize the MAPLE environment анд basic MAPLE commands. 

use online MAPLE help. 

*use MAPL Ecommands to simplify polynomials, such as factoring polynomial, expanding an 
expression, simplifying an expression, simplifying a rational expression and substituting in an 
expression. 

* use MAPLE commands to view two-dimensional graph, domain and range and parametric Ч 


Introduction AN 


Tn this introductory course, you will become familiar with and comfortable in the Maple 
environment. You will learn how to use "context menus" and "palettes" to perform powerful analysis 1 
and create high-impact graphics with only a minimal knowledge of commands. This coursc will give Y 
you the tools, you need to get started quickly, and a solid foundation upon which to build your future Y / 
Maple explorations. А 


[Maple Environment | V 


MAPLE is a powerful mathematical software package. It can be used to obtain both 
symbolic and numerical solutions of problems in arithmetic, algebra, and calculus and to generate plo ү/ 
of the solutions it generates. А 


If you want to be able to use MAPLE to solve mathematical problems, start ihe program V. 
with commands and then earry out each step given in the subsequent sections. А 


Open Maple :1Ё you аге on EOS (a UNIX-based operating system at North Carolina State University), У 
then: 


. Log on to your EOS account. 
C Bring up the application menu (point to an open space on the desktop and use the middle 


mouse button) and choose "Mathematics « Maple-(14)". 


You should eventually see a large window headed Бу " Maple 14 or 11 or any " with a 4 у 
smaller window headed by Untitled (1)- [Server 1]." The smaller window is the worksheet. The 7 
MAPLE command prompt gm 
[> 


will show at the upper left of the worksheet by clicking "prompt symbol” on a toolsbar. 4 \ \ 
сэ 

А When you are finished with the MAPLE session, you will leave the program by selecting 7 y 
"Exit" under the "File " menu (upper left of the MAPLE toolsbar). / 1 
ч > 

ЕЁ X 

SIM ——— ———— ЇЙ 

129, 4 у; 

- Ч 7 
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Saving Your Program | 4 
As with any other program application (word processing, spreadsheeting, etc), you 


should get in the habit of saving your work frequently, so if the system crashes you can recover most of 
what you did. 


. Choose "Save as" under the "File" menu. Make "Tutoriall mws" the name of your file. 


"This name should then appear at the top of your worksheet. As you work, frequently 
choose "Save" under the "File" menu or type CONTROL-S (hold down the CTRL key and type S) to 
save your recent work. 


Getting Help 


Go to the "Help" menu (it's at the top right of the MAPLE toolsbar) and select "Contents". 
You will see a number of topics in black lettering (What's New, "Mathematics," etc.) and " introduction 
"апа "Worksheet Interface” in green lettering. You can click on any title with green letters to open that 
section of the Help file. For example, 


. Click on "Introduction" and read through the exemples to get your first look at what 
MAPLE does. ` 

. When you are finished, click on the upper left corner of the "Intro" window and select 
"Close" to get rid of the window. 

Printing 


If you want to print your program, then: 


. Select"Print" under the "File" menu, note the name of the file that will be created when you 
execute the print command. 
*  '  Gointo your terminal window and issue the command to print the file required. 


1.1.2 => | MAPLE Commands 


A MAPLE command is a statement of a calculation followed by a semicolon (the result is 
displayed on the screen) or a colon (the result is stored but not displayed). Following are some 
commonds followed by the displayed results. Enter the commands on your worksheet and verify Ше 
given results. When you get to "Save the file," select "Save" under the "File" metu or type CTRL-S. For 
example, 


14415; 
[ 29 [3] 
| [ 87+5:6+2; 

96 (2) 
[ 3:(6--9); 

45 (3) 
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If you don't include a semicolon or colon at the end of a command, MAPLE will interpret 
Ше next command line as a continuation of the previous command. 


Arithmetic Operations : The symbols +,-,*,/, and ^ (or **) denote addition, subtraction, multiplication, 
division, and exponential (4^2=4**2=4?-1 6). When a string of operations аге specified in a command, 
MAPLE first does exponentiations, then multiplications and divisions, then additions and subtractions. 
To change the order, use parentheses. 


Editing Commands : 1f you make n mistake in a command (like forgetting a semicolon) or want to 
change a command, you can go back and edit the command with the cursor and mouse as you would a 
word-processor text. 


Exact Arithmetic and Floating-Point Arithmetic: MAPLE calculates-fractions (exact arithmetic) unless 
you specify that you want decimals (floating-point arithmetic) with the evalf function ("evalf" stands for 
“evaluate using floating-point arithmetic"). 


25 3 
20270451. 
am Ши, 
) 459 
25, 3 
) 2 21 27:6 sj 2 
0.985 


че 


The argument 3 in the evalf command specifies the number of significant figures you 
want in the result. If you omit this command, you will get ten significant figures: 


[s 2216: жег) 


piso 

You can get help with MAPLE syntax by using the HELP menu, as described previously. 
If you have a question about a particular command, you can quickly get help by typing a question mark 
followed by the name (no semicolon). For example, 


зу” ш 


0,9847494553 


M 


[> differentiation: 


will open a window containing information about what the "differentiation" f function does and how to 
use it. Click on the little "Cross" box at the upper left of the window to close down the little window. 


Enlistment of Variables: Use the colon-equal symbol (:=) to define variables-that is, to assign values to 
them. Once you have defined a variable, simply typing its name will show its value, and using the name 
in a formula will cause the value to be substituted. For example, 


Lh db v чу чу чш” 
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> A= 25,B= 145, 
A= 25 


Be 145 (0) 


If you want to string commands together on the same line, then: 


> A= 5; B= 10,C = 12; 


Ave 5 
B=10 
C=12 (8) 
> 24+4В+5:С, 
110 @) 
> REL 
В 
2 (10) 


Numbcr of Digits (significant figures) in Your Results: When you do floating point arithmetic, MAPLE 
defaults to 10 significant figures: 


(5) 
> eval/ ( 2 7 
2.500000000 (11) 


You can change the default by setting a variable "Digits" equal to the desired number of significant 
figures: 


E Digits = 4; 


Р 221631 


Built-in-Functions: MAPLE has many built-in-mathematical functions including sin, cos, tan, exp, In, 
and log10. If you want to calculate the value of onc of these functions, then you must use the evalf 
command. For example, 


Ё In(10); 


Digits:-4 (12) 


2.500 a3) 


In(10) (14) 


> evalf(In{10), 4); 
2303 (15 


Expressions and Functions: An expression is a string of constants, variables, and mathematical 
operators(+,-, *, /, ^, =, In, sin, ...). The following are the expressions: 


iv 


[Introduction to Symbolic Package: MAPLE | 


2 
1 
2 (16) 
4 3 — 5- In(x) r 
422—5 (х) an 
5-3 — 12: y = cos(a y) 
53x: —12 y - cos(x y) (18) 


A function is a relationship for a variable (the dependent variable /output in terms of one or more other 
variables (the independents variables/inputs). The following are the the functions: 


p(x) =3-x+2 4 
у(х) =3x+2 (19) 
zy) ŻE 
2 2х 
2(xy) = p (20) 


MAPLE handles expressions and functions in completely different ways, which can lead to a great deal 
of confusion, when relations like this are encountered: 


у=622—15:=+4 : 
у=622—15х+4 (21) 


This could be an expression relating x and у or ће definition of y as a function of x. To do anything to 
or with this relation (like substituting a value of x into it, or solving it for one variable in terms of the 
other one, you must know whether the relation is an expression or a function. 


In the next two sub sections, we show how expressions and functions are defined and evaluated. 


Defing Expressions and Substituting Values into Them: Use the colon-equal (:7) to define an expression, 
and the "subs " function to substitute a value into it. For example, 


> far; 
fax (22) 
>f 
x Q3) 
> subs(x=5,f); 
25 (24) 


Typing [> f(5); will not work for the latter calculation. If you want to use functional notation like that, 
you need to use the next method to define a function. 


Defining Functions and Substituting argument values into Them: Use the colon-equal (27) and the arrow 


1 Introdüction to Symbolic Package: MAPLE | 


symbol -> to define a function, and functional notation to substitute a valuc into it. For example, 


= iL. 
z^ Become 
2304 
EFE TESI e» 
> р(х); 
1 
FHI eo 
> #(4), 
1 
А an 
TRE — 


Converting Expressions into Functions : It is noted that previously defined expression f: =x cannot be 
treated as a function. 


li 75); 


t 


x(5)? (28) 
You can convert the expression into a function of x, however by using the "unapply" command: 


> f= unapply f, x); 
[92x (29) 


2); 
25 (30) 


You can also take the function /7x^ and convert it back into an expression: 


> f= f(x); 
: f-x G1) 
> gt subs(x=5, f); 
Bt 
25 (32) 


CTRL-S 
1.2 |Polynomials 
The facterization of a polynomial, expansion of an expression, simplification of an 


expression, simplification of a rational expression and substitution into an expression can be dealt 
through direct MAPLE commands and context menus: 


12.1] v) [Factorization of a Polynomial! 


The command will show you full information about factorization on line by typing: 


vi 
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L> ?factor 
Command: 


> facior(x? + 5-х +6); 
(х+3) (x +2) (33) 


Context Menu Result: You can use Maple's context menus to perform a wide varicty of 
mathematical and other operations. Enter the polynomial and place your cursor on the last end of the 
polynomial or expression and right-click. The context menu offers several operations to choose from 
according to the expression that you are using. The above result through context menu is as under: 

factor 
#+5-х+6 = (x-+3) (x2) 


This result is obtained through right-click on the last end of the expression by selecting "Factor" on the 
context menu. 


1.22 m> [Expansion of an Expression 

Command: 

| ерам? (X. 43x + 1)); 
x 3354 - 04 

Context Menu Result) 

(r3 аР 


11.23 Simplification оГап Expression 


Command: 


ees (e) 
G5 


hala 


Context-Menu Resit: 


I 

CEN 6I simplify c constant 7 
$m 2 
This result is obtained through Right-click on the last end of the expression by selecting 
"Simplify«Constant" on the context menu. 
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1:24] wp |Simplification of a Rational Expression 
[Comman ^7 j М T 
x+2 
[ Context-Menu Result: 
(x3) assuming integer _ 1 
(2 5x6) х+2 
1215 c» [Substitution into an Expression 


Command: 


> subs(x=y +3, 2-x 5), 
[ 2у+11 67 


| Context-Menu Result: 


245 Poem pO) y LI 


This result is obtained through Right-click on the last end of the expression by selecting "Evaluate at a 
point" on the context menu. 


1.3 | => (Graphics 
[E31] => [Two Dimensional Graph 
Command: 
plo? +5-x+6); 
150: 
100: 
50 
-10-5 0 5 10 
x 
Context-Menu Result: 
#+5х+6 
x 5x46 (38) 
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-10 -5 0 5 10 
x 


This result is obtained through Right-click on the last end of the expression by selecting "Plots < 2-D 
plot" on the context menu. 


1.3.2 0» Two-Dimensional Plot With Domain and Range 


Command: 


plot xr 1,x--2.2); 


nw fw 


z20 | 
x 


Context-Menu Result: Enter an expression or function, right-click on it and select Plots < Plot Builder 
« 2.D Plot and enter the domain for the expression or function. For example: 


+> 


1.3.3 8) [Parameterized Form of a Function 


Command: 


\ | рїої1зш{), сов(1),2=-4..4],-2.2)-2.2); 


- - ix 


Introduction to Symbolic Package: MAPLE 


Context-Menu Result: Enter an expression or function, right-click on it and select Plots « Plot Builder 
<2-D parametric plot and enter the domain for the parameter t: 


| e edm 


1.4 Matrices 


The command will show you full information about matrices on line by typing: 
[> matrices 


1.4.1 C» | Matrix and Vector Entry Arrangement 


| Command: 
[> with( linalg) : 
> M:= matrix(2, 2, [4, 3,3,2]); 
М» su) (39) 
5132 
> М = marrix(2, 2, [6, 7, 8,91); 
js 67 (40) 
“189 
Matrix addition: 
Г matadd| M, N); 
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> 10 10 m 
пи M ) 


Matrix Multiplication: 


> multiply( M, N); 


48 55 42 
34 39 S 
Transpose of a Matrix: 
> trans ‘= transpose| M); 
nM (43) 
[32 
> matadd( M, trans); 
8 6 (44) 
64 
Inverse of a Matrix: 
> inv := inverse M); 
-n B 
iny:7 © 
| : 2| 2) 
> mulüply( M, inv); 
ie a9 
01 


Using Palettes: Use cursor button to select matrix palette. Click-"Matrix" «click-Choose (for the 
number of rows and columns of a required matrix) « click-Data type ( to select integers entries ofthe 
rows and columns of a required matrix), then finally click-"Insert Matrix" and press ENTER key to 
obtain a required matrix: 


12 
34 
12 
(47) 
34 
Matrix Addition: 
12 34] [4 6 
34 56 ls 10 
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This result is obtained through context menu. Right -click on the last end of the matrix by selecting 
"Evaluate and display inline" to obtained the addition of two matrices. — 
Matrix Multiplication: 


112134 13:16 
ЇЕ 5 6| |29 36 


This result is obtained through context menu. Right-click on the last end of the matrix by selecting 
"Evaluate and display inline" to obtained the product of two matrices. 


= 


Inverse of a Matrix: 
1 3 А ад, 
EMI. 1 
34 2^2 


This result is obtained through context menu. Right-click on the last end of the matrix by selecting 
"Standard Operations" and then right-click on the "inverse" to obtained the inverse of a matrix. 


Similarly, 


Determinant of n Matrix: 


123 

426|———— 

351 ( 
Transpose of a Matrix: 

123 143 

426|---012 2 5 

351 361 


[1.5] = [MAPLE as Graphing-Calculator 
You Click-start, then select-program «Maple 14 < click-"Maple Calculator" to obtain: 


| Maplesofi(TM) Graphing Calculator Overview 


This graphically scientific calculator is available for use as part of your Maple(TM) 
installation or via a Web Server running MapleNet(TM). The calculator use Maple for calculations. 


On toolsbar, T 
. use the "setting tab" to control the basic computation settings for the calculator. 
. use the "Math tab" to select functions to apply, from basic functions to linear algebra 


to statistics. 
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use the "Graph tab" to control over how graphs are displayed and what they display. 
use the "Data tab" to control the data used to produce a graph or the data you have 


tabulated directly. 
. use the "variable tab" to control the variables you have assigned and their values . 


To involve the graphing calculator, use your mouse to press the "Math tab" and select 
functions to apply. This will build up your expression for you in the input area, which is just below the 
session history area on the left side of the calculator. When you are ready to evaluate your expression, 
press ENTER key on your kéyboard. Alternatively, you can press the "Graph button", to graph the 
expression, or the "data bution", to tabulate values for the expression. For example, 


Click-Math tab < Click- Calculus < Click-Differentiate to obtain: 


Diff(1) 


Cursor "1" requires А : the expression x? +4 x +4, X: the differentiation of f(x) with 
respect to x and P: the differentiation of f(x) at a point x=2: 


Diff(A X,P) 
Difi{x*244x+4,X,2) 
Click-ENTER 

8 


Ш» 25 ш eee 


int(1) 
Cursor "1" requires А: the function x? +4х +4, Х: the integration of f(x) with respect to x, 
P: the lower limit x=0 and Q: the upper limit x71 of the integral: 


int (A,X,P,Q) 
int(x°2+4x+4,X,0,1) 
Click-ENTER 
6.333333 


[ЕЗ] > Matrices ST 7000000] 


The steps required in entering a matrix on Graphing-Calculator are the following: 


Click-Matrix/List-Editor, Click-Matrix<Click-Dimension (to choose the order of a matrix) < 


Click-List (to enter the 
rows and columns of 


a required matrix) 
2. Click-Variables-Tab, Click-Matrx«Click-Clear Selection «Copy Selection «Click- Sort-List. 
3. Click-Blank-Box (to denote the required matrix by A, say) «click-Save (to save the required 
matrix by А). 
4. Click-Update (to display the rows and columns of a matrix A): 


———— EMe— ——3 


= 
| 


Ped rene Meret 
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‚ши — — е : 


р @ T6244] " i бү?! idi d 
5. CIe-ENTER (о display the matrix A): _ 


LT ханш л " 


6. Inverse of a Matrix: Click-Math-Tab «Click-Linear Algebra «Click-Inverse (to obtain the 
inverse of a matrix A): 


 —— U€—— M—— — À—ÀÀÀ——— m. 


| L500 -0.500. 


7. Determinant of a Matrix А: Click-Math-Tab <Click-Linear-Algebra <Click- 
Determinant (to obtain the determinant of a matrix A): . 


-2.000 e f i | 


= -4 


cou x3 TH шор. 
CIK ENTER” l M 
X 2 | A 
—-— — AS Ё- — -K d ] 
8 Transpose of a Matrix: Click-Math-Tab <Click-Linear Algebra <Click-Transpose (to 4 
4 


obtain the transpose of a matrix A): 
Transpose(A) 


Click-ENTER. 


5 


This Unit is typed under "MIXED-MODE" [Document mode + Worksheet mode]. 
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| Maple Based Examples of Mathematics-XII 


Important Limits 


Example 1:Use Maple commands to evaluate the limit of a function 
a. f(x) = +2142, when x tends to 2. 

TS 
b. f(x) = 18-41, when x tends to a. 


(x—a) : 
If the command for the required limit of a function is not known to you, then, easily on line ,са the 


command by typing: 

[> imit 

This will show you all commands about the limits. 
а. Command: 


[E limit( (x7) + (2-x 4-2), x72) 
10 (48) 


Using Palettes: Use cursor button to select limit palette. Click-the required limit palette,and replace a by 
2.Click (a+b) (for sum rule of a function), then press "Enter" key to obtain the required limit: 


E Jim (G7) + (2-х+2)) 


10 (49) 
b. Command: 
E] 
> i (8). уш); 
(x—a) 
за (50) 


Using Palettes: Use cursor button to select limit palette. Click-the required limit and replace a by a. 
Click-(a/b) {the quotient rule of a function), then "Enter" key to obtain the required limit: 


ха 
"x-G 2 
3a (51) 


Continuous and Discontinuous Functions _ 

Example 2: Use Maple command iscont to test continuity of a function f (x) = = any point in an 
a. interval from 0 to 1. 

b. closed interval [0,1]. 

c. open interval (0,1). 


atbtc. Commands: 
> iscont( X. +4,x=0..1); 
х true : (52) 
> iscont(x? +4,x=0.1;'closed'); 
true (53) 
m dscont(x! + 4, x=0..1,open'); 
тие e) 


Example 3:Use Maple commands to differentiate the following functions: 
a.f (x) ck me w.r.t variable x. 

_ (xt +2x+16) 
КР (è 32-2) 
c.f (x) E T sin (х)? + arccosx w.r.t variable x. 
d.f(x) = x coshix*arcsinhx w.r.t variable x. 
a. Command: 


w.r.t variable x. 


ЇЕ dif GP Tx 2,3); 


52*+7 (55) 
Context Menu. 
> +7х+2 
> diff(x*5 +7*x+ 2, x) 
5x 47 (56) 


This result is obtained through right-click on the Jast end of the expression by selecting " Differentiate < 
x " on the context menu. 


b. Command: 
4 
> di (42-2416) =) 
и (x? +3-x—2) 
4242. — (xt+2x-416) (3x $3) 6n 
ТЕ 2 
| X 3x2 (2+3х-2) 
Context Menu: 
DET I) 
> 
| (334-2) 
> diffi (x^* -E 2 * x 4-16) (x^3 3* x —2),x) à 
46-2. — (à 2x16) (3x 3) (58) 
№ +3х-2 (332-2). 
c. Command: 


af X + sin(x)” 4-arccos(x), x); 


Зд? 2 sin(x) cos(x) — (89) 
Context Menu: 5 
> x3 + sin(x)^2 + arccos(x) 
> diff(x^3 + sm(x)*2 + arccos(x), x) 
3x7 +2 sin(x) cosi) == (60) 


[introduction to Symbolic Package: MAPLE | f 


———————— o , 
) 


a Command: 4 
> diff (x?-cosh(x) + arcsinh(x), х); N 
2 xeosh(x) +27 sinh(x) + — i в) | AA 
М2 b^ A 
Context Menu: E $ 4 у 
> x-cosh(x) +arcsinh(x) Y 
> diff(x^2* cosh(x)+ arcsinh( x), x) 0. | é ) 
2x cosh(x) +22 sinb(x) + — ЛА, 
у1+х fer 
Example 4:Use Maple commands to find out the first and second derivative of a function 1 ) 
fix) =x! ятх +x +2 wrtx. ) 4 
Command: $ ) 
> diff (x! 4 x-sin(x) &x-2,x,x); . } 
1222 +2 sin(x) +4 x cos(x) —x sin(x) (63) ( ) 
For second derivative, after command, press the "Enter" key two times to obtain the second derivative Y { 
of a given functionabove result. // М 
Context Menu: W/ 
ox +x°sin(x) +x+2 AN 
> diff(x^4 +x°2* sin(x) +x +2,х) Ч WV/ 
433 2x sin(x) +4 | cos(x) +1 (64) N 
> diff (64) x) 6) 
12x? +2 sin(x) +4 x cos(x) -3 sin(x) (65 \W/ 
/А 
Result (18) is obtained through right click on the last end of the expression by selecting "Differentiate < ( 
x" on the context menu. For second derivative, click on the last end of the expression of result (18) by W/ 
selecting again "Differentiate « x"to obtain the required second derivative. For derivatives higher than N 
two, repeat the process again and again to obtain the required higher order derivatives. $ ) 
| Maciaurin's and Taylor's Expansions ооо ( 
Example 5:Use Maple commands to expand a function 4 > 
a. f(x) = e by Taylor's series expansion to fist four terms. Y 
b. f(x) = зїпх by Taylors series expansion to first 5 terms. 4 Ч 
а. Command: \ 4 
> taylor{e',x=0, 4), ( ) 
1+ще)х+ о е2 + соме) +0(2) ө VT 
Context Menu; = — = . € 
> ё \ Y 


l+ inle) z+ Д In(e) + 2 Infe) x? + o(s*) (67) Y ; 


? 
: аа ) 
) 


This result is obtained through right click on the last end of the expression by selecting "Series « x" on 
the context menu. 


b. Command: 
> taylor(sin(x), x=0, 5); 
х= +00) (68) 
Context Menu: 
> sin(x) 
> series( sin(x), x, 5) 
х= +0029) o 


Mazima and Minima 
Example 6:Use Maple commands to maximize and minimize a function 


а,  х)=совх b. f(x) =x! — 2x? +3 in the interval [-1,2]. 
a, Command: 


> maximize(cos(x)); ' 


1 (70) 
> тїлїтїгє\ cos(x)); 
-1 @1) 
Context Menu: 
> cos(x) 
> Optimization| Maximize]( cos(x) ) 
{1., [x 5.58237824894110 107] (72) 


This result is obtained through right click on the last end of the expression by selecting "Optimization < 
maximize local"on the context menu. 


> cos{x} 
> Optimization| Minimize cos(x) ) 


[ 71, [x 23.14159265358977]] (73). 
b. Command: 
> maximize( x! —2x! 43,x7-1.2); 
li (74) 
> minimize(x' =222 +3,х=-1.2); 
(75) 


Differentiation of Vector Functions 

Example 7: a. Find the derivatives of a vector function 
a. r(t)-(sint,costsin2t) w.r.t variable t. 

b. r(t)-(te^t,e^tUt,3e^t) w.r.t variable t. 
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a. Command: 
> with( VectorCaiculus) : 
> r(t) >= (sin(t), со), sin( 2:0) ; 
r= t— VectorCalculus;- <, > (sin(1), cos(t), sin(2 t)) (76) 


> diff(r(t), t); 
(cos(t) Je, — sin(t)e, + 2 cos(2 t)e, (7) 
b. Command; 

[> with( VectorCalculus) : 


> ri) (reto, РИ, кі): 


т> VectorCaleulus- «,» (te, d ‚3 2) (78) 
> dif (rit), t); (70) 
ее Ч 
(c+reJe+ ба 6, t3 de, (79) 
Integration 
Example 8: Use Maple commands to evaluate the 
a. indefinite integral of a function f (x) EET ФА х +1 w.r.t variable x. 
b. definite integral of a function f (x) -х w.rt variable x, 
c. definite integral of a function f(x) = xé“ in the interval [0,1]. 
a. Command: 
> imll tet +х+1,х), | 
dy ty ,t3,t 
т ра: (80) 
Using Palettes: Use cursor button to select integral palette. Click-integral palette, insert the function 
required, then press "ENTER" key to obtain the integral of a given function: 
> E d x txt lide 
ete а 
инок (B1) 
b. Command: 
> intl?,x=0..1); 
І 92 


Maths - 12 | 


Using Palettes: 


Before to start, watch the command on line by typing 
[> distance 


that will give you full detail of distance, _ 
[> with(Student{ Precalculus]) : 


or 
[> ?реоте!гу[йїзїапсе] | 


Example 10: Find the equation of a line that passes through the two points А(1,1) and B(3,4) in 2D. 
‘The command below will give you full detail of a line in 2D on line by typing 


[Y 


| ) 1 Aaths - 12 
Ч 


) P. geometry equation) 

7 | L> with(geometry) : 

A | E> spoint(A, 1,1}, point( B, 3, 4) : 
7 | [> tine t В]) 


ч 


) | | > Equation(! (x, yl) 


Ї 


1:3х32уя0 
> 


Example 11:3. Find the y-intercept of a line y=5x+3. 
b. Find the y-intercept of a line y=5x+3, when х=. 
c. Find the x-intercept of a line у=5х=3, when y=0. 


[> intercepts 


a. Gommand: 
> with(student) : 
| | > intercept(y=5 x 3:4] ; 
X (x20, y 7-4) 
ф intercept(y7 5x +} 3,x =0) 
ї (xx0,y73) 


К ЕРЕН ОА 
| E ЇЕ» 202) 


intercept is Find also the x-intercept. 


Command: 


> with | Studeni Precalculus): Ce a 
> Line(=1,2) 
< у®-х+2,-1,2,2 


3) whose slope is 4. Find also the x-andy-intercepts of a line, 


The command below wiill show you full detail of intercepts of a line in 2Don line by typing: 


Example 12: Slope-Intercept-Form: Find the equation of a line, if the slope ofa line is -1 and y- 


(93) / 


Example 13: Point-Slope-Form of a Line: Find the equation of'a line that passes through the point A (2, 
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Command: 
[> with( Studenti Precalculus]) : 
> Line( (2,314) 
ei 5,4,5, 2 04) 


Example 14: Two-Point-Form of a line: Find the equation of a line that passes through the two points A 
(1,1/2) and B(4,1). Find also the slope as well as the x- aud y-intercepts of a line. И 
Command: 


> wüh(Studeni| Precaiculus ]) : 
> ше, il [4, 11) 


Conics-I 
Example 15: Find the center and radius of a circle х72”у?244х46ул1. 
The command below will show you full detail of a circle on linc by typing: 


[> зате 
> with( geometry) : i 
> circle 2 Y +4 x+6y=l); 
c (96) 
> coordinates(center(c) ); 2 
[-2, -3] 9n 
[й radius c); 
JW (98) 
This command will regire the x and y-coordinates on line. 
Conics-II 
Example 16: 4 


a. First Parabola: Find the vertex, focus and directrix of a vertical parabola ›Ў-6х+2у+13=0. 

b. Second Parabola: Find the equation of parfbola when the vertex and focus are of the first parabola. 
c. Third Parabola: Find the equation of parabola when the focus and directrix are of the first parabola. 
The command below will show you full detail of parabola on line by typing: 


{> parabola 
а. 


> with| geametry) : 


> parabola( pl, y. — 6х 2: +13 =O, [x y]) 
21 (99) 


> vertical( p!). coordinates vertex(p1)) 
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vertical pI), [2, -1] (100) 
> focus( pl), coordinates( focus( p1)) 
focus pl, [Бы a] (101) 
> directrix( pl), Equütion(directrix( pl) ) 
directrix pl,x — i =0 (102) 
b. 
> parabola(p2, ['vertex'= vertex(p1 ) focus'- focus(p1) ], [x yl) : 
> Equation(p2) 
т от ҮЕ 
a tar a rty’ (103) 
z - 
с - = 
> parabola p3, | 'focus'=focus( p!),'directrix'=directrix(p!)], {х,у}: 
> Equation(p3) 
1—6х+2у+13=0 (104) 
Ellipse 
Example 17: 


a. First Ellipse: Find the center, foci, major axis and minor axis of an ellipse2 x45 Pa = 0. 
b. Second Ellipse: Find the equation of an ellipse, when the foci and the length of the major axis are of 


the first ellipse. 
c. Third ellipse: Find the equation of an ellipse, when the foci and the length of the minor axis are of the 


first ellipse. 
The command below will show you full detail of ellipse on line by typing: 
[> ellipse 


а. 
[> with( geometry) : 


[> envHarizontalName :—'x': EnvVerticalName :—ly': 
> ellipse(el,2- y! 4x-&y-0): ` 
> center(el), coordinates(center(el) 


center. el, |, -2] (105) 
> focile!), map(coordinates, /осй е1) ) ; 
[foci 1: el, foci 2 е1}, (ll -2 —3:] 1, -2 + V3 1] (106) 
> MajorAxis(e1), MinorAxis(e}) 
246,243 (107) 
b. 
> ellipse(e2, ['foci- focil el) ;MajorAxis MajorAxis(e!) 1) : 


> detail(e2) 2 
assume that the names of the horizontal and vertical axes are х 


and y, respectively 
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) name of the object e2 
form of the object ellipse2d 
center H, =2] 
foci [i -2 2431 [1, -2+ /3:]] (108) 
length of the major axis 2/6. 
length of the minor axis 23) 7 
equation ofthe ellipse 9622-48 y! — 192 x-F192 у=0 

с. 


> ellipse( e3, [foci foci(e!),'MinorAxis'= Minordxis(el) ]) : 
> center(e2), coordinates(center(e2) ) 


center. e2, [1, -2] (109) 
> Equation(e2) 5 
96 x7 4-48 y! — 192 x 4- 192 y 0 (110) 
> Equation(e3) 
96 x7 +487 —192x 192 y - 0. (111) 
Hyperbola 
Example 18: 


a. First hyperbola: Find the center, foci, vertices and asymptotes of hyperbola 9 у -43-36. 

b. Second Hyperbola: Find the equation of hyperbola, when the foci and vertices are of the hyperbola. 

c. Third Hyperbola: Find the equation of hyperbola, when the foci and the distance between the vertices 
are of the first byperbola. 

The command below will show you full detail of hyperbola oniline by typing: 
[> hyperbola 


B. 
> with(geomeiry) : 3 / 
> hyperbola(h1,9- y! — 4-37 36, [x y]) ; Nw / 
> center(h!), coordinates(center(h1 ) ! 
К center. hi, [0, 01 (112) 
> foci(h1), map(coordinates, foci h1)) 
[joci J hl, faci 2 h1), llo, -V 137], (0, ЇЗ ]] (из) 
> vertices(h1), map(coordinates, vertices(h1) ) 
[vertex 1. В}, vertex 2 A1 [[0, -2], (0,211 (114) 


> asymptotes( h1), map| Equation, asymptotes( hl )) 
[asymptote_1_ hl, asymptote 2. 1), [y+ 2 х=їу— 2 0) (115) 
b. : 
> hyperbola| h2, ['vertices'= vertices (h1) рс foci(h1) 1 (a, 51): 
> Equation| h2) 
64 d! +576 — 144 b? =0 (116) 


EM  — —- 
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> hyperbola( h3, [foci foci h1),distancev'= distance op( vertices( h1) ))Л Lm, n1) : 
> detail( h3) 


name of the object A3 
form of the object. hyperbola2d 
center [0,0] 
foci llo, - ЛЗ}, Lo, v3 1] am 
vertices Ко, —2}, [0, 2]] 
the asymptotes [n+ ол *0n— гн 51 
equation of the hyperbola 64 т + 576 — 144 n^ 0. 
64 a? +576 — 144 2-0 (118) 
c. 
> Eguation( h3) 
64 ni. +576 — 144 n! 20 (119) 
Differential Equations : 
Example 19: Find the general solution of a differential equation б = zi 


The commond below will show you full detail of a differential equation on line by typing: 


[> ?differentialequations 
Choose "dsolve differential equations". 


кг à 
> ode = diff rix) x) e nO 


222127 -0 0129) 
> dsolve(ode) 
yt = x Cr y =- ox x 6I 21) 


In "dsolve commend”, the derivative dy/dx is replaced by its derivative command: "diff(y(x),y)". 


b. Find the general solution and particular solution of a differential equation dy/dx-x*y, у(0)= 
1. ". 
> ode = (у(х), x) —x у(х) =0 


ode: 8 y(x)—x—y(x) =0 022 
> deolvetode) 
y(z) =-1—х+е_С} (123) 
> icsimy(O) =] 
tos = y(0) =1 аз) 
> dsolve( (ode, ics) 
yx)--1-x426 (125) 


Orthogonal Trajectories 


The general. solution у(х) = sqrt -x. + c, | of the above problem "а" is the first family of furves 
у 1 


(solution curves of a differential equation). This can also be written asx’ + ус The orthogonal 
trajectories of a first family of curves is the second family of curves represented by y-cx (family of 
homogeneous lines). ТВе question is, how to view that the second family of curves is the orthogonal 
trajectories of the first family of curves? 


This can be viewed through command on line by typing: 


[> ?contourplot 


> with(plots) : d 
> Е з= contourplo( x. + у ,х=-35..5,у=-5 5) 
P= PLOT(..) 3 (126) 
> С = plot((seg(ex, c7-5.5)) 3-755,» 75.5): 
> display( (F, G) ); 


Partial Differentiation 
Example 20 : Find partial derivatives of the following Functions: 


а. (х,у) ax Фу + 3x7 Ax! y watt variables x and y. 
b. f(x, у) =ysinx + xcosy + x! wart variables x and y. 
Я Ў н 
> (хуну +3 ху tery, x); 
3x43 +8ху (127) 


[ei 


> dit(x Ry 3x y + 4xy, y); 
3y F6xyd4x (128) 


Eu Гариг! 


> diff (v:sin(x) +x созу) xx]; 
ycos(x) 4-с05()) +2х (129) 


-| xxvi -— —— =, 
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> diff (y-sin(x) + x-cos(y) +27, у); 
sin(x) —xsin(y) Р (130) 


> 
Using Palettes: Use cursor button to select expression in which you are interested. In this problem, the 
expression is partial derivative palette. Click-partial derivative palette, insert the given function, then 
"ENTER" key. to obtuin. the partial derivatives, of a. given function: 


> EX Xy ж3х Уу +427) 
33 F3) +8xy (131) 


8 
- we Ty +y +4x7y) 
3P+6xyp+4x (132) 

Introductión to Numerical Methods 
Example 21: Find the aproximates roots of the nonlinear equations 
a. x? — 5x + 6 =0 with initial startx, ^ 1.8. 
b. sinx — e 7 =0 with initial startx; = 0.5. 
The command below will show you full detàil of the approximate root of lincar and поп-Нпеаг equations 
on line by typing without initial start: 


> 1/оһе 


> foolve(x? — 5-x +6) 
1 2.000000000, 3.000000000 (133) 
"The quadratic function f(x) is also a second degree polynomial. The numerical solution through 
lynomial is: 
> Polynomial ve x? — 5:x +6 


Polynomial :- x! — 5x +6 (134) 
> fsolve( Polynomial) 
2.000000000, 3.000000000 (135) 
b. 
> fsolve(sin(x) — expl x) ) 
| 0.5885327440 (136) 
Context Меп, 
[> sin(x) —ехр(-х) 4 
> fsolve( sin(x) -exp(-x) ) 
05885327440 (137) 


Thís result is obtained through right-click on the last end of the expession by selecting"Solve < ^ 
Numerically Solve" on the context menu. 


Numerical Quadrature : 

Example 21: Approximate the integra 4179 dv in the interval [0,1] by 

a, Trapezoidal rule. b. Simpson rule 2 

B. The command below will show you full detail about Trapezoidal rule on line by typing: 


- xxvii 
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Ч ) [> rrapezoid 


1 > with(Student[ Calculus1]) : 


> with( Studenti Caiculus1]) : 
> Approximatefnt(exp( -x), x = 0..1, method = simpson, output = plor); 


Ч 7 > Approximateini{exp( -x), x —0..1, method = trapezoid, output — plot); 

4 1 ET An Approximation ‹ оше, ВРЕЛА | ГЭР? ы сш. 

{ y tej 

Ү | f(a) = сурх 

ДУ | on the Interval (0, 1] 

WE | 5 вон the тапет Rule + 

] 4 | Area: 6326472382. 

© | ЧИТЕН 

Ж ; 02 04 06 08 1 

Ё Partitions: 10 ] 

W 

/ ` » 
'/ т Б ЖЫ СЕТИ T LE 4 
N b. The command below will show ува full detail about Simpson rule on line by typing: 

ДА > 2simpson 

W, 

(А) 


/ An Approximation of the 

V dO St ee ot ROUTEUR ЖИРЕН, 
Д { i f(x) = exp(-x) 

( л » оп the Interval lo, 1] 


>< 
А25 


pup 
с "d. 
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> FUNCTIONS AND LIMITS 


Se EE eI a шыдыр: 


This unit tells us how to: 

» identify the domain and range of a functions through graphs. 

» draw the graph of modulus function and identify its domain and range. 

» recognize the composition of a function and then to find out the composition of two 
functions. 

» describe the inverse of a function and then to find out the inverse of composition of two 
functions. 

» recognize the algebraic and transcendental functions as well as the concepts of axplicit, 
implicit and parametric functions. 

> display graphically the explicit, implicit and parametric functions as well as the compound 

functions. 

introduce the limit of a function with respect to real number intervals on the real number 

line, the open and closed intervals and its location on a real number line. 


explain the meaning of x tends to zero, x tends to a and x tends to infinity. 
define the limit of a sequence when the limit of a sequence with n-th term is given. 

define the limit of a function and the statement of theorems on limits of sum, difference, 
product and quotient of functions. 

evaluate the limits of a function in case of some special functions. 

evaluate the limits of algebraic, exponential and trigonometric functions. 
introduce the continuous and discontinuous functions. 

recognize the left hand and right hand limits through examples. 

define the continuity of a function at a point and in an interval. 

test the continuity and discontinuity of a function at a point and in an interval. 


v 


vvv 
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Whether you realize it or not, you use the concept ofa function frequently in your 
everyday life. The cost of a car trip is a function of the cost of gasoline. The 
acceleration of an airplane on takeoff is a function of the thrust of its engines. The 
depth of field in a photograph is a function of the lenses opening, 

In each of these situations, we are saying that the first thing is dependent on 
the second independent. For example, as the price of gasoline goes up (or down), ii 
costs more (or less) to run a car. However, the total cost of running a car is affected 
by other variables, not just by the price of fuel. 
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In mathematics, the word function is used in much the same way, but more 
restrictively. Thus, the mathematical function demands that one quantity is uniquely 
determined by one or more quantities. 

Definition 1.1.1: [Function]: A function y=f(x) is a rule that assigns for each value 
of the independent variable (input) x a unique value of the dependent variable 
(output) y: 

y= fix) (1) 

Example 1.1.1: A developer estimates that the tota! cost on construction of x large 
number ofisport complexes in each provincial capital is approximated by 

С(х)= 3° 4 80x+80, 

where C(x) is the cost in hundred thousands of dollars with respect to x number of 
sports complexes. Find the cost of 4 sports complexes. 

Solution: The cost of 4 complexes is obtained by putting x=4 in the given cost 
function: 

C(4)=4 +80(4)+80 = 416 Hundred Thousands of dollars 

Definition 1.1.2; [Domain and Range]: Let y=f(x) be a function of independent 
variable x. The set of real numbers that can be substituted for the independent 
variable x and give real numbers for the dependent variable y is called the domain of 
the function. The set of real numbers obtained for the dependent variable y is called 
the range of a function. 


Example 1.12:[Domain and Range]: Determine the domain and range of a 
function fíx) = x74 5. 
Solution: The given function f(x) with the replacement of the independent variable x 
with any real number is giving the real value. Thus, the domain set of a function f(x) 
is D={x\|xe Rj. 

For range value of a function, the function f(x) with substitution x= —3 are: 

А-3)=(-3 +5=9+5= 14 

The squaring of a negative number in a given function will yield a positive 
product. Thus, the functional value will always be five greater than the number 


squared. The least possible value of the function is 5, which occurs when x=0. Thus, 
the range set of a function f(x) is А = ff(x)1 f(x)2 5). 


i) Identification of the domain and range from the graph of a 
function. 


Consider the graph of a function 
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To determine the domain of the function 
y=1/@-2), ask the following question "What real 
numbers may be substituted for x which will not give real 
values for y?" An obvious answer is x=2. For x = 2, the 
denominator would be zero and we know that division by 
zero is undefined. Since 2 is the only restriction. State the 
domain in a negative sense, D=({xlx#2). This 
statement implies that all real numbers, except 2, may be Fie. 1.1 
substituted for x to obtain real values for y. Br 

Are there any restrictions on the range? Can y be equal to all real numbers? 
By just looking at the function, it is difficult to tell. However, by solving for x, the 
solution becomes apparent: 


From this result, we can see that we could substitute any real number, except 
zero for y and obtain a real number for x. Thus, the range set is R = fy | y #0}. 
Example 1.1.3:[Domain and Range]: The formula P=64d is used to determine the 
pressure P on objects that are immersed in saltwater, d feet below a free surface. 
Determine the domain D and the range R. 
Solution: For the function P=64d, the depth d is measured as a positive number of 
feet. Thus, the domain set is 2 = (dld 20]. Since d is nonnegative, Р must be 
nonnegative, and the range set is then R= (PI P 20). 
Definition 1.1.3:[Compound Function]: A function that defined by more than one 
equation is called a compound function. For example, a single equation may define 
the rate of pay for the "ay shift (7 A.M. to 3 P.M.). Assume that the rate of pay for 
the day shift is modeled by equation is P(r)-8r, where.r is the hourly rate. Another 
equation may define the rate of pay for the evening shift (3:30 P.M. to 11:30 P.ivi.). 


9 The equation for this shift is P(r)-8(r450). We can combine these two equations to 
A create a compound function: — 


Que dem 
Чи. 
| р гайг (144 Conapoand Fonctión) Ваа азорон (mein 


gp um 
for h^ 5x pendet vari les: 
USOS T DNE RUTRUM 
Solution: 
a. Since х= --1, which is less then J, use the function f{x)=3x+2 to obtain: 
f(-D=3(-1)42=-1 ! 
b. Since x=1, use the function f(x)-3x2 to obtain: 
f(1j-3(1)2-5 
c. Since x=2, which is greater than 1, use the function f{x)= x'-]to obtain: 


f2)- (27-1=4-1=3 


Graph the following absolute-valued functions and identify its domain and 
range: 
а. Лх)-151 b. Дх) =13х+41 
а. From the definition сбое value function, the given function is 
POETE 
А 116315 nS | 
e st F200 
The graph will consist of portions of the two lines with equations y=x and y= 
-x. For x20, the graph is a line y=x, and for х<0, the graph is a line y= ~x. The 
two partial lines meet at (0,0). Use the tabular form to obtain the graph of a 
function: 
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From the tabular form of function we noted that the domain set is 
(-ce,00} and the range set 1610, со), 
b. From the definition of absolute value function, the given function is 
3x+4, if3x4420 
/(х)= 5 
—(3х+4), 43х-4«0 


The inequality3x+420 is satisfied whenever x2—2,and 3х+4<0 is 


satisfied whenever x«—4/3. If x= — 4/3, y=0, so the graph will consist of two 
lines that meet at (—4/3,0). Use the tabular form to obtain the graph of a 


function: 


range set is(0,oo). 


+. 
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Definition 1.1.4: [One-To-One Functions]: A function f(x) is said to be one-to-one 
if each range value corresponds to exactly one domain value, otherwise many-to-one 
function, if each range value corresponds to more than one domain values. 

Example 1.1.5: Are the following relations are one-to—one or many—to one: 

а yox b yax c ysx 


Solution: 

a. The given function is many-to—one, since the value of y=4 corresponds to 
two values of x-2,2. 

b. The given function is one-to-one, since the value of y=8 corresponds to 
exactly one value of x=2. 

c. The given equation is not a function, because two values of y correspond to 


one value of x will not constitute a function. 
[12] т} | Composition of Functions ^ 
i) Recognition of composition functions 


Many of the most useful functions for applications are created by combining 
simpler functions. Viewing complex functions as combinations of simpler functions often 
makes them easier to understand and use. 

The term “composition of functions" (or "composite function") refers to the 
combining of funcüons in a manner where the output from onc function becomes the input 
for the next function. 

In mathematical terms, the range (the y-value answers) of one function becomes the 
domain (the x-values) of the next function. 

Definition 1.2.1: [Composite Function): If f(x) and g(x) are the two functions, fien, the 
composite function or composition of f and g leads the notations: 


(/°в)О) = fls) Q3) 
This means "f composed with g of x"or" f ofg of x ". 
(27) = (709) (2b) 


This means “ р composed with f of x"or" g of f of x ". 

Example 1.2.1: [Composite Functions]: Let {x)= 2x- 1 and a(x) = 43x45. Find 

each of the following: 

a g(f(4)) b fled) c f(sC2) 

Solution: 

а. The function’ f(x) for x-4 is used to obtain /[4)- 2(4)-1=7.Use f(4) in 
equation (2-b) to obtain: 
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£(/(9)- 8(7)- 30) +5 = N26 
b. The function р(х) for x-4 is used to obtain g(4)= /3(4)+5 = V17-Use g(4) in 
equation (2-a) to obtain: 
£(gt&)o (17 )= 217 -1 
c. — f(g(-2))does not exist, since 2 is not in the domain of g. 
й) ^ Composition of two given functions 
Let f(x) 4x-- Гапа g(x)= 2x? + 5x. Find each of the following: 
(à. g(f 9») (b. f(g) 
Solution: 
a. Using the given functions to obtain: 
&(/(х))= g (4x1), - fte 4x1 
= (dx LY +5(4x+1) 
= (16 x^ 8x - 1) 20x 5 
= 32х°+16х+2+20х+5 
232353*36x47 
b. Using the given functions to obtain: 
/(вб))= f (2x^5x), к(х)=2у°+5х 
= 42x? + 5x)+1 
= 8х?+20х+1 
This example shows that. f (g(x)) is not usually equal to g( f(x). 


Example 1.2.2:[Composite Function]: Air pollution is a problem for many 
metropolitan areas. Suppose that carbon monoxide is measured as a function of the 
number of people according to the following information: 


Daily Carbon Monoxide Level 
Number of People (п parts per million) 
100,000 1.41 
200,000 1.83 
300,000 2.43 
400,000 3.05 
500,000 3.72 
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Further studies show that a refined formula for the average daily level of 
carbon monoxide in the air is 

Lp) 0z|p +3 

Further assume that the population of a given metropolitan area is growing 
according to the formula p(t)— / 4-0.02r), where t is the time from now (in years) and 


p is the population (in hundred thousands). Based on these assumptions, what level of 
air pollution should be expected in 4 years? 


Solution: The level of pollution at time t is given by the composite { fonction 
[(рї))= Let 0.024!) 

207 Vd 0027 DEED pite 180027 taies 
The air pollution eapected in 4 years is obtained by putting t=4 in equation 


@) 


(3): 


(pO)eL(enop) "7 ЕУ | 
071000403 =20ррт 000 


сер 
Definition 1.3. 1: [Inverse Functions]: Let у=) bea function of 2 x 
takes a dependent variable y in response of independent variable x. Th 
| takes xas dependent variable in response of y as the independent 

| inverse function of ffx) and is denoted by: —— ! 


=f") 


The symbol f" (y) means the inverse of f and does not mean 


For example, if y=f(x) is one-to-one function, then the inverse of y=f(x) is the 
function x= f (у) formed by interchanging the independent and dependent variables 
x and y for y=f(x). Thus, if (a, b) is a point on the graph of f(x), then (b, a) will be a 
point on the graph of the inverse of f(x). The domain and range of y=f(x) are also 
valid for its inverse function х= f (у). 

Note that, if f(x) is not one-to-one, then f(x) does not have an inverse function. 


резер ын {е inverse of =— of two o piven fasion 


Solution: The function fft) takes an output 3t-8 in response of input t The inver ^ 
function must take an output t in response of input 3t-8: 


f' Gi 8)st* (5) 
If z-3t-3 say, then t = (z+8)/2. Use these values in equation (5) to obtain: 
PoE 

Put t as its argument instead of z to obtain the inverse function of /(t)-3t-8: 


) га EM 
Д » Example 1.3.2:{Inverse Function]: Let “Дх)-2х43 and g(x)=3x апд) ЙЕ) Sud 
4 Write expressions-for the following functions Ж 

] a, h(x) b. f. (x) c.g (x) к) ў 4 ! 

х Solution: / 
V a. £ in response of f(x) and g0), the function ui is: ` 
AN h(x)s f [869] А 
5 = f(x) g(x) =3x N Y, 
Ау | =2(3x)+3 ё 
Ү/ =6х+3 НЬ 
ЭХ - ED 

Л b. Tn response ofif(x), the inverse of fx) is: ( W, 
M x= f (2х+3) \ 

y х= (2), т=2х+3 > х-(с-3)2 Y 

) 52-515 

Ec... f insert x instead of z 


c. In response of р(х), the inverse of p(x) is; 


! х= g (3x 
х=& (2), г=3х => х=5 ) 
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=g) 


Зөн win 


2g" insert x instead of z 


d. In response of h(x), the inverse of h(x) is: 
x=h (6x43) 


x= hz) Z=6r4+3 > ингэ 


[IE аж 
"o o (2) 


= 12873) insert x instead of 2 
Exemple 1.3.3: [Inverse Functions]: Let f(x] -: 4x and g(x)-- 252+ 3x Find the 
inverse of the following functions: 
a. g{f)] b. f [g0)] 
Solution: 
a. Using the given functions to obtain: 
8LfoJ] g[4x I] 
= 2(4x- 1 +5(4x+1) 
= 2(16 x + 8x+1)+ 20x 5 
= 92x74 16x4+24 20x45 
= 32x74 36x47 
The function g[f(x)] does not have an inverse, since g[f(x)] is not one-to-one 
(meny-to-one) function. 
b. Using the given functions to obtain: 
FON- Д2 + 5x] 
m4(2y + 5x) 1 
= 8x! +20х+1 
The function f[g()] does not have an inverse, since f[g(z)] is not one-to-one 
(many-to-one) function. 
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z Exercise L 1 
Identify the independent and UA vibes for the following problems: 
a. P=64d b. Fle) = e432 
c.C(F)=2(F -32) ds= fir,8)- r8 
e. F = (та) = ma Е. 5А = e(l w,h)- 2lw+ 2Ih  2wh 


Evaluate the following functions for the indicated independent variables: 


a. f(x)» 3x? +7х-5; f(3), А-4), fla h) 


ь.й= 53, д2) 74). 37) 


R?-R+6 
R 


c. g(R)= тон: &(2), 3,802) 
d. fit)- 37 4 2t - t, 93.217), 5.613), Дл) 


The circumference of a circle is given by С(г) = 27r, where t 
is the length of the radius (see the graph). Find 


a. С(2.34 іп) b.C(641 m) c. C (38) 


The area of a circle is given Бу A(r)= ær’, where r is the 
length of the radius (see the graph). Find: 
a. A (2.34 in.) b. A(6.41 m) 


Fi 
A — 
i. (28) 


The total surface area of a cube is given by the 
function Д5) = 65^, where s is the length of the side of 
the cube (see the graph).Find: 

а. 3.75 m) b.ffG05in) c./(13.42 mm) 
eee. of the angle @ in radians is given by 
O= fsr)== = where s is the length of the arc 


Майны H2 ‚ ШИШИШИ 


) determined by 40 and r is the length of the radius of the circle (see the graph). 
Find: 
ү a. f(4.71,3) b. f[15.71,5) ч 
х-3, forx<0 
1h If » then find out 
) bc i for x20 TP 
a. f[-1) b. m с.Л1) 
7 ғ- 
& шл) uos 77552 shen find out 
1 НО for x=2 
) a. f(O) b. f (2) c.f (4) 
D Indicate whether each table specifies a function y=f(x): 
JE Domain Range 0. Domain Range ži Domain Range 
) £j — — opens 3 ‚5 
a Буры, 6 
29) ean 4 7 
) ee ee Soe R 


11. Determine the domain and range of the following functions: 


! a. у=3х+4 b. fn) £45 c. $А= fir)=4zr? 
, 12. Find фе composite functions f[g(x)] and g[f(x)] of the following functions: 

a. fix) x^ 41, в(х)= 2x b. fix)- sinx, g(x)z 1- x! 
‚ : : | " 

c. 19-41, g= d. flujo 1, que tt! 

uti l-u > 
‚ 
TEE 

Пи 
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« > e. Дх) = ѕіпх, в(х)= 2x3 Е fx un а(х)= tanx ( 
1 х 

4 æ) 13. Determine the inverse function of each of the following functions: ( 
] y a. yz f(x)-xt5 b. y=f(x)=2x+7 

9 c. y- 992-4) d yea 25 d: ү 4 

(D) (ааг Graph each ofthe following absolute functions: ( 

ү A a. у=1х-41 b. yzl-4- xl 

( 

Ч 4 c. yzl 2x 5l d. yz-Ixl ( 

M ^ Яс» [Transcendental Functions _ P ( 
i \ A polynomial P,(x) is a function of the form 


(0 fie PG) = apr tan X etai ахта © 
) with nis a nonnegative integer and a, Gnn- 024r аа 16 constants: If а, #0, then, 
) A Ч the integer n is called the degree of the polynomial. The constant д.15 called the 
V leading coefficient and the constant asis called the constant term of the polynomial 
4 А, function. in particular, the polynomial (6) is going to bea 
Constant function by putting n-0: Дх) = ао 
А\ linear function by putting п=1: Хх) = apt ao |е 


4 


4 


Ww quadratic function by putting n=2; ft) = aix tar tao 
€» cubic function by putting n-3: f(x) = asx? Еагх +ай+ао 


(8 \ | Algebraic Function: A function ffx) is called algebraic if it can be constructed using 
\w/ algebraic operations (such as adding, subtracting, multiplying, dividing, or taking 
ДА | roots} starting with polynomials. Any rational function is an algebraic function. 

We . ‘transcendental Function: Functions that are not algebraic are called transcendental. 

/ The functions, such. as ail trigonometric functions, hyperbolic functions, exponential 
functions and logarithmic functions are called transcendental functions, 
s. UFngononietrie Functions: Trigonometnc functions are the functions sine, cosine) | 
b tangent, secant, собесапі and cotangent. The word trigonometry is derived from 
JA | Greck words which mean triangle measurement. Although trigonometry has been 
(> | organized into an abstract mathematical system, much of it is still concerned with 
JA | tiaugle measurement. This is completely discussed in XI class course. | 


——— —Á———Biu3——— — € Ó———— 


[E Fenetlons abd Limits | 


) Exponential Functions: The exponential function ‘has widespread application in 
many areas of science and engineering. Areas which utilize the exponential function 
, include expansion of materials, laws of cooling, radioactive decay and the discharge 
of a capacitor. | зз! $ 
Definition 1.4.1: [Exponential Function]: An equation of the form!) 
K®)=b', b6>0,b#1, bisa positive constant, 
defines an exponential function for each different constant b, called the base. The 


domain of f(x) is the set of all real numbers, and the range of f(x) is the set of all 
positive real numbers. 


We require the base to be positive and to avoid imaginary numbers such 
аз(—2) “= V-2 = iV2. We conclude 5-1 as a base, since fo)=1' =1 is a constant 
function. 

The properties of exponential function are summarized in the box: 


Exponent Laws: Ifa and b are positive real numbers, аў Lb * 1, then, 


7 
2. а" = a’ if and only if x «y 

e. Forx#0, а= b',if and only if a=b 

Base e Exponential Functions: Of all possible bases b, it can use for the exponential 
function y = р", which ones are the most useful? If you look at the keys on a scientific 


calculator, you will likely see 10" and ¢*.Itis clear why base 10 would be important, 
because our number system is a base-10 system. But what is e, and why is it included 
as a base? It turns out that base e is used more frequently than all other bases 
combined. The reason for this is that certain formulas and the results of certain 
processes found in calculus and more advanced mathematics take on their simplest 
form if this base is used. This is why you will see e used extensively in expressions 
and formulas that model real-world phenomena. In fact, its use is so prevalent that 
you will often hear people refer to y = е" as the exponential function. 

The base e is an irrational number (like æ) it cannot be represented exactly by 
any finite decimal fraction. However, e can be approximated as closely as we like by 
evaluating the expression 


4 
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for sufficiently large x. What happens to the value of expression (7) as x increases 
without bound? The results are summarized in the following table: 


5 


1 2 

10 2.59374... 
100 2.70481... 
1000 2.71692... 
10000 2.71814... 


100000 2.71827... 

1000000 2.71828... 

Interestingly, the value of expression (7) is never close to 1, but seems to be 
approaching a number close to 2.7183. In fact, as x increases without bound, the 
value of expression (7) approaches an irrational number that we call e. The irrational 
number e to twelve decimal places is: 

e=2.718 281 828 459 
Growth and Decay Applications: Most exponential growth and decay problems are 
modeled using base e exponential functions. The problems related to growth and 
decay are as under. 

Example 1.4.1: [Exponential Growth]: Cholera, an intestinal disease, is caused by a 
cholera bacterium that multiples exponentially by cell division as given 
approximately by 

N-N pi 
with N is the number of bacteria present after t hours and No is the number of bacteria 
present at the start (t=0). If we start with 25 bacteria, how many bacteria (to the 
nearest unit) will be present in 


a lhour? . b. 3 hours? c. 4hours? d. Interpret 
Solution: Use the amount of initial bacteria [у = 25 in the given equation to obtain: 
М= 25е, No=25 (8) 


15 


Fig. l4 


Ч / Га. 1 The bacteria at a time t= 1 hour is obtained by рид i1 in equation (8): 
A, N= 25e!"% use a calculator ( 
W = 99.97 bacteria Уу 
(9) ПЪ "The bacteria at a time 1-3 hours is obtained y putting 6-3 in equation (x С 
Ц-256996, useacalculator ` ” 
W =1599 bacteria N 
p wc TRIS unc Rouse D A by Putting in equation (8): / 
W/ М=25е'®%%%, usea calculator у 
= 6392 bacteria Á 


d. Thus, we conclude that the population of CTUM is ERES when time t 
increases... 4 й 

Logarithmic Functions: Logarithms are an alternative way m writing expressions 

which involve powers or indices. They are used extensively in the study of sound. ( 

The decibel, used in defining the intensity of sound, is based on a logarithmic scale. 
Until the development of computers and calculators, logarithms were the € 

only effective tool for large scale numerical computations. They are no longer needed 

for this, but it still plays a crucial role in many applications. 


For illustration, if we start with the exponential function y=f(x) defined by 1 
ys2 
then the interchange of the variables is giving the inverse of у= 27: 


159 m LU А 


x=?’ 

We call this inverse exponential function, the logarithmic function with base 
2, and write this as: | 

у= 10в;х ifandonlyif x22" (9) Y 
Definition 1.4.2: [Logarithmic Functions]: The 
imverse of an exponential function is called a 
logarithmic function. For b»0 and #1], the 
logarithmic function is: 

y=log,x, which is equivalent to х= Б” 


base Бэ! 
Fig. 1.5. 


The log to the base b of x is the exponent to 
which b must be raised to obtain x. The domain of the 
logarithmic function is the set of all positive real i 
numbers, which is also the range of the corresponding exponential function. 
Obviously, the range of the logarithmic function is the set of all real numbers, which 
is also the domain of the corresponding exponential function. 

Typical graphs of an exponential function and its inverse, a logarithmic 
function are shown in the figure (1.5). 

Common Logarithms: Common Logarithms (also called Briggsian logarithms) are 
logarithms with base 10: 

Logarithm to the base 10; y log, x means 10” = x 
"Log x", which is read "the logarithm of x", is the answer to the question "to what V, 
exponent must 10 be raised to produce x ? / 


Example 142: [Logarithmic Function] "Evaluate || ihe following logarihmic| У 


functions:. Ч 
a log 10000 b.log.01 _ с. 08 410=1/2 4 
Solution: ! 


а. This is equal to: ) 
log 10000 = log 10* = 4log 10 = 4 V 
b. This is equal to: 
1 E 
log .01 = log— = log(10) " =—2log 10 = 2 
og MEET, og(10 ) og 


D This is equal to: 


128 — ; z = 


hs - 12 Í unie] 


lop {10 = log(10 "== 1og10=— 


Natural Logarithms: Natural Logarithms (also called Napierian logarithms) are 
logarithms with base e: 


Logarithm to the Natural Base e: у=1п x means е’ = x 
"In x" is the answer to the question" to what exponent must e be raised to produce x" ? 
Logarithm to the Base b : y= log, x means p" zx 
“y= log, x", which is read "y is the logarithm of x to the base b", is the answer to the 
question " to what power must b be raised to produce x? 


Logarithmic Notation: 

Common logarithmic: log x=log, x 
Natural logarithmic: Inx=log x 
Logarithmic-Exponential Relationships: 
logx=y isequivalentte x= 1/0’ 


Inx= y isequivalentio v= e” / 


Propertíes of Logarithms: 


Ҥ b, M and N are positive real numbers, D = ада р and x are also any S 
positive real numbers, then : ( 
1.log,1 2 0 2logb- 1 
3.log,b*= x 4p =xx>0 
5.log, MN —log,M *log,N б. [n log,M —log A’ 


7.1og,M^ = plog,M 8.log,M =log,N, M- № 


=> | Example 1.4.3:[Logarithmic Functions]: Find x to four decimal places ‘for the 


following indicated exponential functions: 
а l0t=2") ible =3, (5, ky ot) 
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Solution: 


10-2 
log ]9*=log2, log of both sides 
' xlog/0=log2, 1og]0-1 
х= 0.3010, Calculator value 
e=3 
Ine*=In3, о both sides 
“xinx=In3, їшх-/ 
x= 1.0986, Calculator value 


3'z4 

log 3*= log 4, log of both sides 

С. xlog3 = log 4, 
_ 1084 

- 0р3 


= 1.2619, Calculator value 


Solution: 
) 3 2 
2 log,4 = log,8 + log,2 = log,x 
2 
ов, —log,83 + log,2 = log,x, 


log,8—1og,4 4-log,2 = log,x 


log, 222) og 


log, 4 = log,x 


This is one of several important applications 
that involve combinations of exponential functions. In 
certain ways, the functions we shall study are 
analogous to the trigonometric functions, and they 
have essentially the same relationship to the hyperbola 
that the trigonometric functions have to the circle. For 
this reason, these functions are called hyperbolic 


> functions. Three basic functions ше the hyperbolic hanging cable 


sine (denoted "sinhx" and pronounced "cinch"), the Fig. 1.6 
hyperbolic cosine (coshx; pronounced "kosh") and the 
hyperbolic tangent (tanhx; pronounced "tansh"). They are listed as under: 
X Dr 3 = 2pm т LIE 
sinh xz £—E. 5 coshxz = 2132 ‚ tanhx- £—f-, сон х= f 3g 
2 2 ge X e B e 


cosh^x - sinh^x = 1 

cosh(x- у) = cosh x cosh у + sinh x sinh y 

sinh(x- у) = sinh x cosh y+ cosh x sinh y 

The name "hyperbolic functions" comes from the fact that the functions sinht 
and cosht play the same role in the parametric representation. of the hyperbolic 

Pas ed 


as the trigonometric functions sint and cost, do in the parametric representation of the 
circle 


xit X =1. 
Eliminating the parameter t from the parametric equations 


x8cost, y=sint 


' to obtain the equation of the circle: 


EY cost sint =1 

Similacly, the equations 

x-cosht, y-sinht 
are the parametric equations of the hyperbola. Squaring these equations and 
subtracting the second from the first to obtain the equation of hyperbola: 

З cosh? sinht =1 ) 

Explicit and Implicit Functions: So far we have met many functions of the 


| form y=f(x): 


» | 


y=x +3, y=sinx, у=е*-2х (11) 

If y is equated to an expression involving only x terms, then we say that y is 
expressed explicitly in terms of x (that is in equation 11). 

Sometimes we have an equation connecting x and y but it is impossible to 
write it in the form of y=f(x): 

y=x -y +sinx—cosy=1, зш(х+у)+е e" 2x «y (12) 


In these cases we say that y is expressed implicitly in terms of x. 


| Example 1.4.5: [Implicit paci The following curves are modeled. th through | 
implicit functions: 


Е у 
а. Ellipse curve: —+->=1 
a 


b. Hyperbola curve: = 2 = 
а 

Parametric Representation of Curves: Itis sometimes useful to define the variables 

x and y in the ordered pair (x, y), so that they are euch functions of some other | 

variable, say t: | 

| 

x= ft) and у= grt) £ (13) | 

The domain of these functions fit) and g(t) is some on р; The variable Ч 

Lis called a parameter and x—f(t) and y=g(t) are called the parametric equations. 1 

| 


Definition 1443: [Parametric Equations]: If f(t) and g() are continuous NE ons 
of parameter ton an interval/D, then the equations — 


x-ft) and уе 
are called the parametric equations for the plane curve generated by th the set. of ordered 
pairs in the plane: £ 

(x, yett), y(0)- 0, gO), 09 | 


Example 14.6: [Parametric Equations of X a Line]: Draw | | 
the graph of the parametric equations of a line through | 
point P o Yo) and parallel юа direction vector u-(a, ab) | 1 


Solution: The parametric equations of a line through | 
P (Xo, Yo) parallel to u=(a, b) are: Ais coss V 


x-oa у= yy*bt 


The graph developed is shown in the figure (1.7). For graphical details, see 
Example 1.5.6 
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a. (4)? *b. 10710% с. Е 


2 


e. (22 ) f. (9e) 


a. 10 21075 b. 5*- c. 49 = 4% 2 
d. 77275? e. 5 2 (x2)! Е (1-x 2 (2x-1) 
в. (х-3)е%= 0 h. 2xe*=0 i. 3xe7+ xe" 20 


b.log;x-2 


a.log,x=2 


3 
d.log, 0 * = —4 e.log,9- y £.log, 1,000 7 


а. 108,х= Žlog,8+Ž10g,9- 102,6 
b. log,x- Žiog,27 +21ор„2—1ор„3 


с. log x= Зюви -Зюмд + 2log,2 


w 


d. log, ++ log,(x—4)- log,27 


e. log, (x-1)- log, (x1) 1 


D log,(x*6)- log, (x-3)=1 
7. Suppose the sales of a certain product are approximated by 
S(t)= 125+ 83 log (St+1), 


where S(t) is sales in thousands of dollars | years after the product was 
introduced on the market. Find 


a. S(0) b. SQ) c. S(4) d. S(31) 
e. Draw and interpret the graph. 


i) Graphical views of the given j ШЕЕ 


The views of some particular functions are graphed in the following 
examples: 


Example 1.5.1: [ Graph of 2°]: Sketch a'graph of у= 2*.- 


Solution: Many students, if asked to hand sketch graphs of equations such as y= = 2" 
or y=2%, would not hesitate at all. They would likely 
make up tables by assigning integers to x, ploi the 
resulting points, and then join these points with a smooth | 
curve as in figure (1.8). The only sketch is that we have 
not defined 2* for all real numbers. We know that 
Pa 23: 2^5, 235. 25 and gat. mean (that is, 2" 


where p is a rational number), but what does 275 mean? | 
The question is not easy to answer at this time. In fact, a 
precise definition of 29 must wait for more advanced 
courses, where it is shown that 2* names a positive real 
number for х any real number, and that the graph of y = 2* is indicated in figure( 1.8). 

It is useful to compare the graphs у= 2° and y 2" by plotting both on the 
same set of coordinate axes. These are shown in figures 1.9(a) and 1.9(b): The graph 
of 


Fig. 1.8 


х) 455, bl figure 1 9(2) 


looks very much like the graph of y= 2^, and the graph of 


fixj=b', O<b<1 figuel9(b |  - 
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looks very much like the graph of у= 27". 


Deminzt*,e) Range=(,=) 


Fig. 1.9 (a) Fig. 1.9 (b) 


The graphs in figures 1.9(а) and 1.9(b) suggest the following important 
general properties of exponential functions that are summarized in the box: 
Basic properties of the graph of f(x) - 5^ b» 0b #1 
All graphs will pass through the point (0,1). 
All graphs are continuous curves, with no holes or jumps. 
Ifb> I, then 5" increases as x increases. 


b m pes 


If 0 « b « J, then 5^ decreases as x increases. 


) E) | Example 1:52:[Exponential Function]: Sketch a graph of y= Gje- 25252. 


Solution: Use a scientific calculator to create the table of points. Plot these points and 
then join them to obtain the graph of a smooth curve in the figure 1.10. 


Жэт : | 015 T7177 
УШ о0:| em] ox | 39 | | 


J EÒ | Example 1.5.3: [Graph of е and €^]: Draw the graphs of y=e" and ye & 


Solution: Use a scientific calculator to create the table of points. Plot these points and 
then join them to obtain the graphs of smooth curves in the figure (1.11). The domain 
is (-оо,оо) while the range is (0,99) . 


Ги ] 


Fig. 1.10 


Example 1.5.4: [Graph of log, x]: Sketch the graph of уг: log; x. 


Solution: We can graph y=log,x by plotting 
х= 2",since they are equivalent. Any ordered pair 
of numbers on the graph of the exponential function 
will be on the graph of the logarithmic function if 
we interchange the order of the components. For 
example, ordered pair (3,8) satisfies у=2* and 
(8,3) satisfies equation х = 2’. The graphs of у= 2* 
and y=log,x are shown in the figure (1.12): 


Example 1.5.5: [Graph of y=In x]: Sketch the 
graph of y= In x. 


-3f  Fig.1.13 
Solution: We can graph у= In x by plotting х= e", since they are equivalent. Any 
ordered pair of numbers on the graph of the exponential function will be on the graph 


25 = 


1 
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of the logarithmic function if we interchange the order of the components. The graph Ё 
is shown in the figure (1.13). 


gb Example 1.5.6: [Graph of- Parametric Equation]: Sketch the graph of the 
” | parametric functions (x(t), y(t))= (3- t,21)for allit 


"ig. 1.14 


Solution: The graph is the collection of all points (x, у) with x=3-t, y=2t for different 
real values of t: 


t0 = (0),у(0)=(300) 
tl = AyD) 7 
52 = (х@),у@))=(1,4) 
The plot of the position vectors 1, = (3,0), =(2,2),1, = (1,4) in the figure 
(1.14) developed a straight line parallel to the direction vector u-(-1,2) and passing 
through the point p(3,0). 
Eb Example 1.5.7:[Compound Function]: Graph the compound function: 
3-х if x<—2 
f(x)s1x42 if —2<х<2 
1 if x22 


Solution: 
8. Use the function f[x)-3— for x« —2 to obtain a set of points: 
гн 


26 
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x -3 -2 
Дх): 6 5 
b. Use the function f[x)2x*2 for -2 < x< 2 to obtain a set of points: 
x -2 2 
f» 0 4 
с. Use the function Дх)=1 for x > 2 to obtain a set of points: 
га 2 4 
Дх): 1 1 


This function is also called а piecewise continuous function which is 
discontinuous (piecewise continuous) at х= —2 and x=2. 


ӨН АТНА ү Exercise 13 x E CE 821 me) 
1. Using a calculator and poínt-by-point to plot the following exponential 

functions: 

a.h(x)2 x(2*);[-5,0] b.m(x)7 x(3"); [0,3] 

100 

. N = ———;[0,5 а. N= 0, 

шалган Teens 
2. Using a calculator and point-by-point to plot the following logarithmic 

functions: 

a. yzinx b.u--Inx c. y= 2in(x 2) 

d. у= 4In(x- 3) е.у=4пх-3 


3. Sketch the following parametric curves: 
a.(x(t), y(t)) = (3-121), t is real number. 


b. (x(t), у(1)) = (4cost, 3sint) 
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c» | Limit 
The algebraic problems considered in earlier sections dealt with static 
situations: 
What is the revenue when x items are sold? 
How much interest is earned in 2 years? 
Calculus, on the other hand, deals with dynamic situations: 
At what rate is the economy growing? 


How fast is a rocket going at any instant after lift-off? 

The techniques of calculus will allow us to answer many questions like these 
that deal with rates of change. 

The key idea underlying the development of calculus is the concept of limit. 
So we begin by studying limits after explaining the location of intervals on the 
real number line. 


9 


diagram called a number line. Each real number corresponds to exactly one point on 
the line and vice-versa. A number line with several sample numbers located on it is 
shown in figure (1.16): 


- Figlil6 


| Example L6:1:[Real Numbers]: What kind of number is 
а. 6? 6.907 с.48? 


Solution 


a. The number 6 is a natural number, whole number, integer, rational and real 
number. 


b. The number 3/4 is rational and real. 
c. Тһе number V8 is irrational and real. 
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Example 1.6.2: [Real Numbers]: Use a calculator to approximate the following 
numbers to three significant digits: 


а. 4850 Б. 4/7 c. 2/3 


Solution: 

a. The approximation to three significant figures of a given number is 29.2. 
b. The approximation to three significant figures of a given number is —571 
с. The approximation to three significant figures of a given number is 1.05. 

The comparison of two real numbers requires symbols that indicate their order 
on the number line. The following symbols are used to indicate that one number is 
greater than or less than another number: 
< means is less than Smeans is less than or equal to 
> means is greater than z means is greater than or equal to 


The following definitions show how the number line is used to decide which 
of two given numbers is the greater: 
For real numbers a and b, 
if ais to the left of b on a number line, then a<b. 
if a is to the right of b on a number line, then а>. 


Example: 1.6.3:[Real Number Inequality]: Write true or false for each of the 
following inequalities: 

а. 8«12 b.-62-3 

Solution: 

a. 8<12 . S 


This real inequality says that 8 is less than 12, which is true. The graph on a 
real number line is: 


» 4m 46 G6 8 9 ТА. 
b —-6»3 Fig. 1.17 


The real inequality —66«—3 says that —6 is less than -3 (-6 is to the left of 3). 
The given inequality -6 > —3 is false. The graph of -6«—3 on the real number 


line is: 


Fig. 1.18 
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p» Example 1.6.4:[Real Number Line]: Graph all integers x on the real number line 
” such that 1<х<5. 


Solution: The only integers between 1 and 5 are 2, 3 and 4. These integers are 
graphed on the number line by solid holes in the figure below 


tH Ht 
н ЕК ‚и RA Ty SH а ГЄ 
Fig. 1.19 


b | Example 1.6.5:[Real Number Line}: Graph all real numbers x on the real number 
line such that 1«x«5. 


Solution: The graph includes all the real numbers between | and 5 and not just the 
integers. Graph these numbers by drawing a heavy line from | to 5 on the number 
line, as in figure below. Open holes at 1 and 5 show that neither of these points 
belongs to the graph. : 


A її а одо @ % 
Fig. 120 Ө 


ii | Definition of closed, open, half open and half closed intervals 

A set that consists of all the real numbers between two points is called an 
interval. À special notation will be used to indicate an interval on the real number 
line. 

For example, the interval including all numbers x, where -2«x«3 is written as 
(22,3). The parentheses indicate that the number —2 and 3 are not included. If -2 and 
3 аге to be included in the interval, square brackets are used, as in [-2,3]. The chart 


| Inequality Interval Notation Explanation 
le aSx<b Б: Closed Both a and b are included. 
| * asx<b [a,b): Half open/Closed ais included, b is not. 
| * а<х<Ь (a,b: Half Open/Closed b is included, a is not. | 
|e a<x<b (ab): Open Both a and b are not included. | 
Interval notation is also used to describe sets such as the set of all numbers x, 
with x2 -2. This interval is written[-2,-). 


| 
| 
| 
| 
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D Example 1.6.6:[Interval]: Graph the following intervals: 


a[-2,9) | b.[4») ©. [2,1] 


Solution: 
a. Start at -2 and draw a heavy line to the right, as in graph. Use a solid hole at — 


2 to show that —2 is itself a part of the graph. The symbol œ, read "infinity" 
does not represent a number. It simply indicates that all numbers greater than 
-2 are in the interval. Similarly, the notation (-»»,2) indicates the set of ай 


real numbers with x « 2. 


Fig. 1.21 
b. The graph of the interval [4,оо) is as under: 


4 Fig. 1.22 
с; The graph of the interval [2,1] is as under: 


-2 Fig 1.23 ! 
Example 1.6.7:[Interval]: Use each of the graph to indicate the interval notation: 
a eee 
-5 3 
(5) —_o—_e—> 
4 7 
()6----0--- 
=1 
Fig. 1.24 
Solution: The given graphs indicate the following intervals: 
a. (-5, 3) b. [4,7] c. (—е°,—1] 
iii) Explanation of phrases x 20, x a, x =>% 
The answer to the phrase x tends to “0” is easy to see that the value ofa 
function 


у=/(х)= 


x!-4 
x-2 


gets closer and closer to a single real number “2”оп both left and right sides of “2”, 
when x is a number very close to “0” on both left and right sides of “0”. — In this 
situation, we are in position to say that x approaches to “0” or x tends to “0” and is 
denoted by x — 0, when f(x) tends to a single number “say L=2”. 


The answer to the phrase x tends to "infinity" is easy to see that the function 
3x+2 
f= 


х+1 
gets smaller and smaller, when x approaches "infinity" from either side of a number 


, say 3. In this situation, we say that the function f(x) gets closer and closer to a single 4 


number 3 when x - өс from either side. 
, iv) Definition of the limit of a function 


To develop the concept of a limit, suppose the concentration of a drug in а 


patient's bloodstream h hours after it was injected is given by: 

02h 

: һ?+2 
The questions to ask are the following: 

e what is the drug concentration after h=0.5 hour? 

e what is the drug concentration after h=1 hour? 


e what is the limit of drug concentration at h=1 hour in a patient's bloodstream, 
that is lim A(h)? 


A(h)- 


The answer to drug concentration in a patient's bloodstream after h=0.5 hour 
is obtained by putting h=0.5 in a function A(h): 
(0.20.5): 
(0.5 2 
\ The answer to drug concentration ina patient's bloodstream after һ=1 hour is 
' obtained by putting h-1 in a function A(h): 
A= 10:21) 

(1742 

The answer to the limit of a drug concentration ina patient's bloodstream at 

һ=1 hour is easy to see that the value of a rational function 


02h 


А(0.5)= = 0.0444 


= 0.06667 


A(h)= 


+2 
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gets closer"and closer to a single real number 0.06667 (on both left and right sides of 
0.06667), when h is a number very close to 1 hour (on both left and right sides of 1, 
that is h<1 and h» 1)) 
kel deft) А b> (right) 
0.99 1 1.02 
0.999 1 1.01 
` @9999 4 и 1.001 
0.99989 .6666 1.0001 
This situation is usually described by saying that " the limit of a function A(h) 
ash [s 118 the number 0.6667", which is written symbolically as: 
A(h)= = lina = 0.6667 
Definition 161: [Limit of a Function]: If f(x) is 
a fünction of x, gad c, E are:the reali numbers, then | 
| Lis the limit of a-function ftx) as approaches c: 


E lim fx)- L 


The graph clears that as x gets closer and 
closer to c (on both sides of c), the corresponding 
value of f(x) gets closer and closer (possibly are 
equal) to L. 

The illustration and the definition indicate that a limit exists e 

e when f(x) becomes arbitrarily close to a single number L as x approaches c 
from either side. 
e when the limiting value of a function from the left еы the limiting value of 

a function from t the Tight. 


oa 


Zz 


»| Example 1.68: Show. how fusi NM sx 
approaches27 . Я | 


E 
) Solution: The graph of a given function is shown in the 
А figure (1.26). | 
7 What happens to the denominator of the rational | 
4 
s 


function, when x approaches 2? As the values of x gets f 
closer and closer to 2, the denominator approaches zero, | 


and division by zero is undefined. When x =2, f(2) =- 4/0, which is undefined. £ 
This means that the function is not defined at x=2 which is indicated by a symbol Y ( 
"open hole" in the graphical view of a rational function. / 

However, we are asked to show how the function behaves as x gets closerand Ў 
closer to 2. To do this, the tabular form of a rational function 


xi-4 
f= 227 
zs x approaches 2 from the left and the right, 
<, f(x) x22 f(x) | 
14) 3 3 5 | 
| 1.5 3.5 2.5 4.5 
1.9 3.9 2.Y 4.1 | 
| 1.99 3.99 2.01 4.01 | 
| 1999 3.999 2.001 4.001 
| 1.9999 3,9999 2.0001 4.0001 


1.99999 3.99999 2.00001 4.00001 
| 1.999999 3.999999 2.000001 40000001 | 
the function f(x) gets closer and closer to 4. Thus, the limit of a function, as x 
approaches 2, is 4. Symbolically, this leads the notation: 
2-4 | (x*2)x-2) 


im f0) = lim 25 = Bm = lim(x 2) 4 
rl 292 x—2 x  (x-2) кэ? 


v) Theorems on limits of functions 


Theorem 1.1:[Limit Theorem of a Function}: If ix) and g(x) are two functions of ` 
x, and the limits of these two functions are lim RÆ) A, lim g(x) = B. when exist, |, 
then 14 limit-rules developed are the following: 
1. Constant Rule: If f(x) = К, k is any constant, then 
lim f= lim k-k 


2. Limit Rule: im хас , 


ae 
3. Multiple Еще: Hm Е ftx)=* tim fix) 
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The limit of constant times a function is the constant times the limit of a 
function. 


4. Sum/DierenceRule: ші) gJ- im ft)slim 80) 
The limit of a sum or difference is the sum or difference of the limits, '- 
5. Polynomial Rule: If p(x) is a polynomial, then Y 
3 Ши p(x)- p(c). | 
6. Product Rule: у limb fl) 80201 im ЛЭ) lim g(x) _ 
The limit of a product is the product of the limits. a elim. 
lim Ax) Y 
im 2075 » lim g(x) #0 
2*8) um р(х) 575 
xc 


The limit of a quotient is the quotient of the limits, provided the limit of the 
denominator is not zero. 
8. Power Rule: For any rational number n, 


lim LT = Lim. ex 


The limit of a power is the power of the limit. 
9. Equal Functions Rule: If f[x)-g(x) for all x, then 


lim Лэ)- Нш a(x) 


7. Quotient Rule: 


vi) Definition of the limit of. a sequence zv] 

In previous sections, most phenomena we have considered occur 
continuously, but practically in every field of inquiry, there are situations that can be 
described by cataloging individual items on a numerical listing. For instance, a drug 


is administrated into the body. At the end of each hour, the amount of drug present is Ф 
half what it was at the end of the previous hour. А mathematician might refer to the 
injecting drugs labeling procedure by saying the amounts of drugs are arranged in a 
sequence. 

А sequence is a succession of numbers that are listed according to a given 
prescription or rule. Specifically, if n is a positive integer, then the sequencc whose 
nth term is the number s,can be written as 


The number s, is called the general term (or nth term) of the sequence. We 
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will deal only with infinite sequences, so each term s,has a successor s,,, and for 


€ л п>], a predecessor s, ,. For example, the sequence of each positive number with its 
) 4 reciprocal : is denoted wt} which represents the succession of numbers 1, 1/2, 

Ww 1/3,......,1/n,....whose general term is 5, Tes 

6 ў 7? 7^ far, we have been discussing the concept of a sequence informally, without 
А definitica. We have been observed that а sequence (5, associates the number s, with 


+ the positive integer n. Hence, a sequence is really a special kind of function, one 
whose domain is the sct of all positive (or possibly, nonnegative) integers. 


Р Definition 1.6.2: [Definition of а Sequence]: A sequence (s, ] is a function Whose 


domain is aset of all nonnegative integers and whose range 1s ii subset of the кА 
numbers. The functional values 5,5,,5,,. that аге the terme of the sequence 


15,) now takes the functional notation 
(п), п=1,2,3 5 E 


Solution: The sequence [s,]in terms of function notation is us whose 


А domain is the set of nonnegative integers. The functional values of s(n) develop 


ў nzIntegers- Function: s(n) 
fi 5, = 5(D = 2.0 
Ч 
é » 

wy 
ё^, 

Wy а. 


куст у 
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b. the two dimensional view : 


It is desirable to examine the behavior of a given sequence{s,}as n gets 


arbitrary large. For example, we can plot the terms of the given 
8n 


nt 
on a two dimensional space in Fig. 1.28. By looking at either graph, we see that it 
appears the terms of the sequence are approaching 8. In general, if the terms of the 
sequence approach the number L as n increases without bound, we say that the 
sequence converges to the limit L and write 

lims, =L 


ne 


For instance, in our example, we would e: 
у су ан засу aS 
И; 


sequence (5,| Ч | on a number line in Fig. 1.27. The sequence is also viewed 


xpect 


-=8 › PE 


ээр 1 
Гүйх рат > Tit 
san integer №, such that — 
апоннеБе дас ; 
UN 


Б 272 3 = a SFE „+. 
ре ion of a limit of a sequence, when the N-th term is known 
The N-th term of a sequence 6-2» явцад ji 423 How to 

n+3 nt3 


show that the sequence is converging to a number 87 


СА sequence[s, ] is converging to a real | 


e UE UU o - | 
ж 5, au^ v : 


nope 


) [ 
X 
D" 


АУ 


ТТ 


the rules developed in the following theorem 1.2. 
[Theorem 1.2:[Limit Theorem of Sequence]: F lima, pud limb, = M then the 


‘limit exist are the following: 
1. Linearity rule: lim(ra, +5b,)=rL +5sM 


2, Productrole: || lin(ah)- LM 
3. Quotient rule: 21:71 M #0 
4, Root rule lim sa, = 
Egi 1.6.10: Find the limit of each of these convergent/divergent sequences: 


їл | ` ппу +2 : 
31-10 һу с. {{—1 
2) pm ( 7 
Solution: 
a. Divide the numerator and denominator by n to obtain the required limit: 


n(8) 


lim (el =lim | 3 z : =8, sequence is converging to 8 
nom 1 3) 


b. Divide the numerator and denominator Бул? to obtain: 


1762 
5 
т |+ 
„ |л+т+2|]_.„ r| noa 
lim] ^ i ima 
тэ” |In +n +3] 99.7 1 3 
D 
n m m 


The numerator tends toward 1 asn — e», and the denominator approaches 0. 
Hence the quotient increases without bound and the sequence must diverge. 
с. The sequence defined by[c-0*]is 41, 1,-1,1,....This sequence diverges by 


oscillation, because the nth term is always either 1 or -1, so the sequence 
cannot approach one specific number say L as n grows large. 


‚ Sequence is diverging 
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vii) Evaluation of limits for different algebraic, exponential and 
trigonometric functions 


The idea of limits in the above situations is given in the following examples: 


Example 1.611: Evaluate 2224 
io чи Эх OKO 


Solution: 


e 
uma lime) qo; 4: 


Sor E 


1 
a = EE, 
ip 5х 9x46 limx^ 4 9x6) 54946 20 4 


хә] 


Example 1.6.12:[ Power Function]: Evaluate jim sf x? -3x-2). 
aol 


Solution: 
lim V -3x-2 = lim(à-3x-2)^ 
x=? 23-2 


= (lim x?-3x- 2) = 10-2 /-3(:2)-2^ -(8)^ = 2 
15-2 


Example 1.6.13: [Trigonometric Function]: Evaluate the limits 
a. himsin?x b.lim(1—cosx) , when limsinx=0 and limcosx=1. 
x x20 120 1-0 


Solution: 
a. lim sin? x= [im sinx] =0 
хәй x0 


b. lim (1-cosx)=lim1-limcosx=1-1=0 
1-0 x20 290 


ue 
Example 1.6.14: | Fraction Reduction]: Evaluate eI 


Solution: If you аге trying to substitute direct this limit, then you will obtain: 
ш “5 253 0 
The form 0/0 is called indeterminate form. In other words, we cannot evaluate 
a limit for which direct substitution yields 0/0. 


MIU ——————— 
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A 
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If the expression is a rational expression, then the next step is to factorize the 
function after Simplification to see if the reduced form is a polynomial, 


ip 22 +x-6 zum (xt 3)x-2) =}шх+3)=2+3=5 
m1 x-2 тә? = 2) NE 


T 
M. 
Қ 


| = T4 au and ed 
Е 
| Ё bassin | 


s n | 


» Do LUND Шал онд E Eius йт = Ten 


- Solution: Both the п muss and denominator of this quotient are going to be 0, 
when х=0. We need to multiply both the numerator and denominator of f(x) by I+cos 


x (conjugate) to obtain: 7 
Е e а e Ope Looe 1, ПОЕМ 
1 
im’, "Ecos x | 
-lim ЕГЕ =j simo x k | 
ШЫ {Г+ созд) 28 д1+ ооз) 


| 

| 

| 

| т. (яахү яах 
К фк, -ipl Ej Es 
| 

| 


| 
| 
о, 


x 1+ cos 


indeterminte. In this situation, we need to rationalize the given function to obtain the 
required limit: 

aon 
2. imf” а )- па 

x-a 


Again the limit is undefined.. In this situation, we need to divide out the. 
numerator by denominator to obtain: 


x"-a 2 К EN 
=x ах"? atat? +... ta y.al (17) 

x-a 
Being a polynomial, the function to the right of the above expression (17) is 
continuous for all values of x and as such its limit, when x > a must equal to its 
value at x=a. Thus, the limit of the expression (17), when x tends to a is: 
"Er di MP ET 5 2 
lim E - lim(x зах” at жа” ?x a") 


xr x-a m 


2 n3 


za" raa +a oaa" жа!" 


=a"! ta" +a" +... жа ea" = па" 


Maths - 12 БЕЖИ ншнен заав | 
1. im (E) 
Whenx- a, the limit of a function is of the form (0/0), which is 
) 
) 


3. lim(1* 1 2) =e 
x3 
The base “e” is an irrational number (like zr), it cannot be represented exactly 
by any finite decimal fraction. However, e can be approximated as closely as we like 
by evaluating the expression 


cl (18) 
x 


for sufficiently large x. What happens to the value of the expression as x increases 
without bound? The results are summarized in the following table: 


SE 

x (+ | 
xj 

1 2 

10 2.59374... 

100 2.70481... 

1000 2.71692... 

10000 2.71814... 

100000 2.71827... 


1000000 2.71828... 


Interestingly, the value of expression (18) is never close to 1, but seems to be 
approaching a number close to 2.7183. In fact, as x increases without bound, the 
value of expression (18) approaches an irrational number that we call e. The сарона! 
number е to twelve decimal places is: 


im (1e 1), =2.718281828459 = е (19) 
From result (21), the new result deduced is; 


i 


lim ( * 1) = 2.718281828459 =e 


4. lim(1+x)s =e 


If we put y=1/x, then у =, whenx — 0, and the left-hand side of the limit 
thus gives the right-hand side: 
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5. 


1 ү 
lim(1+ x)= = lim 23 =е 
»- Су 


x20 


ка“ 21 


хэд x 


= а, a» 0. 


If we put а* —1= y, then x is obtained by taking log of both sides: 


а*-1=у 

a =1+у 

Тор(а*) = log(1+ y) 

x loga =1ор(1+ y) 
log +y) 

Hen 


Use this х in the expression (а* —1)/х to obtain: 


ll чь. alll, ll, ll, al 


Kea 
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q y y E err сул сә wv 


=loga 1 


1 
1 4: 
log lima +y) 


=loga 
: loge 
=log,a=Ina 


The new result deduced from this result is: 


awe 
Use these expressions in the left-hand side of the limit to obtain the right-hand 
side: 


1437-1 2 
х З y 
E log(l- 2) 
x 10р(1+ 2) 
Ё zo n log(1+ x) 
log(i+ 2) x 
1 1 
z— ———rxnlog(l + x) 
log(14- zy 
Taking limit 2 2 0, when x 0: 
jg ett. lim —_;x limnlogtl +3)! 


79 ва zy 


L—— үч сик жш 
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1 
ә =——xnloge=n ‘ 
loge . 
d Т. lim 299-1 Ч 
E. 
Ф The given function Дх) = ——— is an even function, because Ц 
» П 
* This means that we need only to find the right-hand limit, because the ' 


limiting bebavior from the left will be the same as that of the right-hand limit. These 
.—9 values are shown in the following table: 


Ж х: Ol 005 0.01 0.001 0 

w/ f(3):0.998334 0.999583 0.9999833 0.099999983 undefined Ч 
/ . 

à The table suggest that lim one 1. The limit is therefore lim —— nm EX 4 


à 11:501:::77””177”  — 


i) Recognition of left-hand and right-hand limits , 
Definition 1.8.1: [Right-hand Limit of a-Function]: A function f(x) has a right- 
hand limit if f(x) can be made as close to the number L as we please for all values of 

+ xc: 4 ! 
у 

А 


/ lim f()z2L 4 КА (20) 7 
Definition 1.8.2: [left-hand Limit of a function]: A function f(x) has a left-hand 
7 limitif/(x) can be made as close to the number L as we please for all values of x«c: 4 
lim Т(х)- 1 (21) 


The relationship betwcen one-sided and two-sided limits is summarized in 
the box: i 
- - x : СЭ : 


) gi | Example 15.1: [Limit does not exist}: What is [rad 
53 3 тэр. x 


) 
) 


1х1, 


Fig. 1.29 | 
The function f(x) is not defined for x=0 (open hole). When x20, the function 


XM EN ж: 

Лх) is shown above. As x approaches 0 from the right, x is always positive and the 
corresponding value of f(x) is 1. But as x approaches 0 from the left, x is always 
negative and the corresponding value of f(x) is 1. Thus, as x approaches 0 from both 
sides, the corresponding values of f(x) do not get closer and closer to a single real 
number. Therefore, the limit does not exist. vit) 


Example 182:[Limit does not exist]: How to 


determine the im? 
xal 


Solution: The graph of a function f(x): E is shown _4 
x- 
in the Fig. 1.30. 


The function f[3)-1/(x-1) is not defined for x=1 (poles). However, the tabular 


form of the given function f[x)- zi 


x:0 05 09 099 099 1 1001 10111151 
f(z):-1 -2 -10 -100 -1000 = 1000 100 10 2 1 
suggests that: 


e as х approaches 1 from the left, the function f(x) gets smaller and smaller. In 
fact f[x) decreases without bound, and we write: 
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e asx | x approaches 1 xi ТОШ the a the function f» Di larger "m larger. In 
fact f(x) increases without bound, and we write: 


mc es 


rat t= -1 


The limit on the left is not the same as the limit on the right. Thus, the limit 
does not exist. 

From the graphical view of a function, we can see that as the curve 
approaches 1, it does not approach the same functional value on both sides of x=1, 
the limit does not exist (since poles are developed). Also we note that the line x=1 is 


the vertical asymptote to the curve and y=0 is the horizontal asymptote to ће curve. 4 


The steps to define asymptotes, are the following: 
1. If a number k makes the denominator of a rational function 0, but the 
numerator is nonzero, then the line x=k is a vertical asymptote for the graph. 


2. Whenever the values of y approach, but never equal, some number К as! x! 
gets larger and larger, the line y=k is a horizontal asymptote for the graph. 


3. The horizontal asymptote of a rational function у= a (with (c #0) is the 
сх 


line yee 


‚ | Example 1.83: [limit - c: How to determine the о d 


Solution: If the rational function is difficult to simplify, then we need to take out x” 
fromm numerator and denominator to obtain: 
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horizental asymp 


ry! 


2 
EVER 


Ё 
spectior 


а. limi b. іт) c. һәй) 4 lim A») 
2-0) a 


xd хә-2° 


Solution: : i 
a lim fix) is the value that f(x) approaches as x tends towards 3 from the left. 


The figure indicates that this value is -2. Thus, we can write lim Лх)= ~2. 


18) 


= 
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b. lim, fx) is the value that f(x) approaches as x tends toward —2 from the right. 
The figure indicates that this value is 4 (which is related with a hole, this 


means that the point (-2, 4) does not lie on this curve). So, the limit of a 
function at a hole exists and is therefore lim, Дх) = 4, but the function value 
np 


at à hole is not equal to the limit of a function at х= —2. This is because of * 
discontinuity of a function at x——2. Thus, we can write lim fix)= 4# ff ~2). 


15 lim fix) is the value that f(x) approaches as x tends toward from both sides the 


leftand the right. The figure indicates this value is 1 which is related with the 
hole. Thus, we can write lim Ах)= 1 and lim ЛДх)-1, so lim f(x) exists and 


lim f(x)z 1. But lim Лх) + fo). 
d. lim f(x) is the value that Дх) approaches as x tends toward from both sides 


the left and right. The figure indicates this value is 2. Thus, we can write 
lim Дх=2 and lim fx)22, so lim f(x) exists and is therefore 


lim f(x) 2. The function value at x= —4 is also equal to the limit of a 


function at х= -4, This is because of continuity of the function at х=-4. Thus, 
we can write lim Дх)= Д-4)= 2. 


Remember, the function on which open hole occurs is valid to exist a limit. 
But the function with pole do not exist a limit. In each case, the function is always 
distontinuous. 


[ m Definition of continuity of a function га a point and Ds l 
interval У ( 


DEMENS TSE 


A function 1 is continuous at a point if you Hes graph of the f function. near that 
point without lifting your pencil from the paper. Conversely, a function is 
discontinuous at a point if the pencil must be lifted from the paper in order to draw 
the : graph on both sides of the point. 

| Definition 1:82:[Continuous Function]: A function f(x) 38 said to. ‘be continuous at| 
' х=с, if all three of the: following conditions are satisfied: | А , 1 
a. The function is defined at x=c; thatis, Дс) exists. ~ 5 


| 
| 
M b. The funcion approaches a definite limit as x approaches с; that is tim fe) 


Д\ май» - 12 Funck ава Limits 


waf 


— = —' 


2 
€ * c. The limit of a function is equal to the value of a function when x=c; that is, 4 
X ip /@)= 19 ) 
€> 4 
Q | 
Ж 
P^. 
Ч 7 Ч 
2 4 
4) | | 
wv ЙЕЛ ЕЛЕ ШШЕ] \ 
[ IDEE | 
\ Y Fig. 1.33 Л g 
ХА Geometrically, this means that the point (x, f(x)) on the graph of f(x) converge Д 
( ) to the point (c, f(c)) asx — cand this is what guarantees that the graph is unbroken at ($ 
Ў (с, f(c)) with no "gap" or "open hole," as shown in the Fig. 1.33. ү 1 
if . /; 
W \\ 
y 1 ( In other words, a function f(x) is continuous on the open interval (а, b), if itis 21 
(CN continuous at each point on the interval. If one or more of the three conditions in ће  ( 
We definition fails, then the function is discontinuous at x=c. The three common ways for ` 
( Y a function to be discontinuous at х=с, are the holes (open), poles, and jumps. _ { 
\ / m | Example 1,8.5: [Continuous Function]: Use the definition of continuity to discuss Ч 
< | tlie continuity of each of th following functions at the indicated points: 4 
МА a. fit) =x42 at х-2 b. e(xj= ES at x-2 
) x-2 4 
E Ї Їл! 
Ч c. h(x)==— at х=0 and atx-l 7 
7 ља fas — 2 
Ч Solution: 
y a. The given function f(x) is continuous at x=2, since 


J 


lim/:)2 2427 4- f(2) 
142 
This is shown in the figure (1.34(а)): 


SN 
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P 
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A 
) 
Ё Җ 
Ww 
g 
4 1 
Fig. 1.34(c) Y ( 
Є 
b. The given function g(x) is not continuous at x=2, since g(2)-0/0 is not Ў y 
defined. The discontinuity is shown by "open hole" on the graph of this Д У 
function. This is shown in the figure (1.34(b)). Ч 4 
С: The function h(x) is not continuous at x=0, since h(0)=0/0 is not defined; also p, М Ч 
lim A(x) does not exist. But h(x) is continuous at x=1, since \ Y 


ви! L1 0) Ч 
rox 


/, 
This is shown in the Fig. 1.34(с). Functions have some useful general \\ // 


continuity properties. These properties enable us to determine intervals for some Ж 

important classes of functions without having to look at their graphs ог use the three $ y ) 
conditions in the definition. b 

The properties of some specific functions are the following: $ ) 

* A constant function f[x)-k, where К is a constant, is continuous for all x. For 2 4 

instance, the function f[x)27 is continuous for all х. ` 4 ? 

* For п a positive integer, /[x)- x" is continuous for all x. For instance, the А Ч 

function /(х)-- х? is continuous for ай х. N Á 

* A polynomial function is continuous for all x. For instance, the function £ 1 

2x° - 3x5  x—5 is continuous for all x. Y 

* A rational function is continuous for all x except those values that make a $ ) 

denominator 0. For instance, the function z E is continuous for all x except £ | y 

х=1, a value that makes the denominator zero. 1 4 


7 
í—À ү Б------025-25-5 E 
= -Ge 
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• For п ап odd positive integer greater than 1, the function Ах) is continuous 


whenever f(x) is continuous. For instance, the function ERI is continuous for 
all x. 

e For n an even positive integer, the function y fix) is continuous whenever f(x) 
is continuous and non-negative. For instance, the function Yx is continuous 
on the interval [0, оо). 


Example 1.8.6:[ Continuity Properties]: Use the general properties of continuity to 
discuss the continuity of the following functions: 


aes 
а. Axj=x°-2x+] b. f(x)z TRY 3 
c. fije Nac -4 4:/х)-4/х-2 
Solution: 


a, fix) is continuous for all x, since f(x) is a polynomial function. 

b. Дх) is continuous for all x except ~2 and 3 (values that make the denominator 
0), since f(x) is a rational function, 

[^ The function flx)- Vx? —4 is continuous for ай x. Since n=3 is odd, f(x) is 
continuous for all x. 

d. The function f(x) = 4x-2 is continuous for all x and nonnegative for x 2 2. 
Since n=2 is even, f(x) is continuous for x > 2, or on the interval [2, 29). 

ili) Determination of continuity and discontinuity of a function at 

- 4 point and in an interval 
Definition 1.8.7: [One-Sided Continuity]: If a and b are the endpoints of the 
interval, then the function ffx) is said'to be continuous from the right at a if and 


УЕ nits fla) (22) 
and is continuous from the left at b if and only if 
lim Axe fb) (23) 
rob 


Example 1.8.7:[One-Sided Continuity]: First-class postage in 1995 was $0.32 for 
the first ounce (or any fraction thereof) and $0.23 for each additional ounce (or 
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fraction thereof) up to 11 ounces. If р(х) is the amount of postage for a letter 
weighing in x ounces, then we write: 


) Graph p(x) for 0< x $5 b. Find lim p(x), lim р(х) and p(1). 
c. Find lim p(x) and. p(4.5) d. Find Jim р(х) and p(4). 

) e. Is p(x) continuous at x1? х=4.5? x=4? 
Solution 
a. The graph of p(x) is shown in the figure (1.35). 


From the graph of a function, the left, right limits and the value of a function 
at х=1 are; 


lim р(х)= 0.32, lim р(х)= 0.55 and p(1)-0.32. 


= 


From the graph of the function, the limit and the value of function are equal: 
lim р(х)= 124, p(4.5)- 1.24 


Thus the function is continuous at x=4.5. 
From the graph of a function, the limit and the value of a function are not 
equal: 


о 


e 


C c эрт cw c cc Ч СР was шч” 
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lim р(х) does not exist and р(4)=1.01 ( 
Thus, the function is discontinuous at x-4 

е. The function p(x) is discontinuous at х=1 as well as at x=4, but continuous at 
x-4.5. 


Sometimes functions need to be defined in pieces, because they have a split 
domain. These functions require more than one formula to define the function, 
and therefore are called piecewise continuous functions. 


pou Po 


: шин 
a. lim(x?+3x-7) b. lim(x+5)(2x—7) c.lim c 
Чи oe тї 2 
2 2 2 
өш 25 eum (zeaz ЕРЭН! 
Tx x-5 n + x42 x x-l 
цал £3 
g.lim 443 3 h. lim% ilig i732 
ob у s x-1 тэд cog2x 


. 
= 
| 

LN 


yay 
‚ ((x+3)} 3 
z a (x-4y b lim z 
М5 vx-5 
с. lim d. 


| nen] 


3600 - 
x+2 


aS 


S(x)= 5000 + 


ay ty By ty eh чь a с 


ї 


Maths - 12 байн 


Find the sale for the indicated weeks limits : 
а.5(2) b.lim S(x) c. lim S(x) 


5. Use properties of continuous function to test the continuity and discontinuity 


of the following functions: 

а. fix)= 2x- 3 b. g(x) 2 3-5x c. D Bu 
x-5 

Жома и у сш Re 

ү р] © s= 362) pid n TET 


6. Use the graph of the function g(x) to answer the following questions: 


g(x)2-x +2x+2 


a. Is g(x) continuous on the open interval (-1, 2)? 
b. Is g(x) continuous from the right at x= –1? Is lim 8(5)-4(-17- 
a 


c. Is g(x) continuous from the left at x—27 Is lim a(x)= g(2)? 
E 


d. Is g(x) continuous on the closed interval [-1, 2]? 
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Glossary 


Function: A function y=f(x) is a rule that assigns for each value of the independent variable x 
a unique value of the dependent variable y: 

у= fix) 

Compound Function: A function defined by more than one equation is called a compound 
function. 

Graph of a Function: The graph of a function fix) consists of all points whose coordinates 
(х, y) satisfy a function у= (х), for all x in the domain of f(x). 

Inverse Functions: Let y=f(x) be a function of x. This function takes dependent variable y in 


response of independent variable x. The function that takes х ns dependent variable in 
response of y as the independent is then called the inverse function of Дх) and is denoted by: 


х= fo) 
Algebraic Function: A function ffx) is called algebraic if it can be constructed using 
algebraic operations (such as adding, subtracting, multiplying, dividing, or taking roots) 
starting with polynomials. Any rational function is an algebraic function. 
Transcendental Function: Functions that are not algebraic are called transcendental. 
Explicit and Implicit Functions: If a function is defined by an equation of the form y=/(x), 
one says that the function is defined explicitly or is explicit. The terms "explicit function" and 
“implicit functton" do not characterize the nature of the function but merely the way it is 
defined. Every explicit function y=f(x) may also be represented as an implicit function 
y=. 
Parametric Equations}: If f(t) and 2(0 are continuous functions of parameter t on an interval 
D, then the equations : 
xzf(t) and у=р(0) 
are called the parametric equations for the plane curve C generated by the set of ordered pairs 
in plane: 
(x )eG(0, YORU, 509) 
Limit of a function: If /[x) is a function of x, and с, L are the real numbers, then L is the 
limit of a function ffx) as x approaches с: 
lim f(x)= L 
хэс 
Continuous Function: A function f[x) is said to be a continuous at хэс, if all three of the 
following conditions are satisfied: 

о The function is defined at.v-c; that is, fc) exists. 


о The function approaches a definite limit as x approaches c; that is lim f[x) exists. 
хэс 


The limit of a function is equal to the value of a function when xc; that is, 


lim SAGE fic). 


This unit tells us how to: 


DIFFERENTIATION 


» 
» 


ү ww wv ү ү 


distinguish between independent and dependent variables. 

estimate the change in the dependent variable, when the independent variable is incremented 
or decremented. 

explain the concept of a rate of change. 


define the derivative of a function as an instantaneous rate of change of variable with respect 
to another variable. 


define derivative or differential coefficient of a function. 
differentiate y = x" and у=(ах+ Б)" by first principle rule. 


introduce the theorems of differentiation, such as the derivative of a constant function, the 
derivative of any constant multiple of a function, the derivative of a sum or difference of two 
functions, the derivative of the product of two functions and the derivative of a quotient of | 
two functions. 

apply theorems of differentiation in solving problems. 

introduce chain rule of differentiation in different situations. 

introduce implicit differentiation of a function. 

introduce differentiation of trigonometric and inverse trigonometric functions. 
introduce differentiation of exponential and logarithmic functions. 

introduce the differentiation of hyperbolic and inverse byperbolic functions. 


24. 


m | Derivative of a Function | 
Tn this unit, the main ideas of differential calculus are under consideration. We 


begin by defining derivative, which is the central concept of differential calculus. 
Then we need to develop a list of rules and formulas for finding the derivative of a 
variety of expressions, including polynomial functions, rational functions, 
exponential functions, logarithmic functions, trigonometric functions and hyperbolic 
functions. The question is how the derivative can be interpreted as a rate of change. 
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i) Distinguish in between Independent and Dependent Variables 


To understand the origin of the concept of variables, some real-life situations 
in which one numerical quantity depends on, corresponds to, or determines another 
are considered. For example, 

1. The amount of income tax (output/dependent variable) you pay on the 
amount of your income (input/independent variable). The way in which 
the income determines the tax is given by the tax law (rule). 

2. A person in business wants to know how profit (output/dependent variable) 
changes with respect to advertising (input/independent variable). 

3. A person in medicine wants to know how a patient’s reaction to a drug 
(output/dependent variable) changes with respect to dose (input/independent 
variable). 

Tn each case, the change in dependent variable requires the definite change in 
independent variable through a definite rule which is called a function. 


ii) Estimate the corresponding change in the dependent variable, 
when the independent variable is incremented or decremented 


А familiar situation related to change in dependent with respect to change in 
independent is that a driver makes the run of 120, mile trip from Peshawar to 
Islamabad, in 2 hours. The table shows how far the driver has traveled from Peshawar 


at various times: 


Биш  : |з |з Гз |] 

If f is the function whose rule is f(t)=distance from Peshawar at time t, then, 
the table shows that f(1.0)-54, 1(1.5)-88 and f(2.0)-120 miles. So the distance 
traveled from time (=1.5 to t=2.0 is £(2)-f(1.5)=120-88=32, the change in dependent 
variable (change in distance) in response of incremented independent variable t, 
while the distance traveled from time t=1.5 to t=1.0 is f(1.5)-£(1.0)-88-54—35, the 
change in dependent variable (change in distance) in response of decremented 
independent variable t. 


iii Concept of rate of change 


The idea of average rate of change is something we encounter every day. For 
example, if a car accelerates from 0 to 96 km/h in 8.0 s, then we say that it accelerates 
at an average rate of 12 km/h. If a spaceship climbs from 0 to 10,000 m in 2.5 s, 
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then we say that the ship climbs at an average velocity of 4000 m/s. If corn grows a 
total of 28 inches in 2 weeks, then it grows an average of 2 inches per day. 

In these examples, the indicated average rate of change is obtained by 
dividing the change in the dependent variable by the change in the independent 
variable. . 

Let us examine the process of finding the average rate of change of a function 
y =f (x). If we select any value of x and increase it by an amount Ах, then a new 
value of the independent variable is x+Ax As x changes from x to x+Ax,y will 
change to a corresponding amount of y+Ay.The ordered pairs P (x у) and 
О(х+ Ax, у+ Ay) developed must satisfy the function y = f (x). This is shown in the 


figure (2.1): 


If the function value at a point P (x, y) is 


у=/@) а) 
then, the function value at a point Q is 
y+ dys Лх+Ах) Q) 


The difference of equations (1) and (2) gives the change in y; 
(y+ Ay)— ys f (x Ax)- fix) 8) 
Ay= f (x+Ax)— fx) 
The change in x is 
Ах=х+Ах-х (4) 


The average rate of change in y per unit change in x is the slope of the secant 
line PQ, obtained by taking the division of equation (3) by equation (4): 
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Definition 2.1.1: [Average Rate of Change]: The average rate of change y per unit 
change in x is given by: 
Ay _ fxt Ax)- ftx) 
сы TREES 
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"the approximate rate of change in phenomena." 


"Example 2.1.1: [Average Rate of Change]: Determine the average rate of change of 
y per unit change in xfor y= x^ -6x+5 as x increases from x = 1 tox=3. 
Solution: The average rate of change through definition 3.1.1 is: 
Ay fict Ax)- fx) 
Ах EEH 
T Ax 
x t2xAxe( Ax  -6x-6Ax 4 5— x 6x5 
B Ax 
| 2хАх+( Ах} -6Ax _ Ax(2x+Ax-6) 
" Ax NAE 


The average rate of change (6) is used for x-1 and Ax = 2 to obtain the average 
rate between 1 and 3: 


[ксы и кыс ul 1 


‚ у= у= х1-бх+5 


(6) 


= 2х+Ах-6 


АУ эхүдх-6 
Ах 
-20)42-6--2- : 

(ees ae 180186! гаг Exercise 217 ГЕЛИ ЇЕ ЦОГ rea) 
E Find the average rate of change of the following functions over the indicated 
: intervals: 

a у=у?+4 from x=2tox=3 

b. уе els from х=-3 to х=3 

c. 5226 -5t47 from t= 1 tot=3 

d. hz J2r-7 from t2 810tz 8.5 


60 ЕЕ НЯ zs 


2 Bumz [Differentiation | 


2. Use definition 2.1.1 to find out the average rate of change over the specified 


interval for the following functions: 

a s=2t-3 from t22tot- 5 
b. у= х?--бх+8 from x = 30 х= 31 
c. Az п? fromrz21o0rz2.1 
d. h=vt-9 from rz 9 tot = 16 


3. A ball is thrown straight up. Its height after t seconds is given by the formula 
hs 160 + 801. Find the average velocity 5 for the specified intervals: 


a. From t=2 to t=2.1. b. From t=2 to t=2.01. 

4. The rate of change of price is called inflation. The price p in rupees after t 
yearsis p(t)- 3^ +t+]1. Find the average rate of change of inflation from t = 
3 to tz: 5 years. What the rate of change means? Explain. 


iv) Definition of derivative of a function as an instantaneous rate of 
change of a variable with respect to another variable 


In the previous sub-section, we discussed the average rate of change, and 
learned that the average rate of change is the slope of the secant line joining two 
points on the curve y-f(x). More commonly, we are asked to determine the exact or 
instantaneous rate of change at a particular time. For example, for an airplane, what is 
the instantaneous rate of change of the distance that occurs at a specific time? This 


can be dealt by the slope of a tangent line to a curve y=f(x) at a specific point? 


To illustrate this idea, let us examine the graph of a function y — x? at a particular point Ч 
P (0.5, 0.25) with different secant lines PQ,,PQ,,... that developed from the secant 
' line PQ: \ 


P Q Ax Ay = 
P (0.5, 0.25) QQ,4) 1.5 3175 12.5 
Р (0.5, 0.25) Q,(1.5,2.25) 1.0 200 20 
| P (0.5, 0.25) Q; (1, 1) 0.5 075 15 
| Р 0.5, 0.25), -0,(08,064) 0303913 


The tabular 9 contains coordinates for the points P, Q, the change Ax in x, 
the change Ay in y and e. the slope of the secant lines PQ,PQ,,PQ,,..... Notice Ч 


that the slope of the secant line PQ is 2.5 (Ay/Ax = 3.75/1.5 = 2.5). If we take values 
of О closer to P (i. e, to Q,,Q, Q,.....), then, Ax gets smaller, and smaller, and tends 
to zero. 


1, 


The tabular form clearly shows that, as Q approaches P,Axapproaches 0, and )Y ( 
) the slope of the secant line approaches the slope of the tangent line at a particular ( ( 
point P (0.5, 0.25) which is 1. { 
Geometrically, the slope of the tangent line to a curve at a particular point / 
Р is the instantaneous (or exact) rate of change at that particular point. N 
This terminology develops the idea that the slope of the secant line becomes a , 
better approximation for the slope of the tangent line to the curve at a particular point 
Р. 


fe 
Secant line PQ 


Tangent line 


From our discussion on limit, it follows that the exact/actual slope of the 
tangent line to a curve y = f (x) at a particular point P corresponds to the 
instantaneous rate of change at that point. That is, 

ә = slope of the secant line PO 


lim Ay. 2 = slope of the tangent line at a particular point P 


A0 Ах 
The statement lim a is read “the limit as delta x approaches zero of delta y 
як 


divided by delta x." If the limit exists, then the result is the slope of the tangent line 
or the instantaneous rate of change of y with respect to x which we call the 
derivative of the function. 


v) Definition of derivative or differential coefficient of a function 
Definition 2.1.2: [Derivative of a Function]: The instantaneous rate of change of a 
function f (x) at a point P is the derivative of a function f (x) at that point P, 
4x) = lim EASA) ic this limit exi 
f'Q)- lim 23 , if this limit exists (7) 


This is called first principle rule of derivative of a function f (x) with respect 
to x. 

If y-f(x) is a function, then its derivative or differential coefficientis denoted by f 0 
ory’. If x is a number in ће domain of у- бх) such that y = f" (x) is defined, then the 
function fis said to be differentiable at x. The process that produces the function. / from 
the function fis called differentiation. | 


> Example 2.1.2: [First Principle Rule]: Determine the derivative of a function 
fG)= x —6x+5 by first principle rule at a point P (4, -3). “ 
Solution: The derivative of a given function by first principle rule (7) is: 


гу» jim FOILED, y даје бга 


= Him Lat At P-6(x+ Ax) 51-7 ( x? - 6x4 5) 


мәй Ах 
ан x e 2xAxe( Ax }-бх-бАх+5-1+бх—5 
= Ах 
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= Jim StA O х lim (24+ Ax-6)= 2x-6 у 

The result. f'(x) = 2x—6 represents the slope of the tangent line at any point « / 

Р (х, y) on the curve f(x)» х -бх+5. Thus, the slope of the tangent line at a 17 
particular point, say P (4, —3) on a given curve is: Ч 7 
f! (x)= 2x-6 e 

7' (A)= 2(4)-6 = 2, at P(4,3) 5 ( 


From this problem, we conclude that ( 
e the slope of the secant line (the average rate of change) is called the / 4 
approximate rate of change. ( 

* the slope of the tangent line (the instantaneous rate of change) is called b 


the exact rate of change. ( 
W/ 
First Principle Rule WN 
If f (x) is any function, then the derivative by first principle rule is \ Y 
na p Het Ах) Ла) (ey 
F@)= lim AL ‚ y= Лх) “у 


The process used for finding the derivative of a function in Example 2.1.2 is ( 
called the differentiation and its result,2, is the differéntial coefficient of a function )}¢ 


Хх) = x! — 6x 5 at a particular point P(4,-3). ( 
Symbol f'(x)is used to indicate the derivative of f (x) with respect to x. 4 
Sometimes other symbols are used to indicate the derivative. Each of the symbols in { 


the following box indicates the derivative of the dependent variable y with respect to 24 
the independent variable x: í 
1. f'(x): read "f prime of x" (derivative of f (x) with respect to х) 
gr read " dee y, dee x" (the derivative of y with respect to x) 
F: read " f prime" (the derivative of the function f (x) with respect to x) 
D, y: read" D sub x, y" (the derivative of y with respect to x) 
Уу”: read "y prime" (the derivative of y with respect to x) 


бор co мю 


с» 


Definition 2.1.3: [Tangent line]: The tangent line to the graph of a function y — f (x) 
at the point (х, f(x) is the line through this point having slope 


"tos tim [ETAF 

Fos limt = А (8) 

provided this limit exists. If this limit does not exist, then there is no tangent (no 
derivative) at the point. 

The slope of the tangent line is the instantaneous rate of change, gives “the exact 
rate of change in the phenomena.” 

Example 2.1.3: The function is f(x) =x’. 

a. Find the derivative of a function at a point P(3,9) 

b. Find the tangent line on a given curve у= x’ at a point P(3,9). 


c. View the slope of the tangent line on a curve y= x^ at a point P (3,9) graphically. 


Solution: 
а. By first principle rule, the derivative of a given function is: 


Г'о)= lim 


(Ax - (x 


= lim 

Ar Ax 
2 324 

= qim ХАРАА -х lim (2x+Ax)= 2x (9) 

Ax30 Ax А-0 
b. Result (9) is used to obtain the slope of the tangent line at a P (3,9) on a curve 
у=: 
/'З)=2(3)=6б (10) 


The tangent line on a cuney=x’at a point P(3,9)develops а 
nonhomogeneous line: 

y-y,7 f'GXx-x), Point form of the line 

y-9=6(x-3), P(3,9) 
бх-у-9=0 


| 
i 
! 
| 
| 
(87 N 
63] 
| 
| 
| 
1 


>< 


чау” “Ҹ 


P 


^ P “ 
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af 
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c. The graphical view of the slope of the tangent line is as under: 


If ffx)=x’,n is any rational number, then, by first principle rule, the 
derivative of fix) = x^ w.r.t x is: 


гун jg EF), ga 


(xc Ax )"— x" "NUS ? 
Eme uid ‚ by binomial expansion 


n(n —1) 


x" nx Act Ar Pte 


= nx" 5 kÜ- nx"! (11) 


Ir у-(ах-Б) ‚п is any rational number, then, the derivative of 


у= (ах+Ь) is: 


“(эл esac oe (Le 
Ў (x)= lim A, ym fare bf 
= jig Let ADT —(ах+Ь у 
= aa Ax 
= jim SEPALS + 2ab(xt Ax) p! (a^ i + 2abx+ b ) 
E Ax 


ES a(l x 2хАх+( Ax  )e 2abx + 2аЬАх + b! — a? x!  2abx — b? 
4:90 Ах 
zm (2a?x + 2ab)Ax  ( Ax f, 


Ax 
2 
EPNECID NC, 
Ax Ax 
= 2(ах+Ь)+0= 2(ax b) 
This will help the students using power rule of differentiation. 


А-0) 


1: Use first principle гше to determine the derivative of the following functions: 
a. f(x) 3x b. flx)= 5x 6 c. Йх)= xà +] 
d. Дх)=12-х° e. fx) = 16x! -7x Ё faz 
x 


n 
2x-4 
2. Estimate the slope of the tangent line on a curve at a point Р(х, y) for each of 


g. Nine i. Дх) 3x 4 4x-9 
x3 
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3.a. Draw a tangent line on the graph of the 
function f(x) x! —7x+6 at a point (1, 0) of 
the function and estimate its slope at the same 
point graphically. \ 

b. Draw a tangent line on the graph of a function f (x)= жег 7х+6 ara point x (5, -4) 


and estimate its slope at the same point graphically. 
c. Is your estimation about the tangent lines at the points (1,0) and (5,-4) equal the actual 


derivatives of a function J as х 5-7х46 at the same points (1,0) and (5.4)? 


In previous section, the derivative of a function f(x) was defined : 
(x+Ax)— f(x 
= lim LG Ax)- ТО) 
Р о)= m 


We NS that the derivative is found by applying the first principle rule. 

Now, after doing the exercise for the previous section, you may be wondering 
whether there is a shorter way of finding the derivative. In this and the next several 
sections, the discussion on the theorem that provides easier ways of finding 
derivatives. 

Theorem 2:1:[Theorem of Differentiation]: If f (x) and g(x) are differentiable at all 
x, and a, b, and c are any real numbers, then the functions c.f (x), Дх) € g(x), f@g@) 
and f(x)/2(x) are also differentiable, and their derivatives satisfy the | following rules: 

Leibnitz Notation 


Constant rule e (с)=0 
dx 
Constant multiple rule 


Sum rule 


Difference rule 


The constant multiple, sum and difference rules can be combined into a single 
rule, which is called the linearity rule. 


г. (АЁ d df ,dg 
n (af t bg) aS y p 28. 
Linearity гше (af +bg)=a=—+ 


Ё 
4 dg -df $ ) 

Product rule — -01-248-- ч 
mou rm 6 

df 48 Ф 

epo 

Quotient rule 417| ar ү A 
dx\ g g 1 7 
The proofs of these rules in detail are as under: { 1 


e Proof Constant Rule 
If f(x)=c, where c is any constant, then, by first principle rule, the derivative of a 
constant function is: 


fe in EE) 


20-60 2 

- lim x: =0, Дх)=с 

This calculation develops the rule that the derivative of a constant function is zero. {{ 

Constant Rule 
E f (X) = c, where c is any constant, then: 
f'@)=0 

Example 2.2.1: [Constant Rule]: Differentiate the following constant functions: 

a. f(x) 213 bf()z3 с. Дх=7т d fie -149 


Solution: The graphs of the functions are horizontal lines parallel to x-axis, since all 
function are constant. The derivative in each case is therefore going to be zero. 


© Proof Constant multiple rule 
If flx)- сх", where c is any constant and n is a positive integer, then 
by first principal rule, the derivative of a constant multiple function is: 
7 " +Ах)— n 
P m Л "59-59, у= quje 


_ p (xk Axf сх" 

=} Ах 

ЭГгүррэ оглу im EtA =" em 
Ax Art Ax Ax) 
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“ЫЙ —— ——— - - — - -—- — - —— 


This calculation develops the rule that the derivative of a constant multiple 
function is the product of the constant function and the derivative of a function f(x). 


A | Constant Multiple Rule 
Tf g(x)=x" and Дх) = cgíx), cis any constant, then: | 


Рода) = eme 


— ne и 


———————— RN a 


? Фф Exampie 2.2.2; [Constant Multiple Rule]: Differentiate the following functions: 
( в. f(x) e Ax b. 0.555х° 


Solution: 

a. If Лх) = 4 x^, then, the derivative of a given function is: 
flx)= 43) = 128 
YK b. If f(x) = 0.555x^, then, the derivative of a given function is: 
V f'(x) =0,555(6)x = 3.335 


V/ © Proof Sum rule 
То determine the derivative of a polynomial, such as the derivative of the sum 
ў; or difference of two or more functions, we need to develop a rule that could be used 
in the determination of a derivative like f[x)s 33^ - 25^ 4-3. In this situation, if 
{7 Җх)= f{x)+ g(x), then, our task is to determine h'(x) by first principle rule of 
i differentiation: 
к(х)= lim /(®* A + 8+ Av) - Ef (x): g 
) n Ax 
Lig, ДАЈ Л), үүх КАХ) g(x) 
Ard Ax Ar Ax 


= f(x) gx) 


This calculation develops the idea that the derivative of a sum is the sum of 

Ч the derivatives of two functions. The difference of two functions f(x)-g(x) can be 

7 written as the sum of f(x)—g(x)= f(x)+[-g(x)]. Thus. the derivative of the 
f N difference of two functions is the difference of their derivatives. 


A —— ——Є - 70 
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Sum Rule 

If u =f (x) and v = g (x), then, the sum гше can be restated using the notations: 
e +у)= ачай 
dx dx dx 

This rule generalizes to the sum and difference of any given number of/functions. 


e Proof of Product rule 


If h(x)= f(x) g(x), and f(x) and р(х) are differentiable functions of x, then by 


first principle rule, the derivative of h(x) is: 


Ко) in а ВЫЕ x)g(x) (12) 


The subtraction and addition of f[x-- Ax)g(x) to numerator of (12) is giving: 


lim Лха Ах (ха-Ах)- fe Ax)g (x) ftx Ах)я(х)— foe od) 
А-0 Ах 


fix Ax) [g(x- Ах) в(х)]+ g(h Ах) Дх) 
Ах 


c lim f+ | Банны 2212) 


E л EAD- н eta thm EEA 7 09 
= lim fix+ Ax) Pm 7s * lim g(x) lim е 


A(x)- 


= lim 

A0 

feres] 
Ax 


= fixie (х) в(х) (5) 


The iim fix+Ax)= Дх), when Ax approaches 0. Also, lim g(x)= g(x), when 


Ax approaches 0. 


This calculation develops the idea that the derivative of a product of two 
functions is the first function times the derivative of the second, plus the second 


function times the derivative of the first. е 
Product Rule 

Ку=/(х) ga) = u v with u = /(х)`апй у = g (x), then the product rule can be 
restated using the notations: 

„душ 

dx dx ах 


71 


v 
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| © Proof Quotient rule 000 
It маје 10, в(х) +0 and f (x) and g (x) are differentiable functions of х, 
Q(X, 
then, the derivative of h(x) can be found by first principle rule: 
257 Бүл 
хэд Ax | g(x+ Ax) g(x) 
PUSH 


a3) 


= = tim 
Ax20 Ay 


М) tim 2 | Е 
эд Дх (x + Ax)g(x) 

The subtraction and addition of f (x) g (x) to numerator of (13) is giving: 
sal fit Ax)g(x)— fixlg(x)— fix)g(x-e Ax)+ ftx)e(x) | 
в(х+ Ах)в(х) 
tm [fex Ax)— fix)le(x)- igi + Ах)— (301) 

хэ a g(x+ Ax)g(x) 
ur md [ee d 
1 gix) fx) 
sm re үте үө 
Асо 8(х + Ах)а(х) 


lim 
А-0) 


Sixt Ax)- fix) 
rm fs) 


в(х)— lim [ 
Jim[g(x+ Ax)g(x)] 


“4 (х)в(х)- 62167) 
18 х)р 


в(х+ Ах)— d 


5T d uf y, v £0, with u = f (x) and 2 (x), then the quotient rule can | 
шулаш. using the notations; 
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а. у= 4X -2x! +5х b. у= (3 238 -3) A анг 
Е x +llr+3 
Solution: 
а. Ey=u+v+w=(4x )—(252 )+(5х), then the derivative of a given function is: 
B. 24 +y+w) 


ах dx 


= Lax -2 +S 

dx 

ata) d og y 5х) 1202 
rg a Je m Ms 4x45 


b. 1 ysuv2()-2x(X -3) then, the derivative of a given function is: 
ay, ye 
ах ах dx 
=(—2х3у'! )+( х'-302х-2) 
=Ззу'-бу'+2у'-2у'-бх+б=5у'—8у'—бх+6б 


C; If y= 25 хн then, the derivative of a given function 15: 
y х +1х+3 
du, dv 
dy 2 a di 
dx Ги 
Q3 +11х+3)—(2х+11(х° 413х49) _ —2(х*+6х+30) 
E: GG +11х+3)* 0 (Qa ee 3y 


a. x=9 units b. x = 16 units 
c. As more wheat is produced, what happens to the marginal cost? 

Marginal Analysis: In business and economics the rates of change of such variables 
as cost, revenue and profit are most important. Economists use the word marginal to 
refer to rates of change. For example, marginal cost refers to the rate of change of 


Ow 
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' cost. Since the derivative of a function gives the rate of change of the function, a 
marginal cost (or revenue of profit) function is found by taking the derivative of the 
cost ((or revenue of profit) function. The marginal cost at some level of production x 

' is the cost to produce the (x+1)st item ( i.e., one more item). 
If C(x)is the cost of producing x units of some item, then the cost of 
producing х+1 units is С(х+1). The actual cost of the x41 unit is therefore 


£G*10- C0). cei) c). 


x*l-x 
Solution: 
а, To find the marginal cost, find the derivative of C(x)= 5000+ 20x-- 104 x. with 
respect to x: 


Cee) = 208107) x 3)» 2057 


Ух 


The approximate cost of x=9 units are: 


5 
С'(9)= 204——, x=9 
(9) Jo | 
220 e P Ry oz dollars 
3 3 
The actual cost to produce 1 more unit is: 
С(х+1) - Cx) = C(10) - C(9) = 5231.62 - 5210 = 21.62. 
The actual cost is 21.62 dollars. 
b. The approximate cost x=16 units are: 
5 
C(16)= 203 —— 
Са апе 


NES 


= 0 =—=21.25 dollars 


4 
The actual cost to produce 1 more unit is: 
C(x*1)- C(x)  C(17) - C(16) = 5381.23 -5360 = 21.23 
The actual cost is 21.23 dollars. 

с. It decreases and approaches 20$. 
In business and economics terminologies, 

* the instantaneous rate of change of cost (or revenue or profit) is the marginal 

cost which treats "as the approximate rate of change in business/ economics 
phenomena ". 


* the average rate of change of cost is the “exact/actual rate of change in business/ 
economics phenomena." 
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x --———————————— 
Exercise 2(3 } £ y J 
Use the product rule to find out the derivative of the following functions: 
a. y- (x^ -2)3x 1) b. у= (6x5 4 2 (5x 3) 


с. у=(7у'+2х( 2-4) | d. у= (25 4x3) x 2) 


e. ys (2x -3I( x - 1) E у= ( 3d x 6) x - 2) 
Use the quotient rule to find out the derivative of the following functions: 


3r-2 2 Са 
‚= b. y= je 
inum Pes А 
7 MESES e yo SES oe 
UU 4x EU POTE 
{2р +3)(4р— 1) xl 
2 s DEOL В) E 
gp у» 8095 то Тузу) 


Find an equation of a tangent line to the graph of the function at the particular 
point in the following problems: j 


а. f(x) 2 3x-7 at (3, 2) b. fix)= x! atx 2- 1/2 
с fis aime d. fis)e —— at (3,3) 
ха3 х-2 


A company that manufactures bicycles has determined that a new employee can 
assemble 


200d 
(d= 
3d+10 
bicycles per day after d days of on-the-job training. 
a. Find M '(d). b. Find and interpret M (2) and M'(5). 
Suppose that the temperature T of food placed in a freezer drops according to the 
equation 3 
= == where t is the time in hours. 
141410 


Determine the rate of change of T with respect to t for the following 

a.t= thr b. 2hr 

For a thin lens of constant focal length P, the object distance x and the image 
distance y are related by the formula 


МЭ? 


~— 
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E à 1 

Засан 

S OR 

а. Solve the above equation for y in terms of x and P. 


b. Determine the rate of change of y with respect to x. 


2) x j ЗЭ zu x +1) 


gallons per mile when traveling at x miles per hour on a smooth dry road. 

а. If the driver tells you that she wants to travel 20 miles per hour, what should 
you tell her? 

b. If the driver wants to go 40 miles per hour, what should you say? 


[24 | [Chain вше ЕШ 


Suppose you are asked to find the derivative of 
A(xj=In(2x41) ог — h-4e 


We have formulas for computing derivatives of Inx and j^but not in the 
indicated combinations. The chain rule is used to compute derivatives of functions 
that are compositions of more elementary functions whose derivatives are known. 
The chain rule is therefore considered with a brief review of above composite 
functions. 


Consider the function й (x) whose rule is h(x) e 42. To compute A(4), you first 
find x! = 4^ = G4and then take the square root NES 464 = 8. The rule of h (x) may 
be rephrased as: 

т) = f(gG)) 

where g(x)- х? and Дх) = Ta We may think of the functions f (x) and g (x) 
as being "composed" to create the function A. 

To see this more clearly, If 

у= Лиј= Ҹи and и= в()= х 
then we can express y as a function of x as follows: 


Lew 
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The function A (x) is said to be the composite of the two simpler functions 
f GO and g (х). (Roughly speaking, we can think of A (x) as a function of a function.) 
Here is a formal definition of this idea. 
Definition 2.4.1: [Composite Function]: A function h(x) is a composite of functions 
f(x) and g (x) if 

Во) = f(g) 

The domain of h (x) is the set of all numbers x such that x is in the domain of 
g (x) and (х) is in the domain of f(x). 
Example 2.4.1: [Composite Functions}: Let f(u)=e", (х) 23x" +1, and 
m(v)=v"?, Find the following composite functions: 
a. f(g 09) b. g (F0) c.m (g(x)) 
Solution: 
a. Flew) = ern 
ьа) = ЗОРО)? +1 = Xe) «123e" +1 
c. — -m(g(x))= (FQ) ^ = Gr ^ 


i) Differentiation of composite functions; 9 - 9 4» 
dx du dx 


The word chain in the name chain rule comes from the fact that a function 
formed by composition (such as those in Example 3.4.1) involves a chain of functions 
(that is, a function of a. function). The chain rule will enable us to compute the 
derivative of a composite function in terms of the derivatives of the functions 
making up the composition. 3 

Suppose 

ysh(x)» f [5()] (14) 
is a composite of f and g, where 

у= f (u) and u- (х) 

The derivative dy/dx of (14) in terms of the derivatives of f (x) and g (x) by 
first principle rule is: 

ду. h(x*Ax)-h(x) 

d 5 

Substitute h(x+Ax)= f[g(x+Ax)], (х) = Р(х) to obtain: 


— 


= 
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(15) Й 
ах Ac 
Multiply and ткы out (15) by д(х+ Ax) - g(x)to obtain : 
dy . lim [/Та(х+ Ах) fLaGol] ( к(х + Ах) g(x) 
dx А-0 Ах g(x t Ах)— g(x) аб) 


are [fla(x+ Ах)]— Р(х] ( gx Ax)- e) 
Ari &(х+ Ах) g(x) Ax 

The second factor in (16) is the difference quotient of g (x). To interpret the 
first factor in (16) as the difference quotient of f (и), if we put k= g(x+ Ax)- g(x), 
since u=g(x), then, we can write 

u+k= g(x)+ р(х+ Ax)- р(х) = g(x-- Ax) 

Substitute this in (16) to obtain: 

ау ü r Rl (tet ёч 807) 

а мю k Ах 


If k= [g(x-- Ax)- в(х)] 30 as Ах-э 0, then we can find the limit of each 
difference quotient in (17): 


С m| (2 Е) 


(17) 


ах A0 Ах 
Е [im Auth fi) [im E c (18) 
— Ге] Ах 
E 2. du 
и) в) 


This result is P under rather general conditions, and is called the chain 
rule, but our "derivation" is superficial, because it ignores a number of hidden 
problems. 
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Proof: 

Suppose x is changed by a small amount Ax. This will cause u to change by 
an amount Au, which in turn, will cause y to change by an amount Ay. If Au is not 
zero, then we can write 

2y душ 
Ax Au Ax 
By letting Ax — 0, we force Au to approach zero as well, because 
Au-| ^®|Ах so tim Au 4 |0)-0 
Ах мэй dx 
With this assumption, the equation (19) takes the form: 
lim rate 2 Kim 2) 
мэд Ах {оду j| A0 Дх 
dy _ dy du 
dx du dx 

This can easily be extended to compositions of three or more functions. For 
example, if y = f (u), и = g (v) and v = h (х), then: 

dy dy du dy ŠD 

dx du dv dx 


Example 2.4.2: [Chain Rule]: Differentiate the following functions w.r.t. x: 
a. fix) s (dx- 3j. b. }х)= 15x31 
Solution: 


а. | If y= Дх)= (4-3) = flu)- ц with и= 4-3, then, the first derivative 
w.r.t x by chain rule is: 
dy - dy du 
& du dx 


= E(u! yr а) Cu (4) = Th = 2045-3) 4 (3) 


(19) 


(20) 


Y 
b | E ysfo-Visx +l =fu)=Vusu? with u-15 1, then, the first 
derivative by chain ruleds: 


dy _ dy du Я 
sss, и=(154+1 
dx du dx icu 


d 5х Іх 
=— jl 9-2 30х)=—== 
ar" cioe бахаа = 152 +1 


Example 2.4.3: The revenue realized by a small city from the collection of fines from 
parking tickets is given by 


К(х)= 
xt2 


where x is the number of work hours each day that can be devoted to parking patrol. 
At the outbreak of a flu epidemic, 30 work hours are used daily in parking patrol, but 
during the epidemic that number is decreasing at the rate of 6 work hours per day. 
How fast is revenue from parking fines decreasing during the epidemic? 


Solution: We need to find dR/dt, the change in revenue with respect to time г. The 
chain rule is used to obtain dR/dr : 


dt dxdt 
First find dR/dx as follows. 
Ray - ® = (03208000) —8000:(1) _ 16000 
"Sa dc (х+2) (x42) 
“(30) = SALA 215.625, at х= 30 
(3042 
dR/dx-15.625 and dx/di = —6 are used in equation (22) to obtain: 
К _ di х _ (5 625) -6)= -9375 
di dx dt 
This tells us that the revenue is being lost at the rate of approximately $94 per 
day. 
ii) Differentiation of inverse functions: -- 
ay 


Let x= f(y)bea one-to-one differentiable function. The inverse function of a 
function x-f(y)is у= (х). If +=f(y)is differentiable at y= f"'(x)and 
fo) =f'(f ‘(x)) is not equal zero, then у= f~'(x)is differentiable at x and leads 


the differentiation formula: 


d 1 É 
— f(x) =—$—$———, x= 
4 X FG) х= f(y) 


DATUM (23а) 


= паар, Notation 
dy 
in case of a function y = f (x), the differentiation formula (23a) becomes: 
d 1 
ai ауыт (557779 
dr l 
dy РО) 


(23b) 


= 21 , Leibnitz's Notation 
dy 


M dx 


V '| Example 2.4.4: - = IA dx/dy) }: Verify result 2 = 1/ P the following problems: 
' a. Ях)=(4:-3) b. f)e 1521 
Solution: 
a. {Тһе derivative of y - (4x3) is ын I2(4x- 3 f. This result agrees to result 
(23а); 
der (BERT nen) 


dx 
dy 124-3] 


b. ys is ris = I Тыз result agrees to result (23a): 
dx /15231 


[Differentiation — | Д 


ү 
\ 
\ 
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Can we find the derivative of х) = (4x-3 J? The answer is yes, if we expand 
the given function by binomial to obtain 


Хо)= (4x-3J 216x* -24x 9, 


then the derivative of f(x) is 


The derivative of. f(x)— (4x- 3) is obtained by expanding the given function 
again by binomial - 
Дх)-(4х-3) = 643" - 144: - 108x-27 , 


then the derivative of f(x) is 


However, when we try to find the derivative of. f(x) = (4x—3 J, the process of 
binomial expansion is time consuming task. The easier way other than the expansion 
of binomial is the generalized power rule. 

For generalized power rule, we need to re-examine the result (24) 

f=(4x-3 7, Original function 

f'(x)=32x—24, Derivative of a function 

= 2(16x—12), Cmmon factor 2 
= 2(4x—3)4, Common factor of 4 
that leads the special notation 
f= Lea)’, g(x) 2 4x-3 


-2[eCOlg a) g (x)-4 


Similarly, the reexamination of result (25) 


= 


N 


КО, b. bye ЇЇ +11 


) 


Дх)=(4х—-3 )3 Original function 
/'(х)= 1923? 288x108, Derivative of the function 
= 3(64 x? -96x+36), Соттоп factor 2 
= 3(4x-3 74, Common factor 4 
that leads the special notation 
75): 61... CEES 


(27) 
fs 3geop4- Эг (х) g О), a'(x)=4 


These results develop the general term fi@= n[g OI" e (9, when 


f G0 = [g GO] In words, if f(x) is equal to an expression in x raised to a power of n, 


then f’(x)is equal to the product of n times the expression to the n-i power times the 
derivative of the expression with respect to the variable. The statement is known as 
the general power rule. 


Definition! 242:(Generalized! Power аше Д Га and g (075 a 
differentiable function of x, then 
F (x)= nl g(x)" e (x), where n is a real number, 
| General Power Rule Ён 
If y = Ef Œ)", and f (x) is a differentiable function of x, then: 


| qr er —— f(x), nis areal number. 


Em 2.4.5: [General Power Rule Differentiate the fi silowing functions: 


Solution: 
a. If y= fix) - (115 -7 then, the first derivative of a given function is: 


Ф md 
ЯН пх) жил 
-8(11-7 pun -7) nz 8 fix)- (lix -7) 


= 80112-7 J (22x) = 176x( 11x" -7 ў 


IVANS- 12 Se 


n. i aS NNA A AT ae ee 


b. If y= Дх)- 42x" +11, then, the first derivative of a given function is: 


Zanti 


У 
= 100 +1 riL 441), n2172, f()z2X +11 
2 dx 


3x7 


5 iae +11 унво )= 


20 +11 


Consider two differentiable functions x = f (t) andy =g (t) of parameter t. If 
t = h(x) is an inverse function of x = f 09, then 
у= [Г] 
is a function of x. 
By chain rule, the differentiation of у = g[h(x)] w.r.t x is 
LORI dian an multiply and divide out by dt 


dà .dy |  dyd _ git) (28) 


- di dx Card аах f'(t) 
dt 


Solution: The chain rule for dy/dx is: 
dy _dy dt_ dy 1 -Qa (2 )- 1 Ф за, Zuha 
2a) t dt 


dc dt dx йш 


"m 


a з= 7-гУулүа? b. wz4(y- -&+2у =? 
ах (4-3). dy 
x=- а=): E d y= ==? 
с. х= X s^) y 3 d 
e.uzdi-3p, dime, fsz ш «di, 
dt А (Gulf de 


Maths - 12 ШШЕ (Differentiation 77 | 
OL -——M————- 


Ја авж, 1 1 ак _ 
"GIF a à 


a. Дх)-(2х-5)(5х-7) + b. ft) езд}, 


с. л-(23 ) : а Дх)= x422 11 


x-4 


e. /х)- 3x УЗх+7 £e 


(3x-8 7 


g fix) Е - h. Дх) = (2x-9 3x7 


+9 


ММ МС ме Vy е р сэр wv m d 


a. Find F’(t),the rate at which the cashier's speed is increasing. 

> b. At what rate is the cashier's speed increasing after 5 hours? After 10 hours? 
After 20 hours? After 40 hours? 

, the total cost ОЁ 


units. dui doy. 


1 С()= 0.24 pum 


dollars. From experience, it has been determined that approximately 
, q(t)s t* + 100г 


units are manufactured during the first t hours of a production run. Compute 
the rate at which the total manufacturing cost is changing with respect to time 
one hour after production begins. 


Maths - 12 ШШШ [1 бена | 
E a EE 
——————Є 
Whether у is expressed explicitly-or implicitly in terms of x, we can still 
differentiate to find the derivative dy/dx. If y is expressed explicitly in terms of x, 
then dy/dx will also be expressed explicitly in terms of x. If y is expressed implicitly 
in terms of x, then dy/dx will be expressed in terms of x and y. . 
Fortunately, there is a simple technique based on the chain rule that allows us 
to find dy/dx without first solving the equation for y explicitly. This technique is 
known as implicit differentiation. It consists differentiation of the both sides of the 


equation with respect to x and then solving the resultant equation algebraically for 
dy/dx. 


Solution: The implicit equation is 

xyt2y =3х+2у. (29) 

The implicit differentiation of (29) is obtained by differentiating both sides 
wat x: 


d n d 
Atm )-4 002) 


digo adis sud d 
Ex. E23! J= —(33) 4 —(2 
xe yg. oO (2y) 


Ф 
dx 


dy 
2+6у2-2)—=3-2 
(x *6y 7 ху 


dy 29) 
+7 +6y —=3+2 
2xy eet Oa 


dy 3-2ху 


dx ylà6y-2 


Solution: The slope of a tangent line to the given curve is dy/dx that can be found by 
taking the derivative of x^ + у= 5x 4y with respect to х: 


—— —9.— —. 


= 


Pa aww ~~ чу-чу чу-чу чу ч чу ч у wv I 
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4 — = ae == 


f y) (эх) 
W art 2y 5642 


0-92 5-2х 


dy 5-2x 
dx 2у-4 


At a point P(5, 4), the slope of the tangent line is: 


у 
Y 
» 
// 
A 
Y / 
у) dy 5-2x 5-X5) -5 
X dx 2y-4 2(4)-4 4 
) Note that the expression is undefined at y = 2. This makes sense, when you 


4 see that the tangent is vertical there. Look at the graph and see if you should exclude 
À any other values. 


Ke hoe URN) 


! [377 68e implicit differentiation to perform dy / dx for the following functions: | WE 


b a x+y 725 b. xy=25 с. pOge 3y)=2 € 
( d. х2+3ху+ у= 15 е.(х+уў+3у=3  f£—4—- ЖҰ 
À €— ЕЕЗ === 5 ST MM 

12: „Arrange the following:functions explicitly апа implicitly to perform dy / dx: 

М а. xy +y =12 b. xy+2y= x 


€. X 125 d. ху-х= у+2 
У 


Maths - 12 ШШШ - 
(tT — ——— - 
АА 


1 2 2 i 
А 7 un where a and b are nonzero constants. Find: 
{ a 


ї 7 8. du b. dv 
1 dv c du 
Ж: /— Let(a-be (a+b? = c, where a, b and c are constants. Find: 
( 
ө, а. йи b dv 
NX dy ^ du 


\ ) 5. Determine the slope of the tangent line to the curve 3х°—7у*+14у= 27 at 
ША the point P (23,0). | 
6. The graph of x’ y? + 4y = 3x^is a curve that passes through the point P(2, 1) 
What is the slope of the curve at that point? 


7. Tn biophysics, the equation (L+m)(V +п)= k is called the fundamental equation 
y of muscle contraction, where m, n and k are constants, and V is the velocity of v 
^ the shortening of muscle fibers for a muscle subjected to a load of L. Find /А 


v dL/dV using implicit differentiation. V 
r ERI Differentiation of Trigonometric and Inverse K 
А | Trigonometric Functions ү: | /А 


e Differentiation of trigonometric functions 


Derivative of sinx: If y = sin x, then the derivative of y = sin x by first principle rule 
is: 


dy s Йх+Ах)- f) 


zx AT ‚ yz fix)- sinx 

Zim sin(x+ Ax)—sin x 

Ard 

... sinxcosAx+cos xsin Ax- sinr 
S T? 

Ах-э0 Ах 

ae ЕЭ sinAx) віп х 
= lim | sin х TCOSX a 

н Ar Ax. Ax Ax 
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paienn 


‚|. (совАх) sinx =) 
= lim | sin x] ——— }-—— * cosx 
Гек Ах Ах Ах 


sin Ах 
Ах 


о ( cos Ax d, 5 
= sin x lim | ———— ]+cos x lim 
Axio Ax Ario 


= sin x(0)-- cos x(1)= cos x, 


dy lg FEF AVI) у= ye cosx 

dr s Ах (30) 
21 cos(x+ Ax)—cos x 

x Ax 


The expression cos(x  Ax)- cosx is replaced by 


cos(x+ Ax)- cos x - —2 s (se (4) (31) 


Equation (31) is used in equation (30) to obtain" 
dy. lim cos(x4-Ax)-cosx | 


dx мэд Ax 
Ax ze 
-28Ш| x — | sin} — 
5 2 2 
= lim 
re) Ax 
„ДҮ 
юун) 
--in (s) lim 


= -sin(x0)(1)2 -sin x, 


Maths - 12 НЫ 


) 


| 


р c sin( 
= іт m sin( x4 | 


cos(x + Ax) cos Ах 


2 in 
Ji 1 lim 2 


у lim 
| 2 | мәй cos x ёсэд сох Ax) Ахи АХ 
2 


: hoo 1 sinx 
| =sinx —— —(l)=—— 
X COBX COS X COSX 


= secx tan 


| 


нау of cosec x: f y = cosec х, then the derivative of y =совес x by first 


principle rule is; х 
dy. miet =Дх). 

dx [ш 

= lim 


Ard 


у= f(x) » cosec x 


HN Ax)—cosec x 
Ax 


1 i 


= lim, 29 sinx 
sin x—sin(x + Ax) 

4:0 Axsin xsin(x+ Ах) 
m sin x—sin xcos Ax — cos xsin Ax 

А0 Axsin xsin(x Ах) 
BEPNES UU cos Ax—1)—cos xsin Ax 
NS Axsin xsin(x+ Ax) 
= lim -sinx(cosAx-1) ү, cos xsin Ах 

мэд Axsinxsin(x-- Ax) 4-9 Axsin xsin(x+ Ax) 

cos Ax-1 ,, m H _соѕх |. P xi im sinAx 

90 айу С А90 T Ax) sinx 470 sin(x+ Ax)&9 Ax 


(0 —L— )- cot x( —— 1) = -согхсозес x, 
sinx sin x 


Derivative of cot x: If y = cot x, then the derivative of y = cot x by first principle rule 


Maths - 12 BEEN .  — 


Att A= fis) 20000 
a. lim Ат oc X9 fed х 
Logs Cot(x+ Ax) - cot x 
RET ME CT 


соз(х+ Ах) | cosx 
mifa зш(х+Ах) sinx 
Aro Ax 
ea sin xcos(x + Ax)- cos xsin(x + Ax) 
мәй Axsin xsin(x * Ax) 
= na Sins Ax) 
4x0 Axsin xsin(x + Ax) 
5 1 1 -sinAx 
= іт; —— 
40 sin(x+ Дх) sinx Ах 
Siim frs 1 li sin Ax 
4:90 sin(x+ Ax) лх->о Sin x 420. Дх 
1 


2 
= ira, com (US Saree er СОБСС А 
sin x sinx sinx 


7 sin( -Ax)2 —sin Ax 


“2 


ЖЭ эжэж 


These trigonometric formulas are listed in the box: 


124 sin х) = cos x 4. 2 COSec x) = —cotx cosec x 


>. Р. 
| 
1 


2. (cos x) ins 5. (sec x)= шалзесх 


X 


| 
3. qms sec? x 202 8:22 х : | 
- —— I 1 
The chain тше, сап T used to derive the generalization of the power rule and the rules 
for differentiating the trigonometric functions, as summarized in the box: 


1.5 (sinu) cosu (u) > 43 (cose) e оош cose (u) | | 

Cin ithe Fe a ANa | 
2m cost) = Sinus stu) Ao зєси) tanu secu z (u) | 
xa meer eie tue тоже 2 (4 


Dj 
| 
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——4- 
| | Example 2.5.1: [Trigonometric ] НА :Differentiate the: following toas | 
functions: 2 
be 205; I+sinx 
Oe зааг b. fs === 


2- cosx : 2 ^ 
Solution: 
a. if the given function is р@)= uv 2 (r^ &t)sintthen the product mule of 
differentiation w.r.t t is used to obtain: 
dp „4 0 du 
й dt P 


=(р 40 (sin ДОТНЫН (i5 t)cost  sini(2t 4 1) 


b. If the given function is /х) = Lm Irtni qc the quotient rule of 
v 2-cosx 

differentiation w.r.t x is used to obtain : 

du d 
df du, de de. 
dx am y 5 у S 

ЭС cos x)(2— cos x)- (sinx)( 1 sin х) 
(2-cosx р 


. 2cosx-cos x - sin x -sinx 
gi 2 
(2-cosx) 
2cos x— sinx— -(cos^x-tsin^x) _ 2cosx-sinx-4 


e { 4. 
Сиатл 5 IB sin’x+cos’x= 1 
(2- cosx f (2- cosx 


* 


B) | Example 252: [Trigonometric Беа Differentiate “the 2223 


| trigonometric functions: 
| х ?rtanx | 
4 = tan b. ce ш ш ШО. 
| к) аа. BEGUN 5 3x+2tanx FIMILI. 24 
Solution: 


a. If the given function is f(x) - uv = secxtanx then the product rue of 
differentiation w.r.t x is used to obtain: 


| aat - 25 Оаа LII ITTET QT к 


л df dv du 4 


4 dr de ах 
= sec (tan x) (tana) A (sec) 


) = sec x( ѕес2х)+ tan x( sec x tan x)= sec^x + sec xtan^x 


2 
ub: If the given function is Wm AA реп the quotient rule of 
7 3x 21anx 
1 differentiation w.r.t x is used to obtain : ) 
1 : з “шь 
/ du dv | Ч 
) afd (uy dx” de. | ) 
\ 7 dx dx v у> | Wi 
[/ Y _(2х+ soc x) 3x42 tan x) - (3-F2sec^x( х^+ tan x) | AR 
(3х+2їапх) | Y 
1 А\ 
_ 3x! (4v 3)tan x x(3— 2X ес!х | ( 
(3x 2tn xf ] Д 
» Differentiation of inverse trigonometric Үй functions | 2 | \ Y 
| Derivative of sin "х: If y = sin! x, hen x— sin y. Te differuntiation ХУЛ. Ч, 
wntyiss 0 ce M ANE MINE HONOR EI ЖЕ ОЕ ч) Ж 
——=со, ч 
dy 2 À 
) Take its reciprocal to obtain the derivative of y w.r.t х Ч 4 
ыў бу ЕГ ч 
dx созу Д 
— Tiles em 58! 


5992: 2 Ч 
— ‚ sin’y+cos'y=/, siny=x Ж 
4 1L - sin?y 41-32 PA 


4 Here, the sign of the radical is the same as that of cos у. By definition of Ч 4 
Ж 


Hence, cos y 15 positive: 
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——— 2277 


m = -siny 
4 
Take its reciprocal to obtain the derivative of y w.r.t x 
ady 4 
d “sin y 
-1 


zt ай 7: sin yt cosy 1, cosy=x 
41-xX 


Here, the sign of the radical is the same as that of sin y. вуй definition of 
4. 
cos x: 


OScos'x<m or 0<у<т, 
Also, if y lies between 0 and m, then, sin y is necessarily positive. Hence 


хо у= tan 


A гу 
dy ын 


Take its reciprocal to obtain the derivative of y w.r.t x: 


рое y. Th 


MAUS- LZ | 


гы = secytan y 
dy 


Take its reciprocal to obtain the derivative of y w.r.t x: 
dy 1 
dx secytany 


zt ч + 1 l+tan?y = вес^у,5есу=х 

mE———p—Rmi———,ittan'y- sec у, - 
secy sec!y-1 — хух'-1 

We take + sign before the radical sign to obtain: 


d 1 
= secx) БИЯН 12551 
4х X x -1 


ах 
— =-cosecycot y 
dy 


Take its reciprocal to obtain the derivative of y w.r.t x: 


Чут E INN 
dx cosec ycot y 
-1 
= ——— ————, 1+ cot’) = cosec’y 
созёсу-|совсс Уг-1 
=> =! 


b cosec yz x 

xy x -1 

We take + sign before the radical sign to obtain: 
-1 


d 
a cosec x) 


2 
= —cosec у 


ах 
dy 


Take its reciprocal to obtain the derivative of y w.r.t x: 


= шилд 


Unit -2 | Differentiation — 1 /^ 


dy 1 


-l ! : 
=—s, созес у= /+со у, coly=x 
dx  cosecy Itcot’y +x? а ? 


These inverse trigonometric formulas are listed in the box: 


d 1 „4 -1 
L-—(sin'xj- * 4, (созес!х)= 
dx View dx = x x-l 


d 4 4 1 
2.—( cos "x)- 5. — (sec "x)= 

dx 1-x dx = xyx?-1 

d 1 d - 
3.— ( tan!x)- 6.—(cot™x)= 

REGE ойд I P 


The chain rule can be used to derive the generalization of the power rule and 
the rules for differentiating the inverse trigonometric functions, as summarized in the 
box: 


a са каа 
Lg (sin oma 4 (сос: 'u)= Ta" 
Cay a a MN 
о. Aye de 2208) 
na 4 (Р UE TUIS TN 
Ag m tano; 20) &-_(соги)= т a” 


Example 2.5.3: [ Inverse Trigonometric Function |: Differentiate the following 
inverse trigonometric functions: - 


в. yc tan x b. 225 1 


xtx 


Solution: 
a oF ysfi)- un Mx Йи) tan w with uds, then the chain mule of 
differentiation w.r.t x is used to obtain : 


97 


E шээх SEITE 


Nes | 21 23 
If fix) cos! = 2 with u=% ын =% Iy then the chain rule of 
хөх! х 


xtX 
differentiation w.r.t x is used to obtain : 
ay 008 
dx du dx 
d d x-x! x*-1 
=c ^u )—(u), = = 
дон 00 РНТ 


(2x) +1 )-(х^ -1)(2x) 
ЫГ (GP 


uere oem 
m “lai xl 
Gu) 
iz 7 Exercise 2.6 [у NX 
Use any suitable rule of differentiation to perform 2 for the following 


functions: 


a у= l= cosx b. 69 с. у= sin(sin х) 
1+ соѕ х 2 


шин : D 


Unit -2 [Differentiation] é y 


M 

i 4 
d. y=sin xcosx е. y= зая f£ у= іп пх?) Ч 2 
cosx Ж 
Y 
Use any suitable rule of differentiation to perform 2 for the following | Vf 
functions: { \ 
а. у= 2cot3x b. у= ѕеслх с. у = 4соѕес2х ү7 


d y=2tan(x+3} е. y=4ootyx’-1 Ё y= secx? 


7+ tan 2. мл 

g у= 2cosec'(x-* 2) h. ы x b 
cosec 3x W 

1 

Use any suitable rule of differentiation to perform 2 for the following. 4 7 
functions: Ё N 
а. y=cos (x4) b. y= tan (115) bá 
с. у= (sins) d. у= хіп (2х {9 
5 W. 

е. у= cosec (x3) f. y=(1+ cor 35) ÁN 
Suppose profits on the sale of swimming suits in a departmental store are given W 


approximately by 
Р()-5-5со87-, 0<г<104 
26 


where Р(ї) is profit (in hundreds of dollars) for a week of sales t weeks after 
January first. 

a. What is the rate of change of profit t weeks after the first of the year? ў 4 
b. What is the rate of change of profit 8 weeks after the first of the year? 26 ( 7 

weeks after the first of the year? 50 weeks after the first of the year? 

Anormal seated adult breathes i and exhales about 0.8 lier of air every 4^ (Э 
seconds. The volume of air У (0) in the lungs t seconds after exhaling is given [ 
approximately by 2 


Vt) 045-035co577., 05:48 


а. What is the rate of flow of air t seconds after exhaling? A 
b. What is the rate of flow of air 3 seconds after exhaling? 4 seconds after $ 7 
Ч 
exhaling? 5 seconds after exhaling? A 
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[26] x) | Differentiation of Exponéntial and Logarithmié Functions | 


The goal of this section is to develop the differential calculus of logarithmic 
and exponential functions. We shall begin by deriving differentiation formulas for 
Inxand ¢*.The derived formulas will be applied to a number of differentiation 
problems and applications. 


pt ЕС) NT cn 


= 151-6 =e 
\ 


= lim Ar 


c Vx) = ar 


Ax 
5 21 
за loga, Шин -zloga =Ina 


INQUE CU UT 
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2- lim ш Ite Лх) ys fix)» Ina 
Ё m = 
Аз Ах 


- lim ЕЭ! Lograithmic — rule 
53 x 


= lim = —1n ( +5) multipy and divide out by x 
A0 Ax Л 


= mm ( ys Logrithmic rule 
Ac x Эр 


Let s= Ax/x. For x fixed, if Ax — 0, then s — 0. Equation (32) with 
these substitutions becomes: 


sim In(14 5) 7 7 
x10 9 ши 5) * =e, lnezlog,e-l 
з 


=1шш(1+5)° 
x 2:20 


ш Se f) 
2: m 


у= fix)=log,x (33) 


fim Peta nor) 1 х+Ах 
= hn zum m 198, 1 


= і 1 Ax oe (=) 


= lim^ = Lig, 0 . | multiply and divide out by x 


- m 2. log, бЭ 
хаю Ax х 


was 
al lim toe xj ‚ Logrithmic rule 
oro x 


Let s= Ax/x. For x fixed, if Ax 0, then 85-90. Equation (33) with these 
substitutions becomes: 
dy 5 Д0 Ах en " m 
бн Limes, (1+2) , lim(1+s ) =e 
1 А Ms 
uim Іов (1-5) 
21 lo lim.) = о 
=: Ea lim л B£ 
_ These exponential and logarithmic formulas are listed in the box: 
3. ES inxj2— 


d 1 1 
| 2=—(а*)= ало Ea ati = = 
fale aloga £ (ioga) og xbga xma 


The chan tule can be used to derive the EE of the power rule E 
the rules for differentiating the exponential and logarithmic functions, as summarized 


02023 


Example 2.6.1: [Exponential & Logarithmic Functions]: Differentiate the 
following functions: 


а. fat) b. f(x) = logs V - 7x; 
2x 
c. fix) s In(e +7") d. f()2 £— 
Inx 
Solution: 
a фе given function is fx) 7 ^), then the derivative of a given function 
W.rtxis: 
4. d Ши 
dc ах 
2d uu d 
790 


= 7o 4-355, uz (4-3) 
206 s 1(-15x") 
= asit gg 7 


b. If the given function is ffx) = log „ү х2-7х)+ x’, then the derivative of a given 
function w.r.t x is: 


d 
NICE 
d d 
s 09у Pe) sae 
1 d 
- ов ey 079 u=(x?—7x) 


d 
zz 5986 enl x 7x) 3x? 


ш2Х- 

Dc 2157 operi? 

с. If the given function is Дх)= Іа(е"" не"), then the derivative of a given 
function w.r.t x is: 


103 


шш 21 | Differentiation - 


Si 4 - tete) 


d d 
2 (ти) (mam) um teen 
7 wale te™), ume" te 
1 
= хүү те" «тє"") 
, Twin) em) 
' ШТ е"-є") 
In(g" £g") 
W d. If the given function is Дх) = e^ / In x, then the derivative of a given function 
wart X is: 


d d(e 
а) 
265 Inx-l e 
Эн x 
A (0 (n3) 
2xe"ldnx-e" _ e" (2xInx-1) 


x(inx) x(Inx) 


PLA 


üi)  Useoflogarithmic differentiation to algebraic expressions 
| involving product, quotient and power 
Logarithmic differentiation is a procedure in which logarithms are used to 
trade the task of differentiating products and quotients for that of differentiating sums 
and differences. It is especially valuable as a means for handling complicated product 


or quotient functions and power functions where variables appear in both the base 
and the exponent. 


Example 2.6.2: [Logarithmic Functions: Differentiate the following functions 
х(х2-3) 

1 
(2-4) 


a у= 


b 


чурра чоду р 


104 
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Solution: In examining the function, we see that inside the brackets, we have a 
product, a quotient, and a power. Thus, to find the derivative, we would apply the 
rules for finding the derivative of Inu and then find the derivatives of a product, 
quotient and power. This all seems rather complicated, but can be simplified, if we 
use the rules of logarithms and write the function in the following manner: 


а. If the given function after simplification is 
2-3 
EES 
(xi-4) 
= ш{х(х2—3.]]—1щ(х*—4)], logarithms rules. 
I 
= Inx+In(x’—3)'~In{ x! -4)? 
-InxeZin 5 —3)-7ln x:—4) 
then the derivative of y w.r.t x is 
dy d H 
Fr Inx2In(? -3-jh(* -4) 
ПЕ ЖЕАР _ 4у1—202+12 
231-4 (x? -3(( 35 —4) 
b. If the given function у= x“** after simplification is: 


In yz х”), Taking In of both sides 
In у= sinx Inx 


then on differentiation w.r.t x, it becomes: 
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ony) e Ginxina) 
га (n) tn Gin x) 


ldy. sinx 


—— 4n xcosx z 
ydx x 
Bay 8224 inxooss] = zh [Senses] 
dx x x 


ши 11:12 


The concept of hyperbolic functions is completely cleared in previous section. 
The differentiation of hyperbolic functions can be found as follows: 


Таа у, SUR ТАРА Е. 
E a 150 +e™*)=coshx 


= a 
Derivative Себ с. узсо then on differentiation. OW it 
Den a foe i^ Ма E 9 5 


mE 2 ORAS 


icd adl: od 


dy _ 4 | etes 
dx dx| 2 


ЕЕ sinh x 


та, 
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4 


! 


Derivative 


Legi yes ea ЕЕ 
cos hx 


quotient rule, it becomes 


cos he (ain hx)— sin hx а ( cos hx) 
dx dx 


cosh^x 
cos hxcos hx —sin hxsinhx 


cosh?x 


, then on differentiation w.r.t x through 


cosh^x — sinh? x 21 


Derivative of sechx: If y=sechx= по then on differentiation w.r.t x through 


cos 


quotient rule, it becomes 


d 
dx 


d d 
cos ha -(1)- (1), (coshx) 
cosh^x 
cos hx(0)—sin hx 
cosh^x 
-sinhx оо sinhx 1 


; 7- ——— = -tanhxsec hx 
cosh^x coshx coshx 


Derivative of cosechx: If у= ооесйх= —"— then on differentiation w.rt x 
sin 


through quotient-rule, it becomes 


dy 
dx 


Y 


Р а d. 
s sinh x7 (1)-(1) (sin ke) 
sin д2х 
. sin hx(0)— cos hx 
2 sin д2х 
_ —cos hx 
О sinh?x 


Unit -2 Differentiation 


28212 - d =-cothx cosechx 
sinhx sin hx 
arn cos hx n t 
Derivative ofcothx: If у= соёл = — aen on differentiation w.r.t x through 
sin 


quotient rule, it becomes 


d sin БЕ (cos hx)—cos hx 4 ( sin hx) 
а. ——— M — cosh?x—sinh’?x = 1 
dx sinh^x 
_ SinAxsin hx- cos hxcos hx 
sinh^x 
.c(cosh/x-sinh^u __ 
sinh^x sinh^x 


2 
= —cosech' x 


These hyperbolic formulas arc listed in the box: 


1 unt sinh x)= cosh x 4. (cosecha) = —cothx cosechx 
2. (cosh x)= sin hx 5. (sechs)=— tan sec hx 
& Santa sec hx 6. газе Е 27 

"dx vs cosec’ 


The chain rule can be used to derive the generalization of the power rule and 
the rules for differentiating the hyperbolic functions, as summarized in the box: 


d,. d d d 
Hess sinhu) = Coste s n) eremi —cothu Garage it и) 


а; 3 4 4 4 
22: сонин шше (3, OI HESS cem z (py 


d d d d 
3. кае sec h'u- (и) Geico ts тсовес“и-1-(19 


108 


Unit -2) | {Differentiation 


Example 2.7.1: [Hyperbolic Function]: Differentiate the following functions: 
a, y= cosh(1- 2g) b. yssen) 
l+x 


Solution: 
E TE the given function is y= cos h(1 — 25^), then the derivative of y w.r.t x is: 
y 4 (osi - 2) 
dx 


= Ж са 0-00) ws 1-22 = sin hu(-4x)= -4xcosh(1-2x? ) 
du dx 


b. If the given function is y = sech =| , then the derivative of y w.r.t x is: 
+r 


= Goch) ђе tius 12) цэл 
du dx йх\1+х 1+х 


= —tanh и sechu pus Cott зал us ян 
. (1*x) 


= (i)a) 
(+x) 1+х 1+х 
ü) Differentiation of inverse hyperbolic functions 


Derivative of sinh! x: If y = sinh х, thenx = sinh y , the differentiation of x = sinh y 
waty is: 


& =coshy 


р 


Unkt - 2 _ Differentiation 
Take its reciprocal to obtain the derivative of y w.r.1 x: 


dy 1 


dx coshy 
Ee ol Ia sinh y=%, cosh^y—sinh?y -1 
Vitsnh'y Аж 


Here, the sign of the radical is the same as that of coshy which we know is 
always positive. Hence, 


sing 's)= — 
dx J+ 


Derivative ofcosh х: If I£ y = cosh^' x, then v=cosh y, then the differentiation of 
x=coshy w.r.ty is: 


22 sinh y 
dy 
Take its reciprocal to obtain the derivative of y w.r.t x: 


d 1. 
dx sinhy 
1 1 
zi ==, coshy=x, cosh’y—sinh’*y=1 
cosi y-1 22-1 


Here, the sign of е radical is the same as that of coshy which we know is 
always positive. Hence, 


d 1 
——( cosh x) 
ах © YE 
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Derivative of ee then the differentiation of 


xctanhy wrt iss 23 


* Take its reciprocal to obtain the derivative of y w.r.t x: 


dy 1l 
dx sech’y 
1 


~ l-tanh/y 


1 
E sech^y = 1-tanh’y,Ixl< J, tanh у= x 
TE, 


dx 
— = —sec hy tanhy 
dy 


Take its reciprocal to obtain the derivative of y w.r.t x: 


LIN: ШУ 
dx sechytanhy 
-1 
sec hy 1—есһ?у ,Sechy-x 
-1 


BUG улан эь 222 2. 
"ym ии sec р?у = tan h’y 


=} 


=} 
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Deriv: 


ofx 


dx 
= = -cosec hy cothy 
dy 


Take its reciprocal to obtain the derivative of y w.r.t x: 


dy. Edi 
dx  cosechycot hy 


T 1 
si ———— M, cosech!y- = cot! y 


3 cosec hy /созес &^y - 1 


=——===, ` cosechy = х 
Here, the sign of the radical is the same as that of cothy which. Here cothy is 
positive or negative according as x is positive or negative. 


d -1 4 -1 
(C cosech!x) e — 7 — if x > 0 and—( cosech'x)= — i£x < 0. 
dim x Nn! ДЕ 20870 E NER 


es 81 
7, ! соѕесі Г. — rd 
dx Ixl Ju 


Thus for all values of x. 


2. —cosec j^ 
dy Ч 


Take its reciprocal to obtain the derivative of y w.r.t x: 


d | 
dr cosech’y 


1 Ч 


© coth?y-1 e 
Zi 
= т cosech’y = coth^y - LA xI» 1, сай у= x 
Cook inverse ше. formulas аге listed i in the box: 


d 
4. S (sini ly) DC Кокс = 
Te dx ‚ INE] 

d d -1 
2.—( cos kx) 5. — (sec x)= ( 

dx m a 47 1-2. 

4 1 4 -1 / 
3.-- Ay) = — Се = ——_ 9 $ 

C x) 1-2 Ge 1638, x) EI t V 


The chain rule can be used to derive the generalization of the power rule and the mles ( 
X 


for differentiating the inverse hyperbolic functions, as summarized in the box: 


а. 1 d d d. 
1--(88874)5 — үү ^ — 

qim u) derat A (сон: " ; A 

d 1 d d 
2.— ju) = H 

2209088 ) E eai re 227 j= 222 

tede АС 64 ce 
чечүү м q w= E: i) ( 
Example 2.7.2: [Inverse Hyperbolic Function]: Differentiate the following 
functions: En « 
а. y= sinh x) p, у= 205 

cosh) X - n Ч 

Solution: 


a. If the given function is y = sin 4" x? ) then the derivative of y w.r.t x is: é 


5 d TER dj E! d 3 1 2 3x? 
=— жш = 3х= "Luc 
y [sinh (х Л PL u) Л (х) Tr x m и 


b. If the given function is y= sinh” x/cosh ' x, then the derivative of y w.r.t x is: 


23 d ( singx 1 ) 
dx\ cosh^x : 7 


— = 113 = = ШШШ SS EL 
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со х2 ( вїлһ °х)-( sinh 9) ( cosh") 


TA (тов 7 

cosh"x sinh’* 

NUT 4x5 2 -1созһ` ty fT x? sinh” x 
(cosh ^x Vite A -N cosh pai 


c. у= dnSx/ xf 


fysdind-xÜs 


. b. y= 1ш(х2+3х+2) . 
. e. у=1{Ш(1+х°)1 


a. yz xlax! 
d. yz In( x^ 1)" 


Wary = losa(ae7 471 b. у= log Дд + 3x+ 2] 
c. y= log yy х? - 73) xq d. y= logfsin( log х) 
"n у= yatta хас : i 


зу = log isin x^] 


a y=la --- b. y=(cos хуй" c у= xy 
8 89 


КСЕ E G- £y NIST 


е. 
4! 
G-a- =x n3 


m 


Um у= (sin x)(log x)(x") 


Use any suitable rule of differentiation. to perform 2 for the following 
functions: - 4 
а. у= cosh(2x? + 3x) b. у= ейт 
c. y= log(cos hx) d. у= sech(x? +1) + tanh(x? +1) WwW 
e. у= cosech(x? +1)* f. xcosh у= ysinhx+5 ( 
Use any suitable rule of differentiation to perform = for the following é У 
functions: 2 4 
а. у= tanh (sinx) b. у= sinh '(tanx) Ч | 
с. у= cosh "(sec x) d. y= xtanh™'(3x) N 
-1 T ӨС Ww 
e. у= xcosh ! x-Jx?-1 f.log(cosh x)+sinh y= 6 Ў 
r I A 
A research group (used hospital records) developed the approximate | « f 
mathematical model related to systolic blood pressure and age is: « АЧ 
р(х)= 40425 In(x+1), 05 x «65 W 
where p (x) is the pressure measured in millimeters of mercury and x is age in й A\ 
years. What is the rate of change of pressure at the end of 10 years? at the end W 
of 30 years? at the end of 60 years? Ж 
Ч 


A single cholera bacterium divides every 0.5 hour to produce two compiete 


cholera bacteria. If we start with a colony of 5,000 bacteria, then after t hours ) \ 


егам bea A(t)= 500022 bacteria. Find А(1), A'(1)and A'(5). Interpret the q 
results. 
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Glossary 


Average rate of change: The average rate of change y = f (x) per unit change in x is given by: 
А х + Ax)- fix. 
Ay fisAn- fi) yy 
Ax Ax 
The slope of the secant is the average rate of change which measures "the approximate rate 
of change in phenomena." 
Derivative of a Function: The instantaneous rate of change of a function y=f(x) at a 
particular point P(x, f (x)) is the derivative of з function yaf (x) at that point, 
te ye pi tA- „_ 
f(x) Es arm er I) 
provided this limit exists. This is named by first principle rule of denvative ofa function f(x). 
Slope of a Tangent line: The tangent line to the graph of a function y=f (x) at the point P (x, f 
(х)) is the line through this point having slope 
toy jn LRP ANH Р(х) 2.2 

f'(x)- lm A „у= Й) 
if this limit exists. If this limit does not exist, then there is по tangent (no derivative) at the 
point. 
The slope of the tangent is the instantaneous rate of change which measures “the exact rate 
of change in phenomena." 
In business terminology, 

о the instantaneous rate of change of cost (or profit or revenue) is the marginal cost 

which counts "as the approximate rate of change in business phenomena”. 
o the average rate of change is the exact rate of change which counts "as the actual rate of 
change in business phenomena" 

Power Rule: For any real number n, if f[x) = х", then: 


F'(x)= ny"! 
Chain Rule 
Tf y = f (и) is a differentiable function of u and и = g (x) iso differentiable function of z, then у 
= f [g (x)] is a differentiable function of x and 

dy “ан apt dy dul ros, Me, 

dis ЯН Jul 27 [fall 180° d Leibniz notation 
Differentiation of Parametric Functions: Consider two differential functions x = f(s) and y = g 
(t) of parameter t. If r = h (х) is an inverse function of x= f (1), then у= g[h(x)] is a function of 
33 


Generalized Power Rule 
Let f (a) be a differentiable function of x. If y = [f(x) ]", then: 


Фм 


pw ыр чу чу чу wv чу “ч 


ЇЛХЛ, where n is any real number. 


ч 0. 4. 48. миь i 28. бй» <> 


SIE HIGHER ORDER DERIVATIVES 
| AND APPLICATIONS 


This unit tells us, how to: 
> find higher order derivatives of a function such as algebraic, trigonometric, exponential and 
logarithmic functions. 
find the second order derivative of implicit function, inverse trigonometric and parametric 
functions. 
define Taylor's and Maclaurin's theorems and the use of these theorems to expand sinx, cosx, 
| tanx, а*,е* log, (1+ x)and In(1- x). 
| consider applications of derivative and its geometric view to develop the tangent, and normal 
equations and the angle of intersection in between the two curves. 
introduce maxima and minima and the topics related to maxima and minima, such аѕ increasing 
and decreasing functions, extreme values of a function, first and second derivative rules and the 
use of second derivative rule to examine the extreme values of a function. 
solve real life problems related to extreme ihe - | 


| 
| 
| 
| 
| 


3 1 "Higher Order Derivatives 

If a function y = / (x) has а first derivative y'tlien the derivative of y^, if it 
exists, is the second derivative of y = / (х), writtetty” . The derivative of y^^, if it exists, 
is called the third derivative of y = / (x); written as y Ву continuing this process, we 
can find third derivative and other higher derivatives. For example, if 
fix) x! 2x +332 - 5x47, then the higher derivatives are the following: 


2. 4x! 6 x^ 6x - 5, first derivative af y 
d'y. ie 
d? ахах 
=1252+12х+6, second derivative of у 
540) 
di dx ax? 
= 24x+ 12, third derivative af. y 


The notations for indicating higher order derivatives are displayed in the box: 


(2117 


rf 


The "— derivative of y = f (x) can " dita Sop of the following | 
notations “>, ^ Р(х) Р° Ef Go] | 


| The third derivative can be written in a similar way. For derivative 124, the 
derivative holds the notation F(x), nz4. 52 


Example 3.1.1: [Second Derivative; Find the OM derivative of the following 

functions: z 

а. у= 8€ -9x +6x+4 MT 

3x-1 

Solution: UTE A 

a. Tfihe given function is y=8y'-9x°+6x+4 then, the first and second / 
derivatives of the given function through linearity property are the following: 


aras t i й тт ( 


d'y Ad D (24? 08х+б)=48х-18 ( 

а? b 
| 4 MeV diu ae | ( 
Lb: Tf. the given function is у= == m „then the first and second derivatives of \ 
v Jx- 


the given function through quotient rule are the following: 


du, dv } 
® (в). de a ра. -10 ( 
dx div) y (35-17 (3-1) ) 
dzia) À 
dx? dx\dx 
du йу 
£m 
dri dx. 
2 
v 
(0x - 1  -CI0(2)3x - 13) 
F (3х-1)' 
_60{3х-1)__60 


т ( ЫП (3х-1) 
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the rate of change of the function. The second derivative, then, represents the'rate of 
change of the first derivative. If a function describes the position of a moving abject 
| d (along a straight line) at time t, then the first derivative gives the velocity of the 
^ object. That is, if y=s(t) describes the position (along a straight line) of the object a 
time t, then v(t)= s(t) gives the velocity at a time t. 

The rate of change of velocity is called acceleration. Since the second 
derivative gives the rate of change of the first derivative, the acceleration is the 
| derivative of the velocity. Thus, if a(t) represents the acceleration at time t, then 


4 

1 

) In the previous unit, we saw that the first derivative of a function represents 
[ 

> 


ай)= —= = s"(t) 


| Example 3.12: An object is moving along a straight line with i position (0) Gr 
| feet) at time t (in seconds); — - ; : 

|ses-22 7049 

| a. Find the velocity at anytime. — b. Find the acceleration at any iin д 
| ©. The object stops when velocity is zero. For £20, when does that occur? 


соса — 
[а — The velocity at any time z is the first derivative of s(t) writ 
уз D e gp e. 
dr 5 


[b. The acceleration atany time fis the first derivative of 10123 t 


ша 564 
di 


lc. Use у(й=0 to obtain the tme: 
38-4:-7-0 
(31-7/1-1)50, 12-1, 7/3 
The object will stop at 7/3 seconds, since we want time 120. 
(i Higher order derivatives of algebraic, exponential, loyeriuunic 
and trigonometric functions — — 


The successive derivatives of some functions are gathered to obtain the general 
form of nth derivatives in the following cases: Я 
The nth derivative of х) = (ax- b)": If f(x) = (ах+Ь J", m is a positive integer 
3 then the successive derivatives of the given function developed a general term for the 
n nth derivative of a function: 


4 : Ч A 
А E 
) n; 


y = 


12 [ОШЕН [Higher Order Detiiatives апа Applications | 


fix) (ax * b)" 
f' (x)= ma(axs- b J! 
f(x) mpm- 1)a'(ax b.) * 
! (1) 
Р) = т(т-Тү{т.-2)....{т-п+1}( a" Xax-b Л" 
т! 


= Fe ОЛ» if mis positive integer 
-ny 


If m = —1, then the nth derivative of f[x)— { 1 


is obtained by inserting m 
‘ax+b) 


=—1 in equation (1): 
f'G)o (-1)-2)3).... (2n а" Kax- b УЛ” 


(C1 та" Q 
i (ax b y" 


The nth derivative of f{x)=In(ax+b):IF f{x)=1n(ax+b),then the successive 
derivatives developed a general term for the nth derivative of a function: 


fix) ш(ах+В) 


a 


(471222 


хан (ax b 


F O= (1 -2(-3)74)..—. (o (n -1)) fa" axt b)" 


“(70-10 x 
СО (areby 


= 120 
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The nth derivative of ffx)=a™: If f{x)=a™,. then the successive derivatives 
developed a general term for. the nth derivative: 


Хх)= а" 
fe) a" loga  (mx)- та" log a 
17бу-тюва ач) -торо(ат Урал (m) (4) 
=mia™loga)” 
175) m'a" (loga ў 
If a = e, then the nth derivative of /[x)— e" is obtained by inserting a=e in 
equation (4): 
Ju) e^ 
f'G)— те" 
f" (x)= mm)" те", (5) 
f(x) = те" 


The nth derivative of f{x)=sin(ax+b): If Дх) = ѕіп(ас+ Б), then the successive 
derivatives developed a general term for the nth derivative of a function: 


Jix)= sin(ax +b) 
f'(x)s acosfax+b) = asinax+ b+) 


fas aeos(ax+ b+ )- 21221255) 


FEG) aleo(ax+b +28) = qisinfax+b +=) 


= 22224 © 


121 
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The nth derivative of Кх) = cos(ax+b) Tf fix) cos(ax + b), then the successive 
derivatives developed a general term for the n-th derivative: 
Дх) = cos(ax-- 5) 
f'G)e -asin(ax «b) e acosfar+ b+) 4 


5 (а) -d'sinlaze bi^ )= а?соқах+Ь+ 21) ‹ 


F"E- sinas b 2 Ы Е: ) | 


f"'x)- a? cos Е a ] 
- " = = ( 

Example 3.1.3: [5th Derivative]: Find the 5th derivatives of the following functions: b 
a. fix) = (6+4) b. fx)-1/4x43 с. fíx)- In(4x* 7) \ | 
d. fix)=6" e. ffx)s e'* E fx) - sin(5x47) e 
Solution: ie ie Д 
a 1f flx)=(6x+4)) with a = 6, b = 4 and m = 9, then the S-th derivative of the | V 
given те is obtained by inserting п=5 in equation (1): 1 А 

8 ps ‹ N 
f x) б- F 6:(0х--4) Х 

= 679! y Ч 

262; (6x+4) 


= 6°(9)(8)(7)(6)(5)(бх+4 ) = 6" (15120(6x+4)") A5 


b. Tf fix) quu a=4 and b=3, then the 5th derivative of the given function | " 


is obtainec by inserting 7=5 in equation Q 
-1)5! -4?5! 
Fe CH 1 2904 2 
(4x-3f — (4x43) 
с. F Кх) = In(4x47)with a=4 and 5-7, then the 5-th derivative of the! given 
function is obtained by inserting п=5 in equation By 


—— -"AMEMILL————— —Á——— 
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(дуя? аа 

(4x7) = ce 7) _ 
а. If Лх)= б“ with a=6 and nm then the 5th derivative of the given. function is 

obtained by inserting n5 in equation (4): 

Го)= 4°6"(log6 у 

If flx)- e^ with m=4, then the Sth derivative of the given function is obtained 

by inserting n5 in equation (5): 

f= Фе" 

f. If Дэ) = sin 5x +7) with a=5 and 2=7. then the 5th derivative of the given. 
function is obtained by inserting n-5 in equation (6): 


f(x)» 5'sin Е 


Р) = 


е X Wu "WW WP WP WP 
a 


Example 3.l4:[Algebraic Function]: Find the first three derivatives of the 
following functions: 
(a) у=х'+бх'+9у'+4у'+2х+1 (b) p(t) (P +2)sint 


(о. fpe = 
ete 


EFT 


= 
а 


Solution: 


) 
\ 


(а) Ifthe given polynomial isy= x’ +6x°+9x'+4x' УА then the first three 
- derivatives of the polynomials are the following: 


dy. d (o ee eo ed + 2a I) = 7a! 30x 36x 122182 

dx d | 
У (7,5130 $365 125 +2) = 42:5 120x108 + 24x (9! 
dé dx ў 
3 ГЭ 
oe m 4120 108 + 24x) = 2105 3605 216824 © 


b. Же given function is, p(t)=uv=(t?+2)sint, then the first two derivatives А 
of the trigonometric functions are the following: є. 
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ЖУ, 
dt dt dt 
шу (sin) (sin) LE +0) = (2 4 1)cost (2t 2)sint 


а?р 
а? 


= Fi +t)cost +(2t + 1)sint] 


=Le eose erisin ral 
dt dt 


з-(2 e t)sint +(2t+ 1)cost +(21 + 1)cost + 2sint 
= 4002 et-2)sint (4t 2)cost 


(ее) (ет) (е-е) ет) 
(+ ey | 
ere) ey 
(ese 


_е”+е”+2-е”-є"+2_ 4 


(ее) (ee) 
"a (Oe * e) -2(e*e")(e -e7)(4) 
T (e e") (е-е) 
ШИЛ 
-48(6-67) Den 


Ч (^+ 53) 


= 


2 
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“ЕЕЕ 


Solution: 
а. The equation 15. 
xy*2y! 2 3х+2у A (8) 


The first implicit derivative of (8) w.r.t x is: 
d d 
arem) E grt) 
d d d d 
х» СУ) 898203 


(9) 


Ч o буд 23420 
dx dx 


(286 -223-2 


4 iau gyt. 22 | 4 үз. 
Ze *6y -2) 4 ui 2xy) 


2xy 


Zo 86 2 e (ey 2). 209 jig. 20) 


dy б, 2 40. dy 
(2e 1275-0) 5 e (6 2) 8 5 = 0-2y ка. 
eam р +67- 63 ay s 


4 1 
(узву-2 3- Ај 


dx 
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dy 2j 
-2| y * 2x — 6y| = 
b x (2 


a (x2 +67 -2) 


Solution: 
а. ‘The given equation is 
cos!y* у= 2xy (10) 


The first implicit derivative of (12) w.r.t x is: 


d ү 
ges y*y)e g) 


CPE Sy ot 
g VE p (ху) 


d 

4 dy dy Ї 4 ) an 
097 CR» [ER EA 

Ty di d ЖЕЛАЛ) 


2 Beats Higher Order Derivatives and Аррїс олз | 


y 2. 
Example 3.1.7: [Parametric Functions]: Find the second derivative 2, when the 


parametric functions are x(1)— 1- £^, у()-Г +21 41. 
Solution: The first derivative of the parametric functions x=x(t) and y-y(t) w.r.i x is: 


dy _ dy di 3 

dy .dydt. dr { 

dx йа dx c> 
dt 


The second derivative of the parametric functions is obtained by taking the 
derivative of equation (12): 


ауа A ? 
ady_ 4) dt 
2 dx dx 
di 
dy к 
=< E Z, Multiply and divide out by dt 
Ege 
2527 
291419 3 
x 2 T (13) 
di 


The quotient rule of differentiation is used to simplify the right hand side of 
equation (13): 
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(e sse ese 
d | de |. at dt 


dt j dt dt\ dt 

di| dx аў 1 
dt (&) 
dxd'y ду а?х. 


а^ d dx x ay dx 


= at dt’ ааг. dt dt replace did = 5 (15) 
а 


dx dix (S. 
dt 


are the T 
dy _ dy dt 


dx dt dx 
2304 
277) 
33:44) 
pom 
NEST. 


2 


TRE МА т КШ. 
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4». at de аг 


des ( dx | 
dt 


_ (2t)(6t+4)-(3t? - 402) 

n 8c 

_ 126° 4 8t-6P -8t 

URS um 

14:45:84 

| са? 4t 

Result (15) is obtained through right click on the last end of the expression by 
selecting "Differentiate « x" on the context menu. For second derivative, click on the 
last end of the expression of result (15) by selecting again "Differentiate < x"to 
obtain the required second derivative. For derivatives higher than two, repeat the 
process again and again to obtain the required higher order derivatives. 


a. }{х)= 34x45, ftx) b. йд=х+=, f^(x) 
c. fix)- 142.3, ШЗ d. 5()-4/5:47, s(t) 
events, y" Е у=(х+3)052+7х+2), y" 


m 


a y=tanx, y 


с. у= Уѕес2х, y” 


е. y=sin(sinx), y" 


à yexearctany |` ~ bay 


c. y!-2: 20, y" a 24 e 0, 
aq b 


е. Secxcos y = C, f. e xz +y, 


4. Uke parametric differentiation to find Өш d^ y di^. foc the following parametric 
functions x (7) and y (1): 


а. xz 4t 41, yz 6 +l b. х-За 42, y=6 49 
c. xz a(t -sint), у= a(1- cos) d. х= acos2t, y 2 bsin2t 
NE: _ За? А 252121 -p 

A A qug " 1e ? Tee 


Emm. — at — 
13.2 |с} | Taylor'sand Myctaurin’s Expansions S 

Often the value of a function and the values of its derivatives are known at a 
particular point and from this information it is desired to obtain values of the function 
around that particular point. The Taylor polynomials and Taylor series allow us to 
make such estimates. 


i)  Maclaurin’s and Taylor's theorems. Use of these theorems to 
expand sinx, cosx, tanx, a* е lo. +2), In(l x) 


1115) and its n derivatives аіх= x, are f (xs), f^ Teale 47 (хо) then the 
n-th order Taylor polynomial р(х) may be written as: 


x 2 
2.6) fe) Go fa S9 preset ат Nn ES 0-09 


This polynomial provides an approximation to f (x). The cem and its n 
derivatives are very much matched with the values of f (x) and its first n derivatives 
evaluated at x= хог 


р„(%)= Оо), p. O3) = FC): p; 08) = б), р(х) = f, 08) 


Examp» 3.2.1: The function y= f (x)= e and its derivatives evaluated at x, =0 ате 
known by (0) 1, f'(0)5 1, F"(0)— I FEOT f(0)=1.Use fourth order 
Taylor polynomial about. ху =0 tc estimate f (0.2) at ха 0.2: 


Solution: 
The fourth order Taylor polynomial p, (x)is obtained by terminating the 
Taylor polynomial (16) after fourth order derivative term: 


ЭГ 
) 
) 
) 
) 
) 
у 
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Insert х= =0 i in ати to obtain: 


L 


The Taylor polynomial (18) is used to obtain approximation of a function 
Ges at x=0.2: 


Notice that the he Taylor polynomial approximation equals the actual function 
value y= f(0.2) =e"? 21.2214at x=0.2. 


1. How accurate Taylor polynomials generated by у = f (x) at x, to approximate y = 
f(x) at values of x other than x, ? 


2. If more and more terms are used in the Taylor polynomial, then this will produce 
a better and better approximation to y = f (x). 
To answer these questions, we introduce the Taylor series. As more and more 
terms are included in the Taylor polynomial, we obtain an infinite series, known as a 
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( ) Taylor series: Я 

А ро) = Го) оъ) а) + 28 E GR prx. ТЭГ ry a» 

) 4 For some Taylor series, the value 3j the series equals the value of the function 
) for every value of x. That is, the Taylor series approximations of e", sin xand 


JW cosxequal the values of е“, sin x andcosxfor every value of x. However, some 
D ) functions have a Taylor series which equals the function only for a limited range of x 
\ values. For example, the value of a function {x)= 1/(/- x) which equals its Taylor 


( \ series only when -1« x< 1. 

‚ | Maclaurin's Series: A special case of a Taylor series oceurs, when the function y=f 
( 7 | (x) is known only at the origin x, =0.. This special condition imposed on Taylor 
Ж ‚ | series, develops the Maclaurin's series: 


( 3 л 
Ф pons FO) +f +2 ро ут) (20) 
N The Taylor and Maclaurin's series of y=f (x) about a particular point x, are of 
« //- course: і 
X уу 
Ё) f)» fG)* Goa) fo): == fr) 
W/ TESI] ESSA 
( А, SEE x fom X 1463) 23 
А, 
(9) 2 


f) оу) у) 1*0... Gr f" (0) (22) 


WW If we usex—x, =h, then equations (21) and (22) take the popular notation for the 
( ) Taylor and Maclaurin’s series of order n: 


y! 3 n 
Fg AWA FG EMI (S) а fest fU) 03) 


16650)» JO Def "Qe Ot + P0 ол 


The graphical view of a function y=f(x) at x = x, is shown in the fig .3.1: 
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The popular notation for the Taylor & Maclaurin's series of order n are: 
2 3 л 
Го ожа аа 708) 5 ТА) 


2 3 л 
fo th FOF OE OHE [OF mt FO) 


If a function у= (x) is known at a particular point x50, then the Taylor ( 
series (23) at a forward or backward pointx = xot h `of a function y=f(x) are: 
« 


/(ъ+)= FM Geo Moyet J'y) xm xh 


" se [Me 
Роу *h)- fG)- hf 008217 09-37 (а) +. xx -h 
=> Example 3.2.2; [Taylor Series of e^]: Use Taylor's series to approximate the value of | 
a function {x)= ež at a point x, = 2. 
Solution: The function and its derivatives atx, =2 
fi)- e, f2)=e =7.3891,  f'(x)- е, f'(2)- è =7.3891 

fae’, f"(2)- € 27.3891 
are used in Taylor series (21) to obtain the Taylor series approximation of e'at a 
point х= 2: 


(x- 22 (x- 29, 


её = РО) 00-2) 00) у (0) н f^)... 
= 7,3891+7.3891(x— TE 2 ms a Ls 
— n --— _ CNET 


(1333 7 
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Solution: The function and its derivatives at x, = 0 
f= е“, ROHL рО) её, f'(0)- 1. ЈО) e, f"(o) 1 


are used in Maclaurin series (22) to obtain the Maclaurin's series approximation of 
e ata point x, =0: 


2 3 
= у жж 
2! 3! 


Solution: The function and ifs derivatives at хог 0 
ft)sa' R0)- 1, — ГО9саЧюрд, f'(0)= loga 
f"()- a' (toga), f" (0) (ова) 
are used in Maclaurin series (22) to obtain the Maclaurin series spronination ofa*at 
a point xo = 0: 


( 
а= f (xf чө» Р. È prop EÈ ME E ( 
( 


Solution: The function and its derivatives at хо- 0 
fix)» sinx, f(0)= sin(0)- 0, у(х) = cos x, f’(0)= cos(0)=1 
f" (x)s —sin x, /"(0)- —sin(0)2 0, f"(x) —cos.x, f"(0)- —cos(0)- —1 
are used in Maclaurin series (22) to obtain the Maclaurin series approximation 
ofsin x at a point xo 0: 


єў 


sinx= (00) 70+ EÈ fO) F J” O+. 


Ч 3 5 7 
с гэ СЭ 
3 31557 


=0+х-0- 
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Solution: The function and its derivatives at x, = 0. 


Дх)= cosx, f(0)- cos0- 1, f'(x)- —sinx, f'(0) —sin0- 0 
f"(x)- —cosx f"(0)- -cos0- —1, (х) зіп, f"(0)- sin0- 0 
are used in Maclaurin series (22) to obtain the Maclaurin series approximation ofa 


function cos xat a point x, — 0 : 
x 3 
cosa f (0) (ОЈ f^(0)47— 7710) = 


x xi 
= ї+җ@)+--(СЄ—)+-,(@)+ ээ 


Solution: The function and its qos atx, =0 
flx)= tan x, f(0 )= tan0=0, f’(x)= sec? x, f'(0)= sec" 021 
f" (x)= 2sec? xtan x, } (0) = 20100) 20, f7) = 2sec? x+ 4 tan? хѕес? x 


) f"(0) = 2вес* 0+ 41ап? Osec 0-2 
are used in Maclaurin's (22) to obtain the Maclaurin's series approximation of a 
) function tan xat a point x, =0: 
7 БЭР ER 
) tan x= f (0)&x f'(0)57. FORT f"(0)5... 


Solution: The function and its derivatives atx, = 0 
Лх)= (1+ х), f(0)=In(1)=0, f'G)e 104-3), f'(0)=1 
f"()- Маа), f"(O)=-1, f"(x)e 2/0 x, /7(0)-2 


See 
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are used in Maclaurin’s series (22) to obtain the Maclaurin’s series approximation of 
In(14 x)at a point x, = 0: Ё 
щ(1+х)= ронхо) уон aid s 


34 x 
=0+ at + Qe età 


Solution: The function and its derivatives at x, =0 
fix) - log (14-3), f(0)= log (1). 


f) — og, e, f (0)- log, e - loge 
itx 


f(x On isa? : s pe 0-0 


“(x)= — log, £ "(0)- 2log,e 

гэн he, f”) Ba 

are used in Maclaurin's series (22) to obtain the Maclaurin's series approximation of 
a function f(x)» log (14- x) ata point x; 0” 


2 51 
log (143) 1(0)«()/'(0) 87 ron} 0) 


а) z 
= log (1)+xlog £ 3p EG т 


[33] => [Application of Derivatives 


In this section, we shall see how to use derivatives to determine the tangent, 
and normal lines, the angles in between two curves, the maximum and minimum 
values of a function as well as the intervals where the function is increasing or 
decreasing. 


| Higher Order Derivatives and Applications | 


i) Geometrical interpretation of derivative 
Consider a function у = f (x) as shown in the Fig. 3.2 below: 


Let P( хо, yo) be a point on a curve y = f (x). The change Ax іп x develops a 
change Ay in y. The coordinates of a point О are therefore Q( хо + Ax, y, + Ay). Notice 
that the slope of the secant line PQ is: 


Ay _ R xot Ax)- fl ха) (25) 
Ax Ax 


If we take values of Q closer to P, then Q approaches P, and Ax approaches 0 
and the slope of the secant line PQ automatically approaches the slope of the tangent 
line at a particular point P and is denoted by: 

© ji АР gg Fe fo). 
ЭР шош Ze bus fox) (26) 


i) Equations of tangent and normal lines at a given point 

If the slope of the tangent line on a curve y=f (x) at a particular point 
P( xo Уу) is f’( хо), then the tangent line on this curve at a particular point P( хо. у) 
is the nonhomogeneous line (developed from the definition of the point form of the 
straight line): 

-у„= f ‘<= 

Y-Yo= f (39 Хх) : (27) 

y-yom m(x- xy) mzf'(x) 

The normal line is the line perpendicular to the tangent line on this curve at a 


icular point » Yo ) with slo : 
particular point. P( xo, Yo pe Ях) 


Д 


1337 
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4 
TUN 


(узо 108- mb т= (0) (28) 


Exampk 


(¥- y= 


and normal : at (2, 4). 
Solution: If the given curve is у= x^, then, the slope of the tangent line is the first 
derivative of the given curve at a particular point P(2, 4): 
f'(x)2 2x 
Д2)= 2(2)= 4 =m, say, at the point P(2,4) 
The equation of a tangent line (27) on the given curve at a particular point 
P(2, 4) is: 
ys у= mix-x) 
(y-4)- 4(x-2) 
-4x y-448=0 > —4х+ у+4=0->4х-у-4=0 
The equation of a normal line (28) on the given curve at a particular point 
P(2, 4) is: 


(у-у,)= aix) 
m 


4 

0-4 5 409 

4(y -4)- -(x-2) 
х+4у-16-2=0 
х+4у-18=0 


Solution: The coordinates of a particular point P at which the given curve у= 9- x? 
crosses the x- axis are 

у=0 

Put y=0in y 2 9— x^ to obtain a set of points: 

0= 9-2 > 29 = х=+3 = (3,0), (—3,0) 


їз | 
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If the given curve is у= 9- x, then, the slope of the tangent line is the first 
derivative of the given curve at a particular point Р( +3,0): 
fie) -2x 
78) = —23)5 б=т at a point P(+3, 0) 
FAB) = 21-3)26 = т, ata: paint! F(-3, 0) 
The tangent lines (27) on the given curve at the particular points are: 
(у-0)--6(х-3) mz -6, P(3,0) 
6x +y-18=0. 
(y=0)=6(x4-3), mz 6, P(-3,0) 
бх-у+18=0 
The normal lines (28) on the given curve at the particular points are: 


(9-0)= — 2-39 m= -6, (0) 
бу-х-3 
x-6y-3=0 
0-0 -:2х3) ma 6, 1-30) 
őy= -x-3 
x+6y+3=0 
1. The equation of a tangent at a point P( xo y, Jis (у-у) = т-у) 


2. The equation of a normal at a point P(xqy5)18 (У-у) = eum » 
m 


iti) Тһе angle of intersection of the two curves 


If m, is the slope of the first curve and mz is the slope of the second curve, then 
the angle of intersection in between these two curves at a point of intersection is the 
angle in between their tangents at that point. This angle takes the notation: 


tang- 7775. (29) 


Maths -12 АН ['Higker Order Der равага 


) Solution: The required angle of intersection in between the given two curves is: 
) "NET 00) 
Deomm, 
) For point of intersection, solve the system of nonlinear equations for the 
unknowns x and y: 
) у= д?-2х+1, у= х +1 GD 


Using first equation of the nonlinear system (31) in second equation to obtain: 
?-2х+1= 1 
x-x-2x20 
x(x?-x-2)=0 => x=0,-1,2 
The set of x values is used in first equation of the nonlinear system (31) to 
obtain a set of y values: 
Put x= 0 to obtain y= x?-2x+J=/ 


= 


Put х= –1 to obtain у= x/- 2x 12 1424122 


Put x= 2 to obtain у= х'-2х+1=8-4+1= 5 
This process developed a set of points of intersection: (0,1), (-1,2), (2,5) 
The slope of the first curve at a point (2, 5) is: 


то”) 


The slopes m, and m, are used in (30) to obtain the angle of intersection in 
between the given two curves: 
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tan@= m -m, 

1+mm, 
pee 
1+(10)(4) 


6 


4. 
8-7 ian 5-2 0.14 
ап 2] in 


, х=1 f yzJ3sinx-cosx хэл 


h.yzJ3e'te*, x=0 
he equation of normal to the cur 


( 
( 
( 
( 
( 
( 
( 
( 
( 
"ee. = b.y-2sindx xem те — ‹ 


с.у=2шх, х=1 : d. у=(2х+1}, х=0 


etl 


ey= „xal f. у=соз(х-Т), хэл/2 


ву= 2х х=1 h. y=vVx +1, x22 


ш с +) 3 at (Te, 


b. Find an equation of the tangent line to the curve sin(x- y)= xy at (0,1). 


c. Find an equation of the normal line to the curve х?+2ху= y at (1, —1). 
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b. Show that the first four terms in the Taylor series expansion of f{x)= RE 
2 x=4 are: 


24— Ia- 9-2- xi am T 4y 
iG: к that the first four terms in the Taylor series expansion of 
f(x) = x e' about x = 1 are: 


Ч i 
coil tr ear, 1 


ано ДЕ 2) m di 


рю 


EL b. f(x) = sin . 


1+х 
Лх) = cos hx d. ffx) = In(/ - 4x) 


а 


places. 


ч» чу»; 


2 b. у= ax, x! y! = Заху 
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Always the maximum and minimum values of a function can be read from its 
graphical view. For a quadratic function (whose graph is parabola), the maximum or 
minimum values can be determined without graphing by finding the vertex 
algebraically. For functions whose graphs are not known, other techniques are 
needed. In this unit, we shall see how to use derivatives to determine the maximum 
and minimum values of a function as well as the intervals where the function is 
increasing or decreasing. 


Suppose an ecologist has determined the size of a population of a certain 
species as a function f of time t (months). If it turns out that the population is 
increasing until the end of the first year and decreasing thereafter. It is reasonable to 


—— — 
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expect the population to be maximized at time t=12 and for the population curve to 
have a high point агг = 12 as shown in the figure (3.3). 


fo 


Population Curve 


Ё 
12 20 


Fig. 3.3 
If the graph of a function f(r), such as this population curve, is rising 
throughout the interval 0<t<12, then we say that f(t) is strictly increasing оп that 
interval. Similarly, the graph of the function in figure (3.3) is strictly decreasing on 
the interval 12 « t « 20. These terms are defined more formally in the figure (3.4): 


x 


Fig.3.4 
* The function f (x) is strictly increasing on an interval (a, b), if 
1 xi) < K x1), whenever х, x; for x, and x, in (a, b). 
* The function (x) is strictly decreasing on an interval (a, b), if 
Ах) > f( хо), whenever x, « x; for x, and х, in (a, b). 
Example 3.4.1:[Increasing and Decreasing Function]: Find the intervals at which the 
function f (x) = 2215 increasing or decreasing. 
Solution: The function f(x) = xis a parabola passing through the origin. Take any two 
points x, and x, in the interval (a, b) for which: 


143 |= - 


>< 


>< 
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feo FG) = ox 0 ox) +) 


If x,,x, є (0,9) with condition x, > x,, then the function f(x) is increasing in the 
interval (0,29): 


Ро) FH) >0 


f(x) > РО). both (x,—x,)and (x, +x) are ^ ve, when x, > X, 


If x,,x, € (775,0) with condition x, > x, then the function f(x) is decreasing in 
the interval (—9,0): 


РОо,)- РО) «0 


Г) a) is tve while (х, + х,) isc ve, when x, > x, 
Proof of increasing and decreasing functions 


A function f(x) is said to be strictly monotonic on an interval (a, b), if it 
is either strictly increasing on (a, b) or strictly decreasing on (a, b) for all x. 
Monotonic behavior is closely related to the sign of the derivative f (x). In 
particular, if the graph of a function has tangent lines with only positive slopes 


on (a, b), then the graph will be tilted 
upward and f(x) will be increasing on (a, 
b). The slope of the tangent at each point 
on the graph is definitely measured by 
the derivative f’ (x). It is reasonable to 
expect f(x) to be increasing on intervals 
where f'(x)>Oand decreasing on an 
interval where f'(x) < 0. 


These observations аге established 


formally in Theorem 3.1: 


on the open interval (a, 2), then the function 


Г 


0 33: b 
Fig. 3.5 


f(x) is strictly increasing on (a, b) if f x)» 0. for a«x «b. 


2. f(x) is strictly decreasing on (a, b) if f /(x)«0 for а<х «b. 


! This means that a differential function f(x) 


__ oa. 
ES Gn 


\ Theorem 3.1: [Increasing & Decreasing Function Theorem]: If f(x) is differentiable 


* isincreasing on an interval (а,Ь) if the tangent lines to its graph at a point (x,f(x)) 
makes positive slope (f'(x) > 0). 
e is decreasing on an interval (a,b) if the tangent line to its graph at a point (x,f(x)) 
makes negative slope (f(x) < 0). 
* 15 neither increasing nor decreasing on an interval (a,b) if the tangent line to its 
graph at a point (x,f(x)) makes zero slope ( f’(x) = 0). 
The proper proof is beyond of this text, since the proof is based on mean value 
theorem. 
Example 3.42:[Increasing and Decreasing Function]: Determine the values of x at 
which the function f (x) =—x* —10x — 5is increasing or decreasing. Also find the point 
at which the given function is neither increasing nor decreasing. 
Solution 
For graphical view, the given function through completing square 


Јо) = &2x-32 x! à2x41-1-3 2 (x41) -4 
is compared with the general equation of parabola f ()-а(х-3) +k to obtain a 


parabola with vertex (-1,-4) that opens upward (а = 1 is positive). The graph of a parabola 
through the points (-4,5) and (2,5) is shown in the figure (3.6): 


The derivative of a given function with respect to x is the slope of the parabola: 
F (x)= 2x42 
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If the slope of parabola is f (х) > 0 (positive), then it gives 


This shows that the given function f(x) is increasing in the interval (—1, ә). 
If the slope of parabola is f'(x) «0 (negative), then it gives 


This shows that the given function f(x) is decreasing in the interval. (—e», —1). 
If the slope of parabola is f (x) = 0 (zero), then it gives ' 
/'хуу=б= 2x422022x2-22 х=-1 


This shows that the given function f(x) is neither increasing nor decreasing at a 
vertex (—1,—4). 


LO 


Typically the extrema of a continuous function occur either at endpoints of the 
interval or at points where the graph has а "реак" or a "valley" (points where the 
graph is higher or lower than all nearby points). For example, the function f (x) in 
figure (3.7) has "peaks" at B and D and "valleys" at C and E. Peaks and valleys are 
what we call the relative extrema. 


The exact location of a relative maximum or minimum rather than a graphic's 
approximation can normally be found by using derivatives. The concept developed is 
as under: 

Let f (x) be a function as a roller coaster track with a roller coaster car moving 
from left to right along the graph in the figure (3.7). As the car moves up towards a 
peak, its floor tilts upward. At the instant the car reaches the peak, its floor is level, 
but then it begins to tilt downward as the car rolls down toward a valley. 

At any point along the graph, the floor of the car (a straight-line segment in 
the figure) represents the tangent line to the graph at that point. Using this analogy, 
we see that as the car passes through the peaks and valleys at B and C, the tangent 
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line is horizontal and has slope 0. At peak D and valley E, however, a real roller 
coaster car would have troubled. It would fly off the track at peak D and be unable to 
make the 90" change of direction at valley E. Here is no tangent line at D or E, 
because of the sharp corners. 

Thus, the points where a peak or a valley occurs have this property: the 
tangent line is horizontal and has slope 0 there or no tangent line is defined there. The 
slope of the tangent line to the graph of the function f(x) at a point P(x, f(x) is the 
value of the derivative f'(x). 


a Fig. 3.7 


Relative Maximum and Relative Minimum: The function f (x) is said to have a 
relative maximum at a number c if f(c) 2 f(x)for all x in an open interval containing c. 
Also, f (x) is said to have a relative minimum at a number d if f(d) S f(x) for all x in 
an open interval containing d. In general, the relative maxima and relative minima are 
called relative extrema. 


Critical Values and Critical Point: Suppose f (x) is defined at a number c and 
either f (c) - 0 or f’(c) does not exist. Then the number c is called a critical value of 
f (x) and the point Рс, f (c)) on the graph of f (x) is called a critical point. 

Note that if f (c) is not defined, then c cannot be a critical value. If there is a 
relative maximum at c, then the functional value f (c) at that point is the maximum 
value. Similarly, if there is a relative minimum at c, then the functional value f(c) at 
that point is the minimum value. 


Example 3/43: [Critical Values]: Find the critical values for the following functions: У 
| 2 { 
сане 0-50-8%20 O aue o оду?” 


Solution: 
а. The first derivative of the given function is: 


VAALAS а д СОСНА EE) 


1їх)-12,8-10х-8 
у(х) = 12x? - 0x -8is defined for all values of x. Set f/(x)- 0 to obtain the 
critical values: 


f'()= 124/-10:- 850 > 2(3x-4)2x1)5 0 => x 


b. The first derivative of the given function is: 
x(x-4) 
{x)= 
1 (х-27 
The derivative is not defined at x=2, also the original function f (x) is not defined 
at x =2. So x =2 is not a critical value. Set. f’(x)=0 to obtain the other critical 
values: 


ROE = =0 = xx-4)=0 > x 04 
TE 


gi The first derivative of the given function is: 
Ро) = бх"? 234) 
The derivative is not defined at x =0, but the original function f (x) at х=0 is 
f(0)- 12(0)"" - 2(0 " = 0, which is defined. So x=0 is a critical value. For 
other critical values, set f “(x)=0 to obtain: 


zo 21 
f(x) = 6x? ~3x? =0=> 3x? (2-x)=0 > 2-х-0-»х-2 


Thus, the critical values are x=0, 2. 


Theorem 3.2: [Critical Value Theorem): If a continuous function f (x) has a relative 
extremum at c, then c must be a critical value of f (x). 


gb Example 3.4.4: [Determination of intervals on which a function is increasing or 
” | decreasing]: The function f (x) is defined by Лх) = x -33/-9x-1. Determine the 
intervals at which the function f(x) is sttictly increasing or decreasing. 
Solution: 
First, we need to find out the derivative of the given function, which is: 
Р(х) = 3€ -6x-9 
For critical values, set f /(x) = 0 to obtain: 
3x? -6x-9-2 O=> 3(x«1)x—3)20 x 5 -,3 
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These critical values divide the x- axis into three parts, as shown in the fig.3.8. 
Next, we select a typical number from each of these intervals. For example, we 
select 2, 0 and 4, evaluate the derivative at these values and mark each interval as 
increasing or decreasing, according to whether the derivative is positive or negative 
respectively. This is shown in Fig.3.8 


гэ? Fig. 3.8 
Thus, the function f (x) increases in the intervals for x< -1 and x > 3, but 
decreases in the interval -1« x <3. 


Example 3.4.5: Draw the function /{x)=x’-3x’-9x+] and its derivative 
flx)= 3x? - 6x- 9. Use these graphs to tell about the following questions: 

a. When ffx) is positive, what does that mean in terms of the graph of f(x)? 

b. When the graph of f(x) is decreasing, what does that mean in terms of the graph 

of ftx)? 

Solution: The graphs of f[x)- x! -3x^ -9x1 and у(х) = 3x’ -6x-9 are shown in 
а y £o 
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These graphs develop the idea that the critical values of f (x) are always 
intercepts for the graph of f’(x) = 3x? -6x- 9: 
e If f(x) is positive, then f (x) is increasing. 
ә If f(x) is negative, then f (x) is decreasing. 


The first derivative of a function can be used to determine whether the 
function is increasing or decreasing on a given interval. We shall use this information 
to develop a procedure called the first derivative test for classifying a given point as 
a relative maximum, a relative minimum, or neither. 
The steps involved in first-derivative test for relative extrema are the 
following: 

l. Find all critical values of f (x). That is, find all numbers c such that f (c) is 
defined and either f(c)- 0 or f(c) does not exist. 

2. The point (c, f (c)) is a relative maximum if f(x)» 0 (rising) for all x in an 
open interval (а, c) to the left of c, and f(x)«O (falling) for all x in an open 
interval (c, b) to the right of c. 

3. The point (с, f (c)) is a relative minimum if f(x) «0 (falling) for all x in an 
interval (a, c) to the left of c, and f[x) » 0 (rising) for all x in an open interval 
(c, b) to the right of c. 

4. The point (c, f (c) is not an extremum if the derivative f(x) has the same sign 

in open intervals (a, c) and (c, b) on both sides of c. 


In light of first-derivative test, the function f[x)— x? -3x -9x+1 (example 
3.4.4) has the critical values —1 and 3. The function f (x) is increasing when x «-1 and 
x23 and decreasing when —1«x <3. The first derivative test tells us that there is a relative 
maximum of 6 at х= —1 and a relative minimum of ~26 at x23. 


Solution: 
The first derivative of f (x) is: 
Хх) 6x +бх-12=6(х+2)(х-1) 


= 


atit e af 


Set /(х)-0 to obtain the critical values: 
K f'G)2 6X +бх—12=0 | 
=бх+2(х-1)=0 => x=-21 | 


To test the critical values -2, 1, we can use the test values —3, 0 and 2. Many 
other choices of the test values are also possible, but we try to select numbers that 


x , will make the computations easy. This is shown in the figure (3.10). 

v / The test values —3 and 0 are used for the critical value х= —2 to obtain: 

A\ : - елата 

V) f'(-3) = 6(-3 + 2)(-3-1) = 24 »:0 (positive) \ 

AN f'(0)=6(0+2)(0-1)==12 « 0 (negative) ) ia 

У The value of the derivative is positive (rising) to the left of 2 and negative Y 


) (falling) to the right of -2. Thus, х= -2 leads a relative maximum point Ç 


) M fl -2)= 20-2 J 4 3 2 / -11(52)- 5 = -16 12€ 24 5215. 


Ч y The test values 0 and 2 are used for the critical value х=1 to obtain: 
w (Ft) 260 £2)(0-1) ==12 (negative) Ra) 


4 


f12)= 6(2 + 2)(2- 1)= 24 (positive) 


\ The value of the derivative is negative (falling) to the left of 1 and positive 
(rising) to the right of 6. Thus, x-1 leads a relative minimum point. 


f= 201) 30)-12()- 52 -12 
Thus, the arrow pattern in the figure suggests that the graph of / (x) has а 
relative maximum at (-2, 15) and a relative minimum at (1,712). 
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v) The Second-derivative rule to find the extreme values of a 
function at a point 


Concavity: A portion of a graph that is cupped upward is called concave up, and a 
portion that is cupped downward is concave down. Figure (3.11) shows a graph that is 
concave up between A and C and concave down between C and E, At various points on 
the graph, the slope is indicated by "arrows," and we observe that the slope increases 
from А to C and decreases from C to E. This is not accidentally, but under the rule “the 
slope of a graph increases on an interval where the graph is concave up and 
decreases, where the graph is concave down", 


Fig. 3.11 


Conversely, a graph will be concave up on any interval where the slope is 


А \ increasing and concave down where the slope is decreasing. The slope is actually the 


pm 


' derivative f’(x)of a given function f(x). It is reasonable to expect that the graph of a 


given function f(x) is concave up when the derivative f'(x) is strictly increasing and 


' concave down when the. derivative J'(x)is strictly decreasing. Through theorem 


(3.1), the graph of f(x) is concave up when the second derivative (х) 
satisfies f'(x) 0.The graph is of course concave down when f'(39)«0. This 
observation is used to define the concavity. 


' [Definition 3.4.1: [Concavity]: The graph of a function’ f (x) is concave upward on an 


open interval (а, b) where f(x) > 0 and itis concave downward where FF) «0. 
Inflection Point: In general, an inflection point is a point Р(с, f (c)) on the graph of a 
function y = f (x) at which the concavity changes from upward to downward or from 


! downward to upward. In order to change the concavity at a point, the derivative 


x) must changes sign at that point. 
Theorem 3.4.2: [Inflection Points]: If у= (x) is continuous on (а, b) and has an 
inflection point at x=c, then either f"(c) = 0 or f^ (c) does not exist. 
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Note that the inflection points can occur only at partition numbers of f' 9, but 
not every partition number of f(x) produces an inflection point. 
A partition number c for f(x) produces an inflection point for the graph of f 
(x) only if: 
e f'(x)changes sign at partition number с. 
* partition number c is in the domain of f (x). 
This is summarized in a box: 


1. А point P(c, f (c)) on the graph of a differential function y=f (x) where the 
concavity changes is called a point of inflection. 
2. If a function has a point of inflection P(c, f (с)) at a partition c and it is possible 
to differentiate the function twice, then (c) 0. 
Example 3.4.7: [Concavity]: Test the function jf) = x'-6x7+9x+41 for concavity? 
Is there any inflection point? 
Solution: The first and second derivatives of the given function are the following: 
Рх)= 3x0? - 2x49 
Јо) =6x-12= 6(x-2), partition point is 2 
If x«2, say, x=1, then f"(1)2 6(1—2)- -6 «0, so, the graph of f (x) is concave 
down for x < 2. 
If x>2, say, x23, then. f"(3) = 6(3- 2)- 6 » 0, so, the graph of f (x) is concave 
up forx > 2. 


Thus, the graph of f (x) has an inflection f) 
point at x-2. Put x-2 in the given function 


Дх)= x! -6x^ 9x1 to obtain an inflection point 
(2, 3). This is tne point at which concavity changes. 
This is shown in the figure (3.12). 


The Second-Derivative Rule: It is often possible to 
classify a critical point P(c, f(c)) on the graph of f(x) 
by examining the sign of f’(c).Specifically, if 
f'(c) =0 and f'(c) > 0, then there is a horizontal 
tangent line at P and the graph of f(x) is concave up 
in the neighborhood of P. This means that the graph 
of f(x) is cupped upward from the horizontal 
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tangent at P and to expect P to be a relative minimum, as shown in figure (3.13(a)). 
Similarly, we expect P to be a relative maximum, if f’(c)=90 and (с) «0, because 
the graph is cupped down beneath the critical point P, as shown in Fig. 3.13(b) 


[0 
P 
'(3) 7 0) 2 
СА суха!) Г©<0\го<а 
x) < 


+t ee —————+—————41— 
m c n m c n 
(a) (c) =0 апа /(0>0 (b) Г(с)-0 and f(c) «0 
implies f (c) is a relative minimum implies f (c) is а relative maximum 
Fig. 3.13 


Tn other words, 


© The point P(c, f (c)) is said to be a relative maximum, if the slope f{c) of the 


tangent line from left to right along a curve through P, is decreasing from 
positive to zero to negative and the second derivative f "(c) is negative. 
The point P(c, f (c)) is said to be relative minimum, if the slope f “(c)of the 
tangent line from left to right along a curve through P, is increasing from 
negative to zero to positive and the second derivative f (c) is positive. 


These observations lead to the second-derivative test for relative extreme. 


The Second Derivative Rule for Relative Extrema: Let f (x) be a function such that 
f (c) = 0 and the second derivative exists on an open interval (a,b) containing c. 


1. 


5Ь 


vi) 


If f"(c) > б, then there is a relative minimum at x=c and the graph of 
f(x) is concave up in the neighborhood of P(c, f(c)). 

J£ f" (c) « 0, then there is a relative maximum:at xc and the graph of 

f (x) is concave down in the neighborhood of P(c, f (c). 

If f" (c) =й, then the second derivative test fails and gives no information. 


Use of second-derivative rule to examine a given function for 
extreme values 


Example 3.4.8: Use the second-derivative test. to determine whether each critical value 
of the function f(x)= 3x5 -5x +2 corresponds to a relative maximum, a relative 
minimum, or neither. 


11542: 
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Ч = 5 
2 4 Solution: The first and second derivatives of f (x) are the following: 
Y y Хх) = 15x* - 15x? = 15x? (x - L(xc 1), f(x) = 60x* - 30x = 30x(2x* - 1) 
í N Put /{х)= 15x* - 15x! = 15x7(x-1)(x+1)=0 to obtain the critical values 0, 1 
3 7 and –1. 
4 4 The second derivative f “(х) ata critical point x=0 is; 
E? 7700) = 30(0y0- 1)- 0 
B 4 The critical value х=0 declares the failure of second derivative test. 
( > The second derivative f "(x)at a critical point xz 1 is: 
BS Г) = 30>0 
| y The critical value x=1 leads to a relative minimum of f(7)7 3(1)-5(1)+2 = 0. 
Д The second derivative f“(x)at a critical point х= —1 is: 
у? 0) = -30<0 
Д The critical value х = —1 gives a relative maximum of /-1)= —3-5(-1)-2- 4 
v The second derivative test works only for those critical values c that make 
j АХ (с) = 0. This test does not work for those critical values c for which f'(c) does not 
Ч ) exist or that make f”(c)= 0. In both of these cases, use the first derivative test to 
у proceed the process of relative extrema. 


vii) Real-life problems related to extreme values 


>< 


Example 3.4.9: A truck Биги fuel atthe rate of 


1 
v 


< 


W, 1 (8003 5^ 
o С(х)=—— 200 T ‚ x20 
Y gallons per mile when traveling x miles per hour on a straight level road. If fuel costs 


trip. Find the maximum total cost. 


рег mile)(the number of miles){the cost per gallon) that develops the rule: 


1 (800-х7 8000 + 10x* 
С(х) = 100002) = ———— — 
= (me х ) Me) х 


m di ms 


722 end points to check. 


Ї ч The first and second derivatives of C(x) are the following: 
4 10x? - 8000 16000 

I^ C-i T Cae 

Ё x 

W Put C'(x)- 0 to obtain the critical values: 

| 21. 

Р 10х-5000_ =10л°-8000=0 => 32 = 8000 => х=+28.3трһ 
Р x 

К "YE | 
T 155 3 — 

kD 22229) 


$2 per gallon, find the speed that will produce the minimum total cost for a 1000 mile 


Solution: The total cost iof the trip in dollars is the product of the( number of gallons 


The independent variable x represents speed, only positive values of x make 
sense here. Thus, the domain of C(x) is the open interval(0,e» )апі there are no 
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The only critical number in the domain is x — 28.3. The second derivative test 
ata critical value х=28.3 is: 
C'(28.3)- 16000, 207220 
(28.3) 
The second derivative test shows that the critical value x-28.3 leads to a 
minimum value. The minimum total cost is found by inserting x=28.3 in the cost 


function : 
С(28.3)= 800010283 È _ $65 69dollars 
28.3 
CEE ET Exercise 338 ИН ПЕН ИЕЫ Е) 
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1. а. What is the first-derivative test? 
b. What is the relationship between the graph of a function and the graph of its 
derivative? 
c. What is the second-derivative test? 
d. What is the relationship between concavity, points o£ inflection and the 
second-derivative test? 
2. Find the critical values of the given functions and show where the function is 


increasing and where it is decreasing. Plot each critical point and label it as a 
relative maximum, a relative minimum, or neither, 


a. Дх)- x 3x51 b. Ях)= x +35x -125x- 9.375 
3. Find the critical values of the following functions: 

a. Дх)= 252-352-72х+15 b. fix) Sofa 15846 

с. fix) 6375 - 4x d. f(x) 3x? - 12x" 


4. Determine whether the given function has a relative maximum, a relative 
Ї minimum, or neither at the given critical values for the following problems: 


a. fix)- (х? - 3x 1) = 0atx-1; x=-1 
b. fix) (x* -4x 42) atx=1 
c. Дх)=(х*-4 (x? - 1) atx=1;x=2 
d. Хо) = A -48 at x=4 
5. Find all relative extrema of the following functions: 
a. Дх)-х-3х-41 b. Йх)= x! «бх! 9x42 
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10. 


a. Suppose f (x) is a differential function with derivative 
Д{х)= (- 1) (x- 2)2- 4) 5 )' 


Find all critical values of f(x) and determine whether each corresponds to a 
relative maximum, a relative minimum, or neither. 


A company has found through experience that increasing its advertising also 
increases its sales up to a point. The company believes that the mathematical 
model connecting profit in hundreds of dollars Р(х) and expenditures on 
advertising in thousands of dollars x is: 
Р(х)= 80+ 108x- x5, OS x € 10 
а. Find the expenditure on advertising that leads to maximum profit. 
b. Find the maximum profit. 
The total profit P(x) Gn thousands of dollars) from the sale of x hundred 
thousands of automobile tyres is approximated by 
P(x)S -x * 9x +120x-400, 3&x& 15 Я 
Find the number of hundred thousands of tyres that must be sold to maximize 
profit. Find the maximum profit. 
The percent of concentration of a drug in the bloodstream x hours after the 
drug is administered is given by: 

4x 
3x +27 
а. On what time intervals is the concentration of the drug increasing? 
b. On what intervals is it decreasing? 
c. Find the time at which the concentration is a maximum. 
d. Find the maximum concentration. 


К(х)= 


А diesel generator burns fuel at the rate of 


gallons per hour when producing x thousand kilowatt hours of electricity. 
Suppose that fuel costs $2.25 a gallon and find the value of x that leads to 
minimum total cost if the generator is operated for 32 hours. Find the 


minimum cost. 


gu. 
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The second derivative of yzf (x) can be written with any of the following nctauons: 
22, y. Ste, DARA 
The third derivative can be written in a similar way. For 2 4, the nth derivative ts written us f"). 
"The second derivative of parametric functions x(t) and y(t) can be found as follows: 
dy 
d'y 4! di A 
а? dt| dx 
dt 
dx Фу 


а d? шаг di 1 
= SES ч de ae 
"di di 
“The popular notation for the Taylor series of order n is: 
М 5 
Arot B= N rolt f Gee (хад ж. Ga) E 
“The popular notation for the Maclaurin's series of order n is: 
2 л 
Лоте ЛО) ГОР f^(0)5 +. FOE + 


If two lines are parallel, then their slopes are equal. 

ii. If two lines are perpendicular, then the product of their slopes equals -1. 

зи. The tangent equation at n point P( хо, y; )is(y- Yo ) = M(X- x ). 
Bi 


iv. The normal equation at a point Р( xo. Уо Jis(y - Ya )= —(x- Xo А 


m 


Theorem: [Increasing & Decreasing Function Theorem]: H f (x) is differentiable on the open 
interval (a, Б). then the function f(x) is 


strictly Increasing on (a, b) if f(x) > 0 for a< x «b. 


strictly decreasing on (a, b) if f (х) < Of ora<x «b. 


Theorem: [Critical Value Theorem]: If a continuous function f(x) has a relstive extremum at с, 
then c must bea critical value of f (x). 


The graph of a function f (x) is concave upward on an open interval (a, b) , whzre 
f 7б ху > 0, and it is concave downward where f" (x) < 0. 

Theorem 4.3: [Inflection Polnts]: If ysf (x) 15 continuous on (a, b) and has an inflection 
point at x=c, then either f (c) = О or f" (c) docs not exist. 

i. A point P(c, f (cJ) on the graph of a differential function y=f(x) where 

the concavity changes is called a point of Inflection. 


й. If a function has a point of inflection Р(су/ (c)) at a partition c and it ìs possible to 
differentiate the function twice, then f "(c) = О. 


DIFFERENTIATION OF VECTOR 
FUNCTIONS 


This unit tells us, how to: 
define the scalar and vector functions with the understanding of its domain and range. 
define the limit and continuity of a vector-valued function. 
demonstrate the properties of limits of a vector-valued functions, such as the sum and 
difference, dot product, and cross product of two vector-valued functions, the product 
of a scalar and vector-valued functions . 
define the dferivative of a vector-valued function and to elaborate the Leibnitz result. 
prove the vector-valued differentiation formulae, such as the constant rule, linearity 
rule, scalar multiple rule, quotient rule, dot product rule, cross product rule, and chain rule. 


apply vector-valued differentiation to particle’s position vector R(t) and its velocity 
V(t) and acceleration A(t). 


4.1 Scalar and Vector Functions 


The relationship of calculus and vector methods forms what is called 
vector calculus. The key to use vector calculus is the concept of a vector 
function. In this unit, we introduce such functions and examine some of their 
properties. We shall see that vector functions behave very much like scalar 
functions. 


i) Definition of scalar and vector functions 


Definition 4.1.1: [Scalar Function]: A function f (x) is a rule which operates 

on an input x (x is any scalar quantity) and produces always just a single scalar 

output y. This gives a proper notation of a scalar function: 
yfe) a) 

For example, 4 

1. Со) =2х +2 is а созі function that depends on x number of units of items. 

Here x is the input, y is the output and C(x) = 2x + 2 is the rule which 
operates on an input x to produce a single output quantity y. 
In response of x = 2 items (2 is scalar), ће cost (cost is also scalar) is: 
C(2)=2(2}+2=6 rupees. 
This function is then called a scalar (single variable) function; 
because її transforms one input x to produce just one output C. 
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`2. A(x ,y) = xy is the area of rectangle that depends on length x and width y. 
Here x, and y are the two inputs and the rule A(x , y) 2 xy which operates 
on two inputs x and y to produce a single output quantity A. 
In response of x = 2 and y = 1 (2 and 1 are scalars), the area is (is also a 
scalar) А (2, 1)=(2) (1)= 2 square units 
This function is then called a scalar (double variables) function, 
because it transforms two inputs x and y to produce just one output A. 
This idea can easily be extended to define a scalar multivariate function. 


The uniqueness of scalar function is to transform scalar quantities in a 
single scalar quantity. Is there any rule that will transform scalar quantities in 
a vector quantity? Yes, the rule is the vector functions. Vector functions are 
used to study curves in the plane and space. 


Vector Functions: Consider the circuitous path of the airplane. How could you 
describe its location at any given time? In this sense, pilots view their cockpit 
as the origin, the point from which measurements should be made. Further, an 
airplane's velocity determines a specific orientation of space, in terms of which 
relative directions such as "behind" and "above are defined. This is shown in the 
Fig. 4.1 ж чипти» 


\ 
| 
| 
| 
| 


iocus Jn 

Airplane's flight path | 

Fig. 4.1 7 
I» 


You might consider the circuitous path of the airplane using a point Р(х, 
у, 2) in 3-space, but it turns out to be more convenient if we describe its location 
at any given time by the endpoint of a vector in three dimensional space. We 
call such a vector a position vector. You should realize that the circuitous path 
of the airplane needs a vector for every time in three dimensional space. 


—— —.1— ——— 


2 [monica] |. Differentiation of Vector Functions 


Vectors indicating 
position at serval times 
Fig. 4.2 


Figure (4.2) indicates the location of the plane through position vectors 
F(t,), F(t,),.. at a number of times¢,,t,,.... Notice that the function F(t) for 


time t=1,,1=t,,.....would do the job of vector functions F(f,), F(t,),.... in 3- 


space nicely. 


Definition 4.1.2: [Vector Functions}: А vector function F is a Mapping from its 
domain D (a set of real numbers) to its range R (a set of three dimensional 
vectors; V,) so that for each time t in D , F(t) = v for only one vector:y in (27 


The proper notation of a vector function is: 
F(t)- (x(t), (0) Q 
z (f 1, Р) = f (0i fA, 27 space 
F(t)= (x(t), y(t), 2(0)) 
(f (0, F105 A) 6) 
=f (tit f Д) f {0k 3— расе 


Here f (0), Р 200) and f s(t) are scalar functions of the real number t 
defined on the domain D. In this context f (t), f 2(t) and f ;(t) are called the 


components of F (t) in response of independent variable t. 


7 Let F (t) be a vector function. If the initial point of the vector F (т) is at the 

origin, then the graph of a vector F(?) is the curve traced out by the terminal point 
1 of the position vector F(t) as t varies over the domain set D. This is shown in the 
, figure (4.3): 


y 


The graph of the vector 
function F(t) 


Fig.4.3 


Example 4:1.1:[ Sketch of Vector Function]: Sketch the curve traced outiby the 
terminal point of the two-dimensional vector function: 


Е() = (t41)i+(?-2)j (4) 
Solution: The graph is the collection of all points (x, y) withx=r+1, y=" -2 
for different values of t. The vector function F(t) is used for t = 0, 2, -2 to obtain 
the position vectors: 
to => F(0)=(0+1)i+(0-2)j=i-2j=(1, —2) 
7 =2 => F(2)=(241)i+(4—2)j=3i+2j=(3, 2) 
ЖА 2 = Е-2--2404(0-2)а-1421-01,2) 


We plot these position vectors in figure (4.4а). The terminal points of all 
position vectors F(0), F(2), F(-2) lie on the curve described parametrically by, 

х=1+1 у= -2, te R 

For elimination of parameter t, we set t-x-1 in y (^—2to obtain the 
7 curve in xy-plane: 
4 A ysü-2z(x-1y-2 


] 
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Figure 4.48: Some value of F(t)=(¢+7)i+ (1? —2)7 ) 


-2 


| 0,-2) 
Figure 44b: Graph of Еү)-(1240 (2-2) 


Notice that the graph of-this vector function is a parabola opening up, 
with vertex at the point (1,-2), as seen in figure (4.4b). The small arrows marked 
on the graph indicate the orientation, that is, the direction.of increasing values 
of t. If the curve describes the path of an object, then the orientation indicates 
the direction in which the object traverses the path. In this case, we can easily 


W | 


А | 


A 


P сс 


b 


=, : 
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determine the orientation from the parametric representatiu. of the curve. Since 
x=t+ 1, we observe that x increases as f increases. 


di) Domain and range of a vector function 
| Definition 413:[Domain and Rangel: The set of all t values used as input in 


F(z) is called the domain of a vector-valued function (n) and the set of F(t) 
values that the vector function F(t) takes as t varies, is called the range of a 
vector function F(t). — — i 


Example 412: [Domain and Range}: Find the domain for the following 


-vector function Е(0)-:241-304:1Е 


Solution: 
The vector function is: 
РО) -(fi(0, ЛО, KO) = 26i +1" 
The function f,(t)=2r is defined for all t; /,(0) = 3¢ is defined for all 
values of t; OSE is defined for all values of t except t =0, Thus, 
the domain of the function F(t) is R — {0} 
o Operations with vector functions 
It follows from the definition of vector operations that vector functions 
can be added, subtracted, multiplied by a scalar function, and multiplied 
together. 


“Definition 41A Vector Operations}: If Е and G are vector functions of the real 


variable b, and h(t) is any scalar function, then F-+G, F-Gr and Fx С are vector 
functions, and F.G is a scalar function. These operations are: 


Vector Functions: Scalar Function: 
o Addition: (F-«GY(t)-F()4G(t) Dot product: (F.GXt)-F (t). G (©) 
о Subtraction: (F-G)t)-F()*G(t) 
o Scalar product: (h FXt)-h() F(t) 
о Cross product (АХС), F()xG@) 


"Example 41:3: [Vector Function Operations): Let Күт) = {1 «tj -sintk and 
G(t)=tittj+5k are the two vector-valued functions. Find the following 
vector operations: 

| afai b (zz). c. (FxG)() 4. (F.G)() 


[[ йабан} jt Vector Functions | 


«2 
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Solution: 
а. KF(t)o ri«tj-sintk land G(t) tit )--5К, then 


(F-G)0- Е@+Са@) 
= (Led - sintk)s (tiet j 5k) = (P i (o! j +(5- sint)k 
b. (Е) = er) = e (Fied-sintk) eerie e sintk 
с (FxG)(D- Ех) 
= (Pi tj sintk)x(ui e +56) 
Pj k 
=| t -sint 
tr” 5 


= (нь |-өг заяадун-2Ж 


d. (F.G)(t)= F(t).G(t) 
= (Piet sintk). (нэ j 5k) 


-2D41-5sint ii= jj=kk=1 


For the most part, vector limits behave like scalar limits. The proper 
definition of the limit of a vector function is given below. 
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lim Р) lim[f (0i f At f 40k] 
= [ fo) tim гө) х вл» 


2) Vector’ [crim Find lim А0), cim the Geet 
[is “functionis is F(t (8 2a Hite! ‘jot sin th, 


Solution: 
lim F(r)- imf (ti f (0j f ДК] 
= Ї EI 1 7 *[im sin n] 
=(4-3)ite jesin2zk- i-e j, sin2r=0 
The following theorem contains some useful general properties of such limits. 
Theorem 4.1: [Rules for Vector Limits]: If the vector functions F(t) and G(t) 


are functions of a real variable t and h(t) is a scalar function such that all the 
three functions have finite limits as £ — to, then the limit of the 


e Sum: limLF(t)4 СЛ - Jim F(t)+ lim Git) 


e Difference: lim F(2)- G(t) = lim F(i)-lim G(t) 

• Scalar multiple: вонон [ lim мо] [im re 

e Dot product: tint FG) [ат в0 im en) 
гэ, pe pe» 


* Cross product: lip AI G0) - [lim Ft) > im 90| 


These limit formulas a are | also уана ast — te, assuming all limits exist. 


d) Continuity si ofa v vector. „ЛШ 


7 dete Fi » M 
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Theorem 4.2: A vector function F(t)= ( FADS ADS £ 1) is continuous at 
t= ty, if and only if 
1. F(t)- (f (t) f Kt f (t) is defined at t= 4. 
2. ali the component functions f (1), f (1), f,(t) are continuous at t= t, : 
lim f= AiG), lim 50= Б), lim f,(0 = 30) 


Solution: The components of a vector function are: 
fft) sint, ft)(1-t)^, teR 


The functionf ,(t) is continuous for all t; / 2(t)is continuous where 
1-t#0 (t I). Thus, F(t) is continuous, when t is a positive number other than 1. 
That is t 2 0, and t #1. 


) ad x one: 42:3: Contimity а - 


b Е sint (l-t ontinuous 
Solution: The components of a vector function are: 
) fAdesing f(t)-(1—-)', Р) ат, ге В 
The function j(t)is continuous for al t; f(t) is continuous where 
) 1-г0 (that is, where t #1); f;(t) is continuous for t>0. Thus, F (t) is continuous 
function whenever t is any positive number other than 1. That is г> 0, t #1. 


b. F(t)- (1-0) * Jtj-(t-2)^k 

c. F(t 2 sinti- cost j+tantk 

d. F(t)= costi —cott j + cosectk 

e. F(t) - G(t) where F(t)= 3tj-- 17k, G(1) 5ti+ 410—1j 

f. F(t)- G(t), where F(t)- Inti 3tj -?k, G(t) - i+ 5tj-r'k 

в. F(tyx G(r), where F(t)s (1—1) + 2tk, G(t)e (t+ 2) ie(t 4) -J-tk 


бе 
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a. Ft) 2ti«t^ j b. G(t)  sinti — cost j 


F(t)= 2ti-5j «^k, G(t)= 0-0н48 H(t)=sinti+e' j: 
a. 2F(t)- 3G(t) b. F(t).G(t) c. G(r).H (0 
d. F(t)x H(t) e.2e' F(t) +1G(t) + 10Ң(1) 


a. lim [3i e" }+зїзлтЕ | b. li =] 
+ -1 


2-1. 02-31+2 it 
in| Tj 2302 нг +De' ЇЇ E 


П t-i ; иг 
рате Р ЭЛ elect 
| J—e' cost mol t t 


b 


m|———i-* 
10| sin2r In(tant) 


ES o 
PAP RW Uu www 


Е In(sint) гр d 


g ши|28- -3jeek] h. lim[ Qi- 5 +ekyx(Pi+4sing) | 
a F()sti3j-(1-0k b. С(ђ= ti- r^ 


с.90)= 183) d. Ей) = e sinti&e costk 


Üe 
NET й+у) 
e. F(t)= € (0+1 j 3k f. С) = 
( Jet 
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In unit-3, we defined the derivative of the scalar function f(x) which is 


the limit as Ax > 0 of the difference quotient £, Tt was the scalar derivative 
of a scalar function. Exactly, the derivative of a vector functions is the limit as 


а. а. а. дь ай 4ь Ae Oe 2-2 
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AF = At+An- Rt) 
At 


At —0 of the difference quotient с of a vector function 


F(t). This is shown in figure (4.5(a) + Бу 


В+ t)-E (t) 


Fig. 4.55) 


Fig. 4.5(a) 


In other words, as At — 0, ће difference quotient E approaches a 
vector F'(t) which is tangent to the curve C at the terminal point of a vector F(t). 
This is shown in figure (4.5(c)). 


Fig. 4.5(c) 


Definition 4.3.1: [Derivative of a Vector Function]: The derivative of a vector 
function F(t) is the vector function F'(r) determined by taking the limit of a 


difference ЕЕ 


F'(r)- lim~ = lim тт when this limit exists (6) 


-0 P" Ar2ü0 


— 169 — = 


¢ 


>< 


>< 


Tn the Leibniz notation, the derivative of F (t) is denoted by: 
dF i AF = jim FEAT FD 
dt — à9 Аг 40 At 
In this situation we say that the vector function F(t) is differentiable at a 
point 7 z t, if F'(r) is defined at 1 —1,. 


(7) 


The following theorem establishes a convenient method for computing 
the derivative of a vector function. 


Theorem 4.3: [Derivative of a Vector Function]: The vector function 
F(t) e (7 fth f ADF (0) = f£ (0i F0) * f,Dk is differentiable at а point 
1-1, whenever the component functions f (t), f(t), (ОЕ F(r) are all 
differentiable at a point t= f, : 
Ей)= (ү (0. (0), £0) 
= filii falt) + Kk 


Proof: If a vector function F(t) is differentiable, then their component functions 


f (D. f 2(t) and f (1) exist, then the scalar derivatives f(t), f(t) and f(t) by 
first-principle rule are: 


F(t)- p Dido, 
= iim 0+ А) + ee Ak] [f GC fa (0 j+ Ors 


deett ttn] 
[ys eti tl 


= fini fii fk 
In the Leibniz notation, the derivative of F(t) is denoted by: 


dF df, 445, hh 
o ater rane 2 
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T > £y 
Solution: The component functions | Jj(r)e cos? andf,(t)=t—-5 ае 
differentiable for all values of t, but ЛО) sl tlis not (not continuous at t=0) 
differentiable at t=0. Thus, the vector function G(?) is differentiable for all t s 0. 


9 
X 
= 
z 


АР: гаг d MB: 

——-— ES =P +5: 

X pA Lir (ain + +5t)k 
ze i+cost ј-+(312 4 5)k 
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Several rules for computing derivatives of vector functions are listed 
below, which can be proved by applying rules for limits of vector functions to 
appropriate theorems for scalar derivatives. 


If F(= f (t) f (nj f fk 
= (ЛР) 

and G(t)- g {t)i+ g (1)j-* к (vk 
7 (800.80.830) 


are the differentiable vector functions, h(f) is a differentiable scalar function, 
and a and b are any scalar quantities, then the differential nile is: 


d d 
—(w)=—(witw,j+w,k)=0, 
© Constantrule: жш (MEE Mad + mak) 
w is a constant vector function 


d dF |, dG 
i i p tbG)(nsa——tb— 
б Linearity rule: = (аЕ )() га 5 57 


am, 
L 
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M 


“(ак £66) ]= Таоа ало) (be dibe йв 49) 


- [айз е (04140558 (Deaf. t) bg 0 


= [af (1)+ bet). af (t) bg; (t),afs (0) 683 (t)] 
= a( SÄD, felt), £100) 5 (8100), 8300) 8500) 
= aF' (t) bG'(t) 
d мак ак 
Scalar Multiple rule: SEPO) LFU. 


ELI ED A(t) f (t) h(OF 41) 


=h ЛУУК COMOLA 1012011:0273 (9--810У (t) hf (9) 
=[h р (00807 qr) HOF 01640105 (t) щш; (0) + М; (N 


= eL poe 
dt dt 
: d ( f. 1[,dF dh 
Quotient rule: — =—| h—-—F 
Е Ч 4(1р zi dt dt | 


dG 


d dF 
Dot Product rule: 2(Р.бХоу- S GF. — 
я р Б Рат Д 


(к. G)o- E (+ f£ Dg Mt)+ f (980) 
= н (Dg (+f (08 (0+ (Og 40 Fes D+ Fs (Ов (0 
+f (080) 
SLR (Og (t+ f(a (0 Flt U4 LF (Oa (0 f (085 (1) 
+f {085 аЛ 
~ dt "dr 
dG 


° Cross Product rule: agoia e 


dF асин dh 


. Chain rule: (ra ))= 27 


Жы 


а. а. ть. ox 
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| Unit-4 | 


E (FMD) = TU (80 7 490). {МЛ 
= рена GS БОСОО f£ (ИК) 
SLF (HOD), (МОУ ЈЕО 


E ачан) 
а \ di 


We leave the proofs of quotient and cross product rules as exercises. 
Example 4.4.1:[Derivative of a Gross Product]: Let F(t)= ixjrÜk and 
G(t)= + e'j+3k are the vector functions. Verify the derivative: 


d dF dG 
G - G 
gi FX ya) х + Ех 57 


Solution: For verification, the LHS is: 


LHS =“ (FXG)() 


ijk 
z—11 t 1 
бе ® 


= ione Ji-G- P (6-2 81 
=(3—2ге' — e )i + 30 jx (e -20)k 


The expressions 
dE j-+ 2th, EE nor 
dt 
uo Е 
0 1 2: |-G-2: yi - (2€ y 4(-0К 
te 


= (rte) - (20) j +(e - 0k 


= (3-Zw'-r'e)i* (Qr 0) e Cr e Ok 
= (3-2te! - re! )i - (31) j +(e 20k 
which is identical to the LHS. Thus, the LHS-RHS. 


—11734- - 
-: — 
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>< 
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Example 4.4.2:[Derivative of Vector Functions]: ЇЕ (2) - i-e j+rk and 
G(t) —3t*i* e" j —2tk are the two vector functions and h(t) is any scalar 
function, then evaluate the following derivatives: 


d 3 d 
—(2F $ —(ЕС, 
а a +G) b 49 
Solution: 
4 ac PES TU 
a. aerogel etk) rine 2i)] 
[Gsm aeetenj sanat] 
= 1501+ (24 3n e' 067) je (4t 8P)k 
zI5r'i (22-67 (3-0) ]+4(1—2?)& 


b. <(Re)= [see eb. Gri ce j-2ik)]. Li jj kk-1 
523 41-28) 6:50-68 068-6) 


ü) Position vector, velocity and acceleration 
Definition 4.4.1: An object that moves in such a way that its position at any 
time tis said to have a 

l. position vector or displacement R(t) 


aU Lari 
2. velocity V = 25 = R(t) 


At any time t, the speed is |V|=|yé+vei+vx|=Vvi+Vi+V3, the 
magnitude of the velocity and the direction of motion is H 
Example 4.4.3: [Speed and Direction of a Particle}: A particle's position at 
time t is determined by the vector R(t)- cos r+ sintj-F rk. Find the particle's 
velocity, speed, direction and acceleration at a time t=2. Interpret the particle's 
motion. 
Solution: If the particle's position at a time t is , then R(t)= cost i + sint j+1°k 
then, the particle's velocity and acceleration are: 


——{ 


>< 
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И) = B= S [costi sinr j+k]=—sinti+cost j 37k 


dV а(ав 
A(t)= = <j = 
() dt 45) 
- S [-sinti+cost j+ 3'k]- —costi—sint j +6tk 
The velocity at a time t=2 is 


V(2)= -sin 2i + cos 2j + 3(4)k = —0.01i —0.42j + 12k, use radians 


The acceleration at a time t=2 is 
A(2)= —cos 2i —sin 2j + 6(2)k =0.42i —0.91j + 12k 


The speed is [И |= J( —sint J (cost P+ = JI-9r* Аса time t-2, 
the speed is. |V| - /23-9(2) = АЯЗ. 


The direction of motion is: 


y 1 een ; 2 

т = S| -Sinti+cost j+3t°k 

WE a | 
At a time t=2, the direction of motion is: 

у 1 

T= [Sin Zi + cos 2j+12k] = —0.91/i—0.42 j - 12k 
ivl Asl : 3 


минии ^ 
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Find the vector derivative F'(r) of the following vector functions: 

a. F(t)- ti- t! je(tte )k — b. Ех) = (sis? j + sk) (252i — sj 3k) 
с. F(8)- cosO[i * tan 0j 3k] 

Find F'(r) and E" (t) of the following vector functions: 

а. F(t)e "i-r! je" k b. F(s)e (1-25? Ji s( cos s)j - sk 

c. F(s)=sin sitcossj+s’k d.F(0)s ѕіп? Gi cos20j «8^ k 
Differentiate the following scalar functions: 

a. fix) e [xi - (x * 1j].D2xi - 3x? j] 

b. Лх) = [cosxi 4 xj — xk].[sec xi 7 x^j + 2xk] 

c. g(x)=|sin xi 2х) cos xk| 


- | 175; шэн 


4. Find the particle's velocity, acceleration, speed and direction of motion for 
the indicated value o£ /, when the position vector of a particle in space at 
time tis R(t): 
a. R()s tiet" j+2tk аг1:1 
b. К(т)= (1-20)i - je k at 150 
c. К(1) = costi ^ sint j+3tk at 1 z/4 

5) if у221-)458 and w=i+2j—3k are the two vector functions, then 
evaluate the following derivatives problems; 


Р 


rnm) b. PU tw) 
d (Мк) a 2 (хь) 
6 Verify the following indicated equations for the vector functions, when 
F(t)= (3+1 Ji -(cos3t)] ^k and G(t)- sin(2- rji - ek : 
a. (3F-2G) (0= 3F()-2G 0) | b. (FG) ()= (Е:6)(0)+(Е6')(0) 
7. ЕКфам С) are differentiable vector functions oft, then prove that 
a. (KG) (= (F-G)()* (F.G() 
b. (FxG) ((- (F'xG)(0*(FxG^) 


8. If F(t) is a differentiable vector functions of t such that F(£) #0, then 


show that - Я 
4 Ра) _ FC) _ [FOF t] Fo 
а |е} FO) RON 
- J Um 


Maths - 12 пй 


) 
) 
) 
) 
) 


=. 


) 
) 
) 
) 


) 
) 
р” 
) 
) 


) 
) 
) 


[ E ) А 1 


Glossary 


The parametric equation for the plane curve C generated by the set of ordered pairs in 
2-space is: 

(x W(x (0), y (1) = (С@), 8 (0) 

The parametric equation for the plane curve C generated by the set of ordered triples 
in 3-space is: 

(х, у, z) = (x (1) y (t z (0) = F (0) в (1), В (0) 

Continuity of a Vector Function: A vector function F(t) is continuous at f= f, if 


1, is in the domain of F(/) 
lim F(a) = F(t) 


Derivative of a Vector Function: The derivative of a vector function F(s) is the vector 
function F'(f) determined by the limit 
5 AF. F(t+At}— F(t) 
Е(1) = lim — = lim ) Я 
Асад Др A0 At 
whenever this limit exists. In the Leibniz notation, the derivative of F(t) is denoted by: 
_ F(t +At)— Ри, 
= tim Ж +Ай=Е@) 
At 


If an object moves in such a way that its position at any time t is the position vector or 
displacement R(t), then the 


o ане К) 
dt 
2 
acceleration is m" 48 р) 
di di 
о At any time t, the speed is 


М= viva tv o Miei eV. the magnitude 


V 
of the velocity and the direction of motion is М 


| INTEGRATION 


This unit 015 us, how to: 


51 


demonstrate the concept of the integral as an accumulator. 


know integration as the inverse process of differentiation (antiderivative); explain the 
constant of integration; know standard integrals from standard differentiation formulae. 


recognize the different rules of integration. 

use standard differentiation formulae for the proof of the given standard integrals. 

explain the method of integration by substitution, and its use to evaluate indefinite 
integrals. 

apply method of substitution for evaluating integrals of some different types. 

recognize integration by parts formula and its use to evaluate. integrals of some different 
types. 

evaluate integrals using integration by parts. 

use partial fractions in integration and its use in different types of indefinite integrals. 
define the definite integral as the limit of a sum. 

describe the fundamental theorem of calculus and its recognization in different situations. 
represent the definite integral as the area under a curve and its use in different situations. 


apply d definite integrals to calculate the area under a curve. 


aciei a пр T 


"Introduction 
In the previous units 4 2-1 5, we DES the aki of a function and 


varicus applications of derivatives. That material belongs to the branch of 
calculus is called differential calculus. In this unit, we will study another branch 
of calculus, which is called integral calculus. Like the derivative of a function, 
the definite integral of a function is a special limit with many diverse applications. 
Geometrically, the derivative is related to the slope of the tangent line to the 
curve, while the reverse of derivative is the definite integral which is related to the 
area under a curve. 


Р 


The accumulator concept of integration, 
Functions used in applications in.previous units have provided information 


about a total amount of a quantity, stich as cost, revenue, profit, temperature, 


(aa 


1178 | 
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) gallons of oil or distance. Derivatives of these functions provided information 
about the rate of change of these quantities and allowed us to answer important 
) questions about the extrema of the functions. It is not always possible to find 
ready-made functions that provide information about the total amount of a 
) quantity, but it is often possible to collect enough data to come up with a function 
that gives the rate of change of a quantity. 
) Accumulative point of view is that the derivative gives the rate of change 
when the total amount is known; the reverse process of derivative gives the total 
> amount of a quantity, when the rate of change of a quantity is known. This reverse 
process of derivative or antiderivative or antidifferentiation (inverse process of 
) differentiation) is the main topic of this unit. 
) 


а ) Integration as inverse process process of f differentiation 0 UE Si 


If F(x) is any unknown function and its derivative is F'(x) = f (x), say, 
then the reverse process is to give a function F(x) such that its derivative F’(x) is 
equal to f(x): 

F(x)= f(x) (0) 
лав", TU Jg Mni 


~ 


, ` Solution: From the definition of an antiderivative, it follows that the function 


F(x) == has an antiderivative of f(x) =x’, since F'(x) = f(x) 2x. 


It is easy to see that if the given function f(x) has an antiderivative, then 
* this antiderivative will not be the only one. In the Example 5.1.1, we will take the 
following functions as antiderivatives 
à k] 


ЕН ж. эл 
Е(х)- 3 +1, F(9)- 3 К ЖООЛУ MESE 3 +C, 


of a function f(x)- х?, since F(x) = f (x). 


E 

It may be proved that the functions of the form ate for any constant 
value of C exhaust all antiderivatives of the function f(x) = x. This develops a 
consequence of the theorem: 
Theorem 5.1: IFF (x) and F, (x) are two antiderivatives of a function f(x) оп an 
interval [a, b], then the difference between them is a constant quantity. 
Proof: EF (x)and A (х) аге the derivatives of Е (х) and F, (x), then by virtue of 
the definition of an antiderivative, we have — 

RG)- О), Е (х) = /0О) 0) 

If we put the difference of А (х) and F, (x) by 

Е(х)— FG) = ф(х), 
then by virtue of the definition of an antiderivative for any value of x on the 
interval [a, b]: 

К) Еб) = РО) ГО) 
2(кс)-809)-0-» 600) 20 #1) =0 


From ф (х) = 0, it follows that ф(х) = C is any constant quantity. It follows that if a 
given function f(x) has an antiderivative F(x), then any other antiderivative of f(x) 
will be of the form F(x)+C, for any constant value of C. 

The process of finding antiderivative is then called the antidifferentiation 
or inverse of differentiation or integration. 


Definition 5.1.2:{Indefinite Integral]: If the function F(x) is an antidéri vative of 
f(x), then the expression F(x)*C is of course the indefinite integral of the 
function f(x) and is denoted by the symbol: 


| айх-Ер)»С i$ К(у=/(%У (8) 


‘The symbol | is called an integral sign and the fenction f (x) is called the 
integrand. The symbol dx indicates that the antiderivative is performed with 
respect to the variable x. The arbitrary constant С is called the constant of 
integration. Referring to the preceding discussion, we can write 


[2:29 +С, since ово) 


The variables other than x can also be used in indefinite integrals. For 


example, 


[а= +C, since RIDES 
Л 

Ip =u +C since ай +С)=2и 
и 


iv) Standard. integrals through standard differentiation 
formulae 
If f(x) is any function of x, then in different situations, the integral of f(x) 
can be found directly in light of definition 5.1.2 from the chart of integrals and its 


differentiation formulae. The truth of the integrals can easily be checked by 
differentiating the right side of the integral which always equals the integrand. 


Integrals Differentiation Formulae 
x? d x 
2 fx"dx=——+C ,n#-l == *C|-x.n2-l 
Lo [x'dx mp n aa n 
dx d 1 
EES E iaae 
5 асал 4 (анс)! 
3. Joosia "= ec (SB ecce 
л, [хуз СЫ [=й ic) sint 
f E k dx k 
5. [——шпх+с © (tan x+€)=sec? x= t 
COS X | s COS x 
e Í e z—cotx4C 2 (cot x+C)=cosec? x= ib 
sin” Xx dx sin’ x 
т. [tandx--in|cosx| C Z (Cineos tC) ean 
& [соїхах=ш]гш+С + (insinx C) e cot 
- = e n 


egra 771 


dx 1-1 ар 
15 хъс —lsin" x-C)- 
ида aA ) I-x* 
а 


GI оу 2 
16. Ї 2-2 = SID mee (sn ЗО? uz 
(8 1173 d ЖЕТП ЦА 
A [f ЕТЕТ =in|z+ vz ta*|+C =; {inf ve ta +0)- Em 


HE) ^ Example 5.1.2: [Formulae Chart]: Use the chart of integral folmulae to evaluate 
the following integrals: 


a. ! x dx b. [17524 


Solution: 
a. Formula serial number (1) for n=1/2 is used to obtain: 
ja x5 3 
fxPdr= 40-40-2279 46 
lau 4/3 4 
3 
b. Formula (1) for п=-3 is used to obtain: 
341 -2 
Хуш зүс EL гүр eue 
3-1 2 2. 
18 
——— - -/1801------- — — 


“м. 


i i, i 


| Unit-5 | f Integration 


[БОЛ] => | Rules of Integration | 
i) Recognization of rules of integration-I 


o Recognization of all fa (adr |= f 


It is extremely important to recognize that differentiation is the inverse 
operation of integration 


d 

AL Heo] лә 2) 
and the integration is the inverse operation of differentiation: 

| дахь fos c (5) 


The notations (4) and (5) are illustrated by the following examples. Let us 
begin with (4). If f(x) =<’, then the integral of f(x) is: 


joie Tec 


Now the derivative of the integral is: 


This illustrates that the derivative of the integral of f(x) is equal to f(x). 
Now look at (5). If f(x) 2 х? and f^ (x) = 3x^, then the integral of f'(x) is 
3 
[зга с=с 


This illustrates that the integral of the derivative of f(x) is equal to f(x) 
plus a constant quantity C. 
This is summarized in a box: 


If all integrals exist, then: 
1. zi Ро) РО) 2.17 (dx fate 


f 


1:183. ——— 


Unites Шин ши 


© Recognization of | kf (X) = k| f(x)dx 


A constant factor may be taken outside the integral sign. If k is any real 
constant, then 


Je F@)de= k[ Лоу (6 


To establish that the expressions to the right and left are the same in the 
sense indicated above, it is necessary to prove that their derivatives with respect to 
x are equal. Then the derivative of (6) w.r.t x is: 


d d 
яШИО2355-4 1) 
M (x) =Kf a) (7) 
The derivatives of the right and left sides of (7) are equal. 
© Recognization of [70 +209] ЇГС | хэхэ [дах 


The indefinite integral of an algebraic sum of two ог more fonctions is 
equal to the algebraic sum of their integrals: 


Пло «cal ёс- | ххх | ох (8) 


The derivative of (8) w.r.t x is: 


A одно) ]e- A [rents Песоа] 
Ff (x)+ B(x) =F G)* 8) (9) 


The derivatives of the right and left sides of (9) are equal, therefore as in (8). 
These rules are summarized in a box: 


1. Constant Rule: [kdxz kx C, kis constant 
2. Constant Multipl Rule: fk f (x)dxs k f(x) C. 
3. Sum Rule: По) + eke 2 | £o9dx «[gCadx - € 
nl 

4. Power Rule: рах +С, n+- 

n+l 
5. Logarithmic Rute: [Lace pic, x#0 

x 


Maths - 12 ШЕЙ [шешш | 


Solution: 
a. The constant rule of integration is used to obtain: 
100--а)х-10--)х-С 
b. The constant multiple rule of integration is used to obtain: 


Moray 


Я 3 
[00x xe (0*2) +C = G 


c. The sum rule of integration is used to obtain: 
[б +4х+2)4х= | хасч | хаха [2dx+C 


3 P : 
255447 234€ 

3 2 

3 2 3 
QAM „о.б 3% 42x окыр 

Зүй 3 
d. Power rule of integration is used to obtain: 
P 4x? 4x? 


+С 


faxtdraafxtar=4 T 


: ml 
© Recognization of ЇР СО fos шог 


Let it will be requied to find the integral 


For this integral, we are not in position to directly select the antiderivative 
of f(x), however the integral exists. In this situation, we need to change the 
variable x in the expression under the integral sign by putting: 


dx 
x-u(t) and E u(t) 


These are used in (10) to obtain: 


а oS 


Ma 


b n вий 5: 


To establish that the expressions to the right and left are the same in the 


sense indicated above, it is necessary to prove that their derivatives with respect to 
x are equal. Then the derivative of (11) w.r.t x is: 


ESI Со l= “[[ f рода 
[ex = zi lf мо оа) 
==] {lr [uo] wnat E 


-иїжи Eror 


The derivatives of the right and left sides of the expression are equal. 
therefore, as in (11). 


e Recognization of кв тоон E 


/А 
v Let it will be requied to find the integral 
7А 


>< 


W 
at (12) 4 


We need to change the variable x in the expression under the integral sign 
by putting: 


x-u(t) and dps u'(t) 
dt 


These are used in (12) to obtain: 


H 
Ге! ire PUR P" 


To establish that the expressions to the right and left are the same in the 


4 
7 sense indicated above, it is necessary to prove that their derivatives wath respect to 1 
\ x are equal. Then the derivative of (12) w.r.t x is: 


5 = 


=———=\їн& |—— — — 


шин! 
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A e К 1 


Ё low dt 
— |o 


“Fel 76) 


The derivatives of the right and left sides of the expression are equal, 


therefore, as in (13). 
© Recognization of je 12 F'Gdx 
Let it will be requied to find the integral 


[ ef dz =? (14) 


We need to change the variable x in the expression under the integral sign 


by putting: 
x=u(t) and ы =u'(t) 


These are ks in (14) to obtain: 


je Pdr = [of u'(t)dt (15) 


To establish that the expressions to the right and left are the same in the 
sense indicated above, it is necessary to prove that their derivatives with respect to 


x are equal. Then the derivative of (14) w.r.t x is: 


zl ef dx| E ^em 2021 


MIS E lf е! 1212 


=< [| et Ware 


d PAGOS Ш efle uro 
: ит) 7 


The derivatives of thé right and left sides of the expression are equal, 
therefore, as in (15). 


[53 => | Integration Бу Substitution | 


i) | Method of integration by substitution 


In previous section, we saw how to integrate a few simple functions. More 
complicated functions can sometimes be integrated by substitution. The technique 
depends on the idea of a differential. If и = f (x), then, the differential of u, written 
du, is defined as 

du = f '(x)dx. 

Differentials have many useful interpretations which are studied in more 
advanced courses. We shall only use them as a convenient notational device when 
finding an antiderivative such as 


Ї ve tide (16) 


The function x^4 x? +1 is reminiscent of the chain rule and so we shall try 
to use differentials and the chain rule in reverse to find the antiderivative. Let 
и = x41, then du = 3x dx. Now substitute u Югх ‘+ Г and du for 3x ах in the 
indefinite integral (16) to obtain 


[БЕ +1dx= [Ean u =x +], duldx-3x* 


12 ое Integration 


3 3 3 
5) +с=шт+с= (2 +1P+C 
9 9 
This method of integration is called integration by substitution. As 


shown above, it is simply the chain rule for derivative in reverse. The results can 
always be verified by differentiation. 


General Indefinite Integral Formulae: 
Ffu is a function of x, where usf(x) and du = ftx)dx then 


18174651 rodu] га GT ue nz-l 
Р) ср 
= 2477 Infuf(x)i+C 


ai [PL Т(хМх- Jedu = e+ 


Jf kis areal number, k #0, then 


kx x 
1 Геа=е+с  2[&da-f-.C —— 3ЛЇа4х--5-4С 
k ша 


й) Method of substitution to evaluate the indefinite integrals 


Example:5.3.1:[Product/Quotient/Exponential]: Evaluate the following integrals: 


a [(#-5х+7)(347-5)ж b. f = с. fed 


Solution: 
a. We need to substitute a new variable u(x) : 
х? -3х47-4н 


4 3 du 2 du 2 
— —5х+7)=—=> 3x =52=—= 3x —5)dx= di 17 
ax х ) dx dx ( s ( 7 


Substitute (17) in the given integral to obtain: 


- = 189 


f( à 5x7 (Bx - 5)dx [u'du 
(и) 
z——4C 
5 


=i S474 и=х'—5х+7 


b. We need to substitute a new variable u (x) ; 


9х+7=и 
du. 

d gere = 9 zadxz— 18 

zd ) = 9 (18) 
бу Т in the given integral to obtain: 

d = dee clu C= liri 7) C и=9х+7 
9х-7 99 

c. We need to substitute a new variable u(x) : 
d du du du 

3x+2=u, —(3142)7 — > 32—— drz = 19 
RIEL p (Epl eer ZEE (19) 


Substitute (19) in the given integral to obtain: 
[езу = Ч edu те+С= iem и=3х+2 


Example 5.3.2:[Cost of an Item]: An item is purchased a£ a rate of Rs.2. Find 
the total cost y (x) of the x number of items. 


a. Determine the fixed cost (the constant of integration, that is C), when the cost 
of xz 4 number of items is rupees y = 20. 
b. Determine the specific cost for x = 10 number of items. 


Solution: The rate at which x number of items purchased is у(х)= 2. The total 
cost y (x) of x number of items is the indefinite integral of у(х) with respect to х: 
[у{хйх= 124с 
убх) 2x C, Cis the fixed cost 


In geeral, equation (20) is the (general curve) cost of x number of items. 
The fixed cost C is obtained by inserting x=4 and y=20 in equation (20) 


у(х)= 2x* C 2207 2(4)+С > C= 12 


(20) 


L-xumit- 5.1 [integration 


а. Use this value of C=12 (fixed cost means transportation charges etc) in 
equation (20) to obtain the specific (particular curve) cost of x number 


of items 
yx) = 2x412 (21) 

b. The specific cost of x=10 numbers of items is obtained by inserting x=10 
in equation (21): . 3 


y(10)= 2(10)4 12 = 32 Rupees 
Example 5.3.3:[Wound. Healing]: If the area A of a healing wound Changes ata 
rate approximateld by, 


бы, 1<1<10, 
dt 


tis time in days and the wound area is A=2 square centimeters on day 1-1. What 
will the area of the wound be in 10 days? 


Solution: The rate at which the wound area changes, is: 


Р 
== -4t 22 
25 (22) 


The wound area А(1) is obtained by integrating equation (22) with respect to t 
[z- [ 
' nee 03) 
A(tjz [tdi 4 + C= 4C 
-341 oc 
The fixed wound area C is obtained by inserting A=2 and t=1 in equation 
(23): 
2 
2= т" c>c=0 
Put C=0 in equation (23) to obtain the total wound area: 
A(t)= 2 (24) 
t 


The specific wound area with in 10 days is obtained by putting t=10 in 
equation (24): 
2 


A(10) 2. 2-2 - 2092 Square Itimeters. 
(10) I9 100 50 quare centime! 


a O 


Evaluate the following indefinite integral and check the result through 
differentiation: 
z 


1 2 
5-4 a 
a. f(x 333 -7)dx b [а с [олен х их 
d. [+ 3га e. fa? -1àt Е ин 
Е. [25а 


Evaluate the following indefinite integrals by method of substitution: 
a. | (3x+4 Јах. [3202—08 c. [Gx 2G 7x fax 


а. f 3-7 d а [ECT їг х+1 


Паў ух +2542) 
Evaluate the following indefinite integrals by method of substituntion: 
a. [6e*ar b. [oc as 
c. (a? - 29 as a. [8 cea 


Find the equation of the particular curve that has a slope 4x! 46x? ata 
point (1, 0). 


A certain curve has a slope x(2x? —1)^ that passes through the point (3, 3). 
What is the equation of the specific curve? 


A certain curve has a slope xj 2x’—1 that passes through the point (3, 3). 
What is the equation of the specific curve? 


For an average person, the rate of change of weight W n pounds) with 
respect to height h (in inches) is approximately by 


ees 0.0015}? 
dh 


a. Find (|), if the weight is W=108 pounds in response of height h=60 inches. 


b,Find the weight W of a person who is 5 feet 10 inches (=h) тай. 


=| 192 
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8. The rate of growth of the population N(t) of a newly incorporated city t $ 


years after incorporation is estimated to be 

aN 540+ 600V, 0<;<9 

If the population was 5,000 at the time incorporation, find the population 9 
years later. 


© Method of substitution related to trigonometric functions 


When we want to evaluate the integral, it can be matched with one in the 
chart exactly. What happens if the matching of the given integral with one of the 
formulas in the chart is not possible? In this situation. a substitution will be used 
to reduce the given integral into one that corresponds to a box entry: 


1. Jsinade=-cosx+C. 2. [cos xdx = sin x C 
3. ftanxdx--Inlcosx|*C 4. fcotadx= In sin x1 +C 
5. fsectxdx = tan x+C б. [sec x tan. x dx = secx- C. 


7. [cosec xdx = —cot x4 C 8:|созесх cotx dx =-cosecx+C 
9. [sec xdx = In [sec x-t tan х14С 10. [cosec x dx In | cosecx—cot xl +C 


Example 5.3.4: Evaluate the following integrals; 
1 
a. [(cosxjsinxdr b. fe'sine'dx с: J2tan(x+3)dx @ [3cosec^Tuadx 


Solution: 
а. We need to substitute а new variable u(x): 


mL ELI in ee (25) 
dx dx dx 


Substitute (25) in the given integral to obtain 


ro —— —— 
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=-——+С 


34 3 3 : 
= aye с=с (соу +С, u=cosx 


b. We need to substitute a new variable say u(x): 


Substitute (26) in the given integral to obtain Я 


Је іп єх = Ísin udu 


=-cosu+C=cose*+C, и= е" 


c. We need to substitute а new variable say, u(x) 


Substitute (27) in the given integral to obtain 
[2tan(x- 3)dx= ] 2tanudu 
= —2lncosu +С = -21ncos(x--3)-C, и-(х-3) 
d. We need to substitute a new variable u(x): 


Substitute (28) in the given integral to obtain: 


Зв ж, 
J 3cosec^3xdx = E! cosec ийи 


z-cotu Cz -cot3x4 C, uz 3x 
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» Method of substitution related to inverse trigonometric functions 


General Indefinite Integral Formulae: 
1 1 1 
11. dx=sin’—+C 12. a= +С. 
ао е 
1 1 
1 “х= —sec !| IC 
Ї х14/х-а а 
Example 5.3.5: Evaluate the following integrals: 
dx dx 
a. b. |- 
Jag [ 22:4 
Solution: 
a. The given integral after completing square in denominator, is 


dx -f dx 


— ro Ó———— M dx | (29) 
hem уси скы Хот) 


We need to substitute а new variable и (x): 
du du 

2+ Lar m— > l=— > dx=du 30 

x=u, —(2+x) zh c (30) 


Substitute ТУ їп 1 (29) to obtain: 
| dx -| ди 
Nr 40-12 
24 
"sin T Ce sin ^ УС, и=2+х 
b. We need to substitute a new variable u (x): 
d du 
dou Sle! БЕТЕ ЕРГЕ ВЕ (31) 
dx e 


Substitute (31) in the given integral to obtain: 


025-18 e 
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ii) Evaulate integrals 
- ofthe integrands through method of substitution 


In this section, we substitute trigonometric functions in place of variables 
to help integrate algebraic functions. To do this, we use integrals that involve 


expressions of the form Ja'-x Va tx’ and yx’—a’, where a is positive 
constant. 
We consider an example of the form: 


| Gel 


We substitute и = 9x?—/ that on differentiation becomes du= 18x dx. This 
integral and many others, cannot be evaluated by substitution. The special 
trigonometric substitution that are classified as under 


1. For Ja! — x^, we need to substitute x = asin8, a » 0. 
2. For ya?+x7, we need to substitute x = a tan 6. 
3. For 4 x^—q?, we need to substitute x = asec 8. 


e Integrals of the form Е Ма, Im 


22) 


Example 5.3.6:[Integrand (a^ = x”) ]: Evaluate the integral 1 


Solution: Formula-13 for a=2 is used to to obtain the mem z the required 
integrand: 


ЇЕ 1 1 


Cc ЛҮН БУС Үүргээ na 
4-x 22) (2-х 4 
The substitution of х= 2810 is not appropriate for this integral. This 
result can only be obtained by partial fractions. 


Example 5.3.7:[Integrand1/ V27 = 7? ]:Evaluatc the integral | ums 
Tx 


+C 


Solution: We need to use the trigonometric substitution: 
x = 2 sin, dx = 2 с05010 (32) 


Шол шин NN 


Substitute (32 in the given integral to obtain: 


j dx 4--| 2со8040 
221 cos 046 
2 Jr sae 

= joe 


42540,  i-sin'87cos/8. 
cos 


=140=0+С= а 4C 


dx [эт dx 

» Їнэн D [ а +x dx, [гт 

Example 5.3.8: [Integrand 1/(2? 4-x?) ]: Evaluate the integral | ne 

x 

Solution: We need to use the trigonometric substitution: 
x 22 tan, dx = 2sec/0d0 (33) 
Substitute (33) in the given integral to obtain: | 

[ dx : j 25ес? 040 

44x 


4+4tan?@ 
2 2 
- [25e 000... |252 бө [аё+с=®+с=1шгЁ+с 
4(1+ tan* 0) 4sc 0 2 2 2 2 


Example 5.3.9: [Integrand Va? +x? 1: Evaluate the integral | (4+ x'dx. 


Solution: The substitution of x=atan® is not appropriate for this integral. This 
result can only be found by parts integration. 


Example 5.3.10:(Integrand 1/-/x +a? ]:Evaluate the integral ares 
x4x + 


Solution: We need to use the trigonometric substitution: 
x =2tan8, dx = 2sec/0d6 (34) 
Substitute (34) in the given integral to obtain: 


197 == — 


Л 


| Unit-5 Integration 


f dx 2$ес 940 
dxz = 
xxt 2tan GA 4tan 8 +4 
вес 940 


=|= ag 65) 


= leosec dd == In cosec 9 -cot 814C 
We know that 


: f2 
fa ETEA ein Dea 
cos 2 


EE E 


2 


Z-sinó 


х-21аа0 Буе 

2 x 
Use these substitutions in integral (35) to obtain: 
1-2 dx= in |cosecó- со:01-С- Тал a nls 

хад? +4 х 
5 эх [Vr - ds 172. 
Example 5.3.11: [Integrand1/(x^ — a?) |; Evaluate the integral — 
xX- 


Solution: Formula-14 for a=2 is used to to obtain the integral of the required 
integrand: 


5 - 12 бийг [-- Integration ај 


x-2 
х+2 


m E ы 1 нэ. 


x-4 20) [x+ 4 
The substitution ofx — 286018 not appropriate for this integral. This 
result can only be obtained by partial fractions. 


Example 5.3.12: [Integrand / x^ — a? |: Evaluate the integral [x —4 dx, 
Solution: The substitution of x = asec8 is not appropriate for this integral. The 
result of this integral can only be obtained by "parts integration". Watch 
“integration by parts" section for this integral. 


Example 5.3.13: [Integrand 1/ x: - a? 1: Evaluate the integral 2, 
p 


Solution: We need to use the trigonometric substitution: 


x = 25ес0, dx = 2 secOtan 6d 0 (36) 
2m (36) in the given integral to obtain 
лын | 2sec O(2sec@ tan 0 )40 
LE sec - 4 
_ 4[ sec’O tan 040 


24 сс 0-1 


2, 
= pj T 40, sec? 0-1 = tan! 8 
an 


= 2|/sec 048 - C 
= 2tand6+C 


зх-4-0, tan? cg! 8-153551 
4 
А [5 Ёс 
ax bxc. ! dax e bxc 


Example 5.3.14: [Integrand1/(ax? + bx + су]: Evaluate the integral 


dx 
Гата, 


4 
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7 Solution: The given integral after completing square in denominator, is 
F^ dx dx dx 
c? =] SS FI 3 4 
lus [сус лел lero GP | 
We need to substitute a new variable u(x): £ 
А х+2=% Aen E A 12 = dis du (38) 
Substitute (38) in rm to obtain 
dx dx du 
————2|[—————z|-—-— 9 
[кте (+27 +I "ul e» 
3 ' We need to use the trigonometric substitutions: 
e и = tan 8, du = sec°Ad 8 (40) 
Y Substitute (40) in (39) to obtain: 
«) [= 848 
\ л ЭН 1+tan’@ 
/ 4n sec’ 046 
\ i+tan? ө 
/ - Ї sec? 949 
sec’ @ 


4 -|49-С- @+С =tan'ut+C v {х+2)+С 


У B) | Example 5:3:15: [integrand а € bx t c }: Evaluate the integral 
{ ) [ dx 
7 Ч Jeths 


Solution: The given integral after completing square in denominator, is 


^ dx dx dx 
v mee jw 
1 245 онаа Nee 2d 
Ч ) We need to substitute Pike lida u(x) 
( ) x*2-u, Desde s = [att y б) (42) 
j dx dx 
j^, Substitute (42) in (41) to obtain 
4 ша 
) N оина.) |А — 
Y y 2 
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Pails e 
!+4х+5 аа + duel 
We need to use the trigonometric substitutions 
и = tanQ, du = sec Bd 0 (44) 
Substitute (44) in the integral (43) to obtain: 
Ї du af sec 046. 
Ми?+1 ЕЧ 941 (45) 
=| d = sec dA = In{sec 0+ tanOi+C 
We know that 
sec’ tan’O+1 


sec@= ytan ð+] ENTIS tanÜ-u 


Use these substitutions in integral (45) to obtain: 


Шижээ ни u=x+2 
|—Opxtg — Я; pxtq 
ax bxc “Jax -bx4c 
Example 5.3.16: [Integrand — 2-1]; Evaluate the integral 
? 4 ах! 4 bxc 
Ї xt 


dx. 
Дё+Аах+5 


Solution: The given integral after completing square in denominator, is 
х+2 


х+2 х+2 

- dx- dx (46) 
| Jedes M Rey sei 2 ++4х+4+1 “ег 
We need to substitute a new variable say, и (x) 
х+2= on з= 8 5 1-85 dx- du (47) 
Substitute (47) in (46) to obtain: 


ї a i 
Эш = 


12 | Vuit-5. [ Integration 


х+2 х+2 udu 
ERTER бте I aeo 
We need to use the trigonometric substitution 
и — tanO, du = sec'8d 8 (49) 
Substitute (49) in (48) to obtain: 
[ ийи ines I tan Osec?0dG 


wl Vtan70+1 


p 
= ке Пап Өѕес040 = secO+C 
ѕес 


We know that 
sec 8 tan’ +1 
secO=Jtan’?@+/= Vu? +], tang - 
Use these substitutions in the integral (70) to obtain: 


= онсе i necu 246 и=х+2 


utl 


Definite Integral Formulae involving yx’ +a? and ya’- х: 


14. KETT Vita! £o lnc Eg +C 
10 
15. dx-Inlx- Ax! toC 
rw 
2 
16. а а= = dai nite 
а 
[22 [nume 
їл. [3873 dx = Jat y! -am | 3 puc 
x x 
Ї Exercise 5.2 dii 
1. Evaluate the following indefipite integrals by method of substitution: 
a. J sin*x cos хах [Eee 
smx 
c fe sine'dx d. [+ 3)costt 3 Jat 
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а. tan 2e sec 2xdx 


b. b. ванн 


d. f(tan3x+sec3x)dx е. (= 12275 
cosecx 


f. Ja. 


15 nf sin x 
3+2cos x 


sin x+cos x 


dx sinx Ї dx 
ET E — m С. -p 
х?+16 cos x+1 5-2x! 

dx 2x45 24x 

а. -= ал f Jd 
Ve” -4 s тте Тутас 


тт 
PC 


In previous sections, we learned some of the basic techniques of 
integration to solve problems like [x^dxand [sinxdx. But, how do we evaluate 
an integral whose integrand is the product of two functions such as 

Ix sinxdx, Їхе“ах, [x Inxdx 


To solve integral of the type like that, we have a technique called 
integration by parts. 


For this technique, recall the differentiation of the product of two 
functions f (x) and g(x) w.r.t x: 


d = fot £ 
gee = ft) (во) O Ах) 


ft) ox) LLa- aif) 
The integral of (50) with respect to x is giving 


— i$ — — — —— 


(units NEM 


[лв ом [tfta | хөгтэй 
= fedetx)- [ alxif (idx 


the equation that can be transformed into more convenient form by 
substituting u=f(x) and v = g(x), du f {x)dx and dv= р (х/х: 


[udo w- [уй (51) 


This is the standard form of the integration by parts formula. Before to 
attempt a question, choose u and dv/dx to obtain du and v. 


Example 5.4.1 [Integration by Parts]: Evaluate the integral f xe'dx. 
Solution: The integral rule (51) with и = x and 2 =e" is used to obtain: 
[xedxm xe -f e Das, =. 1, фрее, ve e 
= xee" +C 
ii) Evaluate the integrals by method of integration by parts 
• | a! -x dx, [ve +, [v -а! 
Example 5.4.2:[Integration Бу Parts]:Evaluate the following integrals: 
с af a^ — x dx b. Í a^ t x dx 


Solution: 
a. The given integral is 


15 [dei - xs (52) 


In this problem, we choose u= ya- x and =! to integrate the 
integrand of (52): 


204 


hs- 12 | Unit-5 Integration 


ПЕ! a — хіх 
1 
е-/а1-320)-1 g= dx, а= 2)? C2», dy=ldx,v= x 
-х 


2 
= ја 2+] = z 


a-x 


dx 


288 2899; 
=a -x +E ба=х ), add and subtract a? 
je: 


2 
=хуа?—х* +] ® a^ —x'dx 
ya —x 
=xya?-x +07) = zd 


ay 
LX dx Nx 
21-хүа!-х + a^sin ue Jo = sin^— 


а-х а 
282 2 
т=®Ха = ра nE 
2 2 2 
. The given integral is 
I= fya +x dx (53) 


In this problem, we choose u=Ja?+x" and £- 1 to integrate the 
integrand of (53): 


T= Ja? * x!dx 
z2da txx)- rer a а fet xe Ё 2-(2х), dv= dx, xv 
жээ 


mede ак 
a tx 


2 2: 2 
+ = 
2x4a^ a x! ора хЭлаг add and subtract a? 


205 


2 EUREN ын анж 


= ava? х2 - [4 tI fa? + ах 
а 
= aya’ tr-a] dr ;H 


atx 
21 = xa? + x! ~a In|x-- verc j= nce a x 
J 4 IR Ма? 


(ЖЕГУ -Eine vree 


2 
iti) Evaluate integrals through integration by parts 


Example 5.4.3:[Integration by Parts]: Evaluate the integral [x In xdx. 


Solution: The integral rule (51) with substitution и=1пхапй dv/dx- x is used 
to obtain: 


dv x 
In xdx - in = х, Aaa EYE 
[x ха) E (CL s Te 
Ее TC 
2 2 
2 2 2 
a EE а EU REEL. (54) 
2 22 2 4 


Example 5.4.4:[Repeated use of Integration by Parts]: Evaluate the integral 
Je? sinxdx. 
Solution: The integral is 
Iz Je*sinxdx (55) 
The integral rule (51) with substitution и = e ( let и be either e" or sin x) 
and dv/dx = sin x is used to obtain: 


| du, dv 
L= fe sin xdx= є(-совх)-1-008х) йх, ——=e', — = siny 
[2 et ( Je Чана (56) 
= ^e'cos X+ [ e? cos xdx 
It appears that we have not made any progress since we cannot evaluate 
the new integral. However, the form of the new integral prompts us to apply the 
technique a second time and see what happens. 


———————=|(@06- 
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Again, the integral of the integral part of equation (56) with substitution 
u = g^ and dv/dx= cos x is used in (56) to obtain: 


I = fe*sinxdx= -e' cos x «| [е'созхах | 

z—e cos x [e sinx- f(sin xe jax «c. Dice. = cose 
1 =e" cosx+e*sinx—[e* sin xdx+C 
T= -e* cosx+e*sinx—1+C 


2I = e'(sinx—cos x)-- C 


e(sinx-cosx) C 


I= 
2 2 


5.5 [integration by Partial Fractions | 
Partial fraction decomposition has great value as a tool for integration. 
This process may be thought of as the "reverse" of adding fractional algebraic 
expressions, and it allows us to break up rational expressions into simpler terms. УС 
Partial fraction decomposition is an algebraic procedure for expressing а (| 
reduced rational function as a sum of fractional parts. For example, the rational M 
expression ( 


fix) = 2G) (57) * 

D(x) (57) 

can be decomposed into partial fractions only if P and D have no common factors 4 
and if the degree of P is less than the degree of D. If the degree of P is greater ( Уу 


than or equal to the degree of D, then use division to obtain a polynomial plus a 
proper fraction. For example, the rational function after division is: 2" 


х 44233 -4x +х-3 8х-1 4 
C —— —-xX43x414———— (58) 
fare хї=х-2 є 
х?+3х +1 is our polynomial term 4 М 
Кы is our proper fraction ( this is the part which requires ү Ч 
x'-x- &7 


decomposition into partial fractions). 


>< 
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ў P(x) 


Halen 1. 0 


diesem d 


In algebra, the theory of equations tells us that any polynomial P with real 

coefficients can be expressed as a product of linear and irreducible quaarau- 

, powers, some of which may be repeated. This fact can be used to justify the 

4 following general procedure for obtaining the partial fraction decomposition of а 
rational function. 


Let fi) у Wher P(x) and D(x) have no common factors and 
x) 


D(x) #0. 
The steps involved in decomposing the rational function ure the following: 
1. If the degree of P is greater than or equal to the degree of D, use long 
division to express P (x)/ D (x) as the sum of a polynomial and a fraction 
RÆDD) in which the degree of the remainder polynomial R(x) is less 
than the degree of the denominator polynomial D(x) 


2. Factorize the denominator D (x) into the product of linear and ў 
irreducible quadratic powers. 4 A\ 

3. Express P (x)/D (x) as a cascading sum of partial fractions of the form Д 
| lx Aj tB © 

oo ща —————— \ 

7 (x ttt) à 
Verify that the number of constants used is identical to the degree of the X 
denominator. e 
: AS А албы 2. Y 

/, A 


^ E) | Example 5.5.1: Evaluate the following integral: 
y 


( _&с-1 : 26x43 tea АЖ: | Ww 
у ror 000100 


) x -x-2 reg 
! Solution: / iA 
a. The integrand is a proper fraction, so we start by factoring the 54 
‘ denominator 4 1 
7 x -x-2z(x-2)x1) Ned 
A 


The denominator factors are the two distinct linear factors, so we can set 
the rational function equal to the sum of the two parual fractions — 


Y &-l А, + Аз | 
= cuffs. 6 
-e eae | 


т 


Integration 


To determine the constants A,and A, we multiply both sides of the 
equation (59) by (x —2) (x + 1) to obtain: 

8x=15 А{х+1)+ AXx-—2) (60) 

Set x -22 0 =x = 2 in equation (60) to obtain: 

$(2)-1- A, (2* 1)- 442—2) > 1523A, > А,=5 

Set x+1=0 => x = -1 in equation (60) to obtain : 

&( -1)- 12 А{—1+1)+ A 71-2) > —9=-3А, > A:=3 

Use these constants values in equation (59) to obtain: 

A ADU ORDEN 

X -x-2 x-2 xti x-2 x«l 

Use this decomposition instead of rational expression in the given integral 
to obtain: 


UMEN 
шош 


= [4+ e 


-5in(x- ae Sea 
—In(x-2) (хт Ly +n =InC(x—2 f(x41). 


. The ‘integrand is: a proper fraction, so we start by factoring the 


denominator 
(x-2 2 (x-2)x-2)x-2) 


The denominator factors are the three repeated linear factors, so we can set 
the rational function equal to the sum of the three partial fractions 


2- 
х 6x33 — A <a A (61) 

(2-2) х-2 (x-2Y (x-2) 
To determine the constants A ;, A ; and A з, we multiply both sides of the 
equation (61) by (x—2 } to obtain: 


x -6x4+3= Afx—2) X AX —2)* A; (62) 
= Af xi — 4x 4)+ Адх-2)+ As ? 
Setx -22 0 =x = 2 in equation (62) to obtain: 


LM = 
2 


(2 -62)-35 A(2-2) * A2-2) As => —1= Ay >> Аз=-1 
For constants A,,A,, equate the coefficients of x? and x on each side of 
equation (84) to obtain: 
I-A, x? terms 
-6=—4A;+ A: x terms 
Solving this system of equations for the unknowns А, and A; to obtain 
A,71 and A:=-2 
Use these constants values in equation (61) to obtain: 


x -6xt3 _ PAW VATS VASES 1 pur 


6-2) Е (жоу E 2)! 6-2) 


Use this decomposition instead of rational expression in the given integral 
to obtain: 


x 6x53 1 2 1 E 
ee у шш шы сыы 
j (x=2y E DEA (х-2) | 
Qe 229 a2)" -21y" e 
-241 ~3+1 
1 


zIn(x—-2)*—— — 2 t zte | 
(x2): 2(x-2) ! 


= la(x—2)— 


. The eee is a proper fraction and the denominator factors are the two 


repeated quadratic factors, so we can set the rational function equal to the 
sum of the two partial fractions: 


2x rx +2х+% хер Axt В, (63) 
«ex +1)? : Ge o +) 


To determine the constants values, the similar procedure is used to obtain 
A, =0, А, 22,B, 23, B, =1.With these substitutions, the equation (63) 


Y becomes: 
23 хх 32x44 03 2х+1 
PURUS RUE Кел 64 
Gy Gi Hy 0241) Mich 


ee 


— : ——À ХОДУ — ——— 
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Integrate this decomposition to obtain: 


[кка =f 3 +] 2x41 
) (ар (x +1)? (41) 

2x 4x 42x44 00 ; 2x T 1 
) | (+1)? “Гар КИЛ ЕХЭ 
) Now the readers are in position, how to find the complete solution of the 
) question. 

1 7 

int —— dr= zi 1 1 

Hae rey tan! x, Gp" =аци= + 
| v с-не tan Olds нт 

› G41) 


+ 1. Evaluate the indefinite integrals after decomposing the following rational 


functions into partial fractions: 
ае. 3x +2х-1 ч 4x +4 +х-1 
^ x(x-3) x(x 1) Uo Y(xly 
d 1 2 xox 2 
5-1 ' x(x-1) 
2: Evaluate the following integrals through partial fractions decomposition: 
E dx 3x45 
Ыр, [Ra 
е] [эс зз 
-х-3 x -l 
е aa 
2 
x x 
4-3--ах Е [—— ——— dx 
“ear Я [с шет) 
x2 xal 


(aa : 
5 (х2+1) х*-1 . 


се = —————————————* 
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See ae EL 
b. fx sinxdx 
d. [sin ade 
е. | їх-3)ёх fi [е cosxdx 
E Їе +sinx )'dx h. [e^ 1- e de 


1. [х sinx cosx dx 


Башты, b. f[sin 2x In( cos хах 
x 


where t is the number of hours since the drug was administered. If А(0)=0 
is the current drug elimination, how much of the drug is eliminated during 
the first hour after it was administered? The fourth hour, after it was 
administered? S 


а ary | 
where N(t) is in thousands. If МО) is the current voting population, then 
how much will this population increase during the next 3 years? 
CA атт а (UT үп 


) where t is the radius (in feet) of the circular slick after t minutes. Find the 
radius of the slick after 4 minutes if the radius is r = 0 when г = 0. 


the bloodstream, The rate of assimilation t minutes after taking the pill is 


э dr БҮЛ 
— =e ^, r(0)=0 
1 dt ©) 


) Find the-total amount of the drug that is assimilated into the bloodstream 
during the first 10 minutes after the pill is taken. 


/ [56 8 | Definite Integrals 


4 Before the definite integral, we need to develop the concept of the area 
{ апа the area under a curve. 
) We can determine the area of a figure whose sides are straight lines 


( relatively easily. We can do so equally easily if the figure is a circle, parabola, or 


) ellipse. For any of these figures we use special formulas to determine the area. For 
¥/ ^ example, to determine the surface area of an elliptical swimming pool, we use the 
Ч formula A = лар, where a and b are the lengths of ће semiaxes. 
/ 
V 
LN At the beginning of this unit we learned that one of the applications of 


y ) integration is determining the area under a curve-a more difficult area to find. In 

A ( fact, prior to the development of calculus, the area under a curve only could be 

) approximated. However, the process used to approximate the area led to a 
technique for determining the exact area. 


л ЗЭВ — = 


Дт d) The area under a Curve 5 


1: After a person takes à pili; the drug contained in the pill is assimilated into. 


A technique for approximating the area of a region is to construct 
rectangles in the region and then take the sum of the areas of the rectangles. 


For example, consider the region bounded by the curves. /х)= x’ and the 
Á — x=0 (y-axis), x = 2 (y-axis), and y = 0 (x-axis) in figure (5.1). To approximate the 

) агеа of the region, we divide the region in half and construct two rectangles each 
й of whose upper-right corners is on the curve, as shown. in figure (5.2). The width 


7 of each rectangle is 1, and the heights are f (05 Y 2 1and f(2)22 -4 Thus, 
Í the sum of the areas of the rectangles is: 


(СО auasamsdaiusadss (65) 


- 


JE 


„эм. 


A = г 


4 

However, from figure (5.2), we can see that the area calculated is larger ) 
than the actual area (watch it). To gain a better approximation, we can divide the 
interval 0 $x €2 into four equal subintervals. 

In general, to approximate the area of a region bounded by the curves 
у=/@) (for f(x) 20), and the x-axis; x = a and x = b in the interval [a, Б], divide ) 
the interval [a, b] into n equal subintervals so that each subinterval has a width of « 

b-ütnÁx 


.bza 


E 
and the height of each rectangle is the value of f (x) at the upper-right corner of 
each rectangle. 
The approximate area is the sum of the areas of the rectangles: 
Area= A = fix, )Ах+ ДХ, JArt....+ fix, Jàx. (66) 2 
А summary of the steps is in the box for finding the approximate area 
of the region: 
1. Sketch and label the curve. 
2. Determine the width Ах= (b—ayn of cach rectangle, where a and b are the 
endpoints of the interval [a, b] and n is the number of subintervals. 
3. f(x.) is the height of each rectangle (determined by the upper-right corner. 
of each). 
4. Area z А = fix, Axt fix, )àx-t — t flx, )Ax. 


a. "Example 5.6.1; [Approximate Area under a Curve]: Determine the area Of ihe 


Р ч чу ч чу ч чу s IR RR 


| region bounded by f(x) x, x=0, x=2 and the x-axis using n=4 four subintervals. 
Solution: The curve is sketched in figure (5.3) with the assumptions: 


fo 


The interval is: 
The number of subintervals is: n=4 


The width of each subinterval is: Ax- 
f : 5 1 3 
t The right end points of each subinterval are: 7 1, 2 2 
The approximate area is therefore the sum of the areas of the rectangles: 
A = Afin +AT (х, )- At, + Ax, ), Ton )2 xti 0,1,2,3,4 
1). 1 "Ts (ЕЗ VET, 
= |же /(Л)+—/\|=—!+—/(2 | 
18 2105276) 225) | 


: : 4 А 
The approximate area 3 7) square units are larger than the actual area of 


the region. To get an even more precise approximation of the area, we increase 
the number of subintervals and, thus, the number of rectangles. 


In general, if we keep increasing the number of rectangles, n becomes 
larger and the width of each rectangle becomes smaller. Thus, each result is a 
better approximation of the area of the region. If we increase the number 
rectangles to an infinite number, then the result is the actual area of the region, + 


which is И Square unit. 


In light of the above discussion, the approximate area of the region (the 
sum of the areas of n rectangles) approaches the actual area when n — oo: 


A= lim (Af (x) А) Af (51 = (67) 


ii) Definite integral as the limit of a sum. 


This limiting process is what we mean when we say the area is the 
definite integral of f(x) = x? from x=0 to x=2. It is written symbolically as 


A= [х= . (68) 


We read symbol as "the area A equals the integral from x = 0 to x = 2 of 
the function f(x) = x°.” The number 0 is called the lower limit of integration, 
the number 2 is called the upper limit of integration, the function Дх)= x is 
called the integrand and the dx tells us that we are integrating the function 
f(x) =x? with respect to the variable x. 

Definition 5.6.1 | Definite Integrat]: If f (x) is continuous on the interval (a, b] 
and [a, b] is divided into n equal subintervals whose right-hand points are 
Xr Xz X, then the definite integral of f(x) from x=a to x= bis: 


Тлөв- lim P= fa) fs). СЕЛХЛ Axa ont 


(69) 


= У fux Ax, i-212,3,.n 
UO TER E 


= 


(^o by 
шээг = s ————-—— 
—_ 
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Example 5.6.2:[Actual area under a curve]: Find the actual area of the region 
bounded by the curve f(x) = x^ and the x-axisin the interval (0, 2]. 

Solution: For n subintervals, the width of each rectangle is 

b-a 2-0 2 


Ах- 
п n n 


The right end points of the subintervals are EN uL E e ,2. 
пп п 
Substitute a = 0,6 = 2, x, = 2/n, x, = 4/n, = Oty X, = 21/1 in equation 
(69) to obtain the actual area: 


2 
Az [xax 
0 


= шаў f (x, )Ах 
fal 


э (24 4 ero] 


о EN 4z 4dn'/n* 
n 


mni! n п? 


3 дэрээ 
ne ni 6 


E d 
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"Example 5.6.3: Approximate Area under a Curve]: The rate of change of the 
annual maintenance charges for a certain machine is shown in the figure (5.4). 


— zA — 


(9, Approximate the total maintenance charges over the 10-year life of the machine 
JA by using rectangles. In this situation, is it possible to show the actual maintenance 
) chargés for a certain machine? 


rate of change of 
maintenance charges. 


Md The interval is: [а, 51-10, 10] 
The number of subintervals is: n=10 
\ The width of each subinterval is: Ax- рес. = 10-05 
) n 10 
IK We choose the left end points of each subinterval that are 0, 1, 2, 3, 4, 5, 6, 
©) 7, 8 and 9. 
The total maintenance charges over the 10-year life of the machine are 
) approximated by: 


\ T CRM = 


/ 1 M :Chages = Axf(x, )+ Axf(x, wen ) Ag БАД) 
T, = (1)(O)+ (15500) (1)(750)+(1)(1 800) + Q1 800) + (4)(3000) 
A | +(1)(3000)+(13400)+(14200)+(1)(5200) 
] 4 EXEES ЦИ ; ! NT TTE, у 


Approximately, $23, 650 will be "— on maintenance over r thé 10-year 
Ж life of the maintenance. 


/ 
$ 

\ 

/ 

/ 
Ч 

/ 
S : 
\ { 
д ^ Solution: From the given figure, we collect the following information 
N / 
( 

\ 

Á 
6 
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l. — Tn each case, determine the approximate area of the region bounded by 
ҒО) 2x41, x = a and x= b forn subintervals: 


a.n=2,a=0,b=2 b.n=4,a=0,b=2 
с.п= 8,а=0, 8-2 d.n=2,a=1,b=5 


2. < In each case, determine the approximate area of the region bounded by 
fix) = x I, x= aand x= b forn subintervals: 


a.n=2,a=0,b=2 b.n=4,a=0,b=2 
c.n=8,a=0,b=2 d.n=2,a=1,b=5 
3. In each case, determine the actual value of the integral using definition 

5.6.1: : 

E E 
а, [3d b. [(2х-4)х 

=0 хай 

х=2 x3 
c. | dx d. Í (x! -4)dx 

х=й х=2 


й) The Fundamental theorem of integral calculus. 


In previous section, we learned that we can determine the area of a region 
with a definite integral. However, with the tools available to us at this time, 
evaluating a definite integral using the summation process is rather tedious and 
time consuming. To provide us with a more efficient method of evaluating the 
definite integral, we now consider a very important theorem in calculus, the 
"fundamental theorem of integral calculus", This explanation will show that 
the definite integral can be applied in a general manner and not only to the 
concept of area (just as we found that the derivative has wider applications than 
just finding the slope of a line). 


— Y 


——— = d 2123: —— MM — 
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To help provide a better understanding of the meaning of the fundamental 


theorem of integral calculus, let us begin with area of a region using definite 4 
integral i 4 reer тэл ч 4 
хав 
Area = | foddx (70) 


a x= 
Fig. 5/5 х-а 
хэ 
Fig. 5.6 ч x Fig. 5:7 i 
'To develop the theorem, we need to introduce a new function called the 5 


area function A(x). The function indicates the area of the region under the graph 7/ 
of the function from x=a to x=b in the figure 5.5. The area function A(x) is the N 
area from a to x that must be continuous and non-negative on the interval [a, b]. 

If we increase x by Ax, then the area A(x) under the curve will increase by 
an amount that we call AA (figure 5.6). We can see that A А is slightly bigger ) 
than the area of the inscribed rectangle and slightly smaller than the area of the Ч 
circumscribed rectangle. In figure 5.7, the smaller rectangle is inscribed (within ( 
the curve) and the large rectangle is circumscribed. 

For the area of the inscribed rectangle, we take the minimum value of f (x) 
within the closed interval [х, x+ Ax]. We call this minimum value f(m). For the 
area of the circumscribed rectangle, we take the maximum value within the closed / 
interval [х,х+ Ах]. We refer to this value as ДМ). Hence the minimum area is 
Хт) Ax and the maximum areais f(M) Ax. 


Algebraically, we can write | 
ХтдхЗААХжДМИХ (2 177 | / 


71 
fm) 22 < дм) Ах 0 M ) 


If we take the limit as Ax0, “then if (т) and f (M) approach the same 
point on the curve and both approach f (x) 


==, 


| 
2 


Ч 
| 


АА 
Лх)5 lim A < fix) 
which states that. ' 2 
4А i4 AA. dA 
AO dim ae (72) 


Integrating (72) to obtain 


| A(x) = HX)*C : (73) 
Неге F (x) is the antiderivative of f (x). To determine a real value of A(x), we 
must solve equation (73) for C. 
Put x = a in (73) to obtain: 
A(a)= F(a)4- C 
0s F(a)- C, A(a)=0 
Cz -F(a) 
Put x = b in (73) to obtain: 
A(b)= F(b)+C 
( A(b)= F(b)— F(a), С=-—Е(а) 
) The last equation (74) tells us that if it is possible to find an antiderivative 


(74) 


үхэв 
of f (x), then we can evaluate the definite integral J f(x)dx.This is nicely 
condensed in the fundamental theorem. а. 
"Theorem. 5.2:[Fundamental Théorem of Integral Calculus]: If a function f (x) 
is continuous on the closed interval [a,b], then the definite integral of a function 
f(x) in the interval [a,b] is : 
xb 
f ЖОдах=|Е(х) 
HereF (x) is any function such that F “x)= Дх) for ай х in [a, b]. 
It is important to recognize that the fundamental theorem of integral 
| calculus describes a means for evaluating a definite integral. It does not provide 
us with a technique for finding the antiderivative. To find the antiderivative of a 
definite integral, we use the same techniques we used to find the antiderivative of 
the indefinite integral. But what happens to the constant C? This constant C drops . 
out as illustrnted below: 


= F(b)— F(a) (75) 


z= 
x=a 


) 


— — ———— x 2210 —— —— 


xb 
| /сдахь Feo € с 


х=а 


s[(E69* c)- (F4 6)] 209 


° Recognization of basic properties | of the definito E 
In computations involving integrals, it is often helpful to use the seven 
) basic properties related to fundamental theorem of calculus that are listed below: 
f  Linearity Rule 


If f(x) and g(x) are integrable on interval [a, b], then for any constant 
( шиш r, and s, the definite шинж is defined to be: 


( шэн зво r j Лхих эрэг 

i 7 Equality Rule 

N If f(x) and g(y) are integrable on interval [a, b] w.r.t x, and y and f(x) = 
V/ E(y) then the definite integral of f(x) w.r.t x on the left equals the definite 


A N integral of g(y) w.r.t y on the right: 
w/ b ЖАЛГАН ums 
i Jf бдах- [andy 
) 5 A j 
/ IM MA 5 й ; 
( Subdivision Rule 
7 For any number c such that а «c « b, the definite integral of fx) wrt x in 
4 the interval [a, 5118: Ч . 


| 1004: | ПОЕ Й тоа 


Assume that all three integrals exist. 

Dominance Rule 
If Дх) and g(x) are integrable on interval [a,b] w.rt x and 
f(x) S g(x) throughout this interval, then the definite integral of f(x) and 
g(x) in the interval [a, b] are: 


не < feod 


= FO)- Fa)&C-C -F()- ға) F. 


Point Rule 


If (x) is integrable on interval [a, b] w.r.t x and a = b or b = a, then the 
interval is really just a point and the integral of f(x) on this interval [a, a] 
15 defined to be 0: 


‘ a 


jroo 


Opposite Rule 
If f (x) is integrable on interval [a, b] w.r.t x and the lower limit b of 
integration is a larger number than the upper limit a, then the 
definite integral of f(x) from 5 to a is the opposite of the definite integral 
of f(x) from a. to b. 


4 4 b 
, | бойх= -|/ (дах 
b a 
N Even and Odd Function Rule 
4 If f (x) is integrable on interval [-a, a] w.r.t x, then for a number 0 in the 
interval [-a, a], the definite integral of f(x) from -а to a is 2 times the 


definite integral of f(x) from 0 to a: 
a a а, o a 
[Fd] одада = дас | одах 
-ë -a 0 а, 0 
0 a 
== [ала 
= [feos] reo 
[] 0 
[e jte Me A одах, when f(-x) = f (x): Even 
й 0, when f(—x) 5 —f (2) :Odd 
iy) Evaluate definite integrals through basic properties 
E) | Example 5.6.4:[Basic Properties]: Evaluate the following definite integrals: 
а. Цаг 12733173 b. рх ace = (2y ey ly 
1 n 1 
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0 2 


2 3 0 ` ^ 2 E H 5 5 2! 
c. [G? + Ddx = -| G? - Ddx d. f(x? + Ddx =f (х  Ddx [G8 + Dade 
0 a 1 
e. dro Ї xd [i dx e 2] de 
21 -l 0 0 


Solution: 


Unit -5 Integration 


d. Төд хэй o f(x? + Dar + f(x? + Dae, Subdivision Rule 
0 0 1 


ERU 
3 3| 
14 4,8 4 1) 14 14 


IIT 2,2- 
E Eg Ww 


А Тдас- дах fan en] 6, Odd & Even Functions 


аи 


Example 5.6.5 : Evaluate the following definite integrals: 

Пэн x2 

«Ja 2r r b. | xsin x'dx 
LIE 


Solution: 


= exe 5.092 
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b. We need to substitute a new variable u(x): 
d du du du 
а) 22 ede =e 
x =4, —(x°) => 2x => р 


The lower and upper limit of x = 2/3 and x = 7/2 are used in x? = u to 
btain the lower and upper limit of u:- 


1 
хэл(3: xcu (mai zuo 
х=л/2 иял) ио E a 
Substitute all these in the given integral to obtain: 


я; 1 e 
en J sinu du 
2 д» 


к/з 


=—[со424647)-соз(1.0966)], use radians 
2 E 7812-04566) 
2 X128) = 0.6189 

Definite Integral through Integration-by-Parts 


b b b 
Jude = uv| [уан 


a 


Example 5.6.6: [Integration by Parts]:Evaluate the following definite integrals: 
1 1 

а. хєх b. fefsin xdx 
0 


[1 


Unit - 5 tegration: 


Solution: 
a. The technique of integration by parts with и = x and - =e" is used to 


obtain: 
1 " 1 dv 
[кеа |е [ета u=x,du=dx, —-e,v-e 
° o dx 
=(е'—0) -jet =('—0)у—(е'—е°)=е'—е'+е° =f 
b. The integral is 

1 
T= fežsin хах 

o 


The integration by parts rule with substitution и = e* and dv/ dx —-sinx is 
used to obtain: 


1 
I- | etsinxdx 
0 
z|e*(-cos E [еседа u=e*,du exits ess y--—cosx 
о Ч dx 
1 
= -(e соз1—е° соз0)+ [e* cos хх 
0 
1 1 
=~2.718(0.540)+1+ fe" cos хах =—0.468+ |е" cos xdr, use radians 
о e 
1 
=-0.468+ fer cos хах, Again int egration by parts 
0 
ut Toa cm = dv ч 
2-0.4684]e* sin x, -Ї sin xK e' dx, ue , 7 =cosx, v-sinx 
0 


4 
=-0.468+( e! sin — e"sin0)- fe” sin хах 
02 
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I =-0.468 + (2.718(0.841) — (10)) —/ 
21 =—0.468 + 2.287 =1.819 


1-180 дор 
2 


v) Definite integral as the area under a curve 


Definition 5.6.1:[Definite Integral as the Area undera Curve]: If f (x) is 
continuous and f(x) 2 0 on the closed interval [a, b], then the area under a curve y 


=f (x) on the interval [a, b] is given by the definite integral of f (x3 on [a, b]: 
b 

Area = [f (x)dx =F (6)= F(a) (78) 

Area between a curve and the x-axis 


The steps involved in finding the area between a curve and the x-axis are 
the following: 


b 
1. The definite integralre | f(x)dx presents the sum of the signed areas 


between the graph of y=f(x) and the x-axis from x=a to x=b, where the 
area above the x-axis (peak) are counted positively and the areas below the 
x-axis (valley) are counted negatively. This is shown in the figure (5.8): 

y 


70) 


b 


Fig. 5.8 
2. If f(x) is a continuous function over the interval [a,b], then the area 
between y=f(x) and the x-axis from x=a to x=b can be found using definite 
integrals as follows: 


* Forf(x)20 over [a,b], the area is: Area = [+ 11631723 
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b 
e For f(x)<0 over [a,b], the area is: Area = | (хуйх 


If f(x) is positive for some values of x and negative for others on ап 
interval (as in figure (5.8)), then, the area between the graph of f(x) and the x- 
axis can be found by (dividing the interval into subintervals over which 
f(x) is always positive or always negative) taking the sum of the areas of 
subregions over each subinterval: 


b с b 
Area s |f (ds = | да+ [Ee f CO - -А+В (79) 


In Fig. 5.8, A represents the area between y=f(x) and the x-axis from x=a 
to x=c, and B represents the area between y=f(x) and the x-axis from xac to x=b. 
Both A and B are positive quantities. Since f (x) 2 Oon the interval [c,b], the area 


b с 
is fit+ (œx = Band. f (x) £ Oon the interval [a,c], the area is Jte --4 


vi) Application of definite integral as the area under a curve 


Example 5.6.7: [Definite Integral as an Area]: Find the area between the x-axis - 
and the curve f[x) » x? — 4 fromx=0tox=4. 


Solution: First find out the x-intercepts of a curve f(x) x^ —4 that can be found 
by solving the equation of a curve: ` 
0-4=0 > x=2,-2 


The subintervals of the interval [0,4] are therefore [-2,0], [0,2] and [2,4]. The total 
area of the region in the required interval [0,4] is the sum of the areas of the 
subregions in the subintervals [0,2] and [2,4]: 


2 4 
Areas fif (odz fit f (odz, f (2) S0inI0,2]and f (x) 2 Oin[2, 41 
0 2 


5 Je -4)йх- іе —4)dx 
o 2 
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ЫР 
3 2 
“З-рРЭр Lia ig square units 
3 3 32 зер 
The sketch of the region is shown in the Fig. 5.9. The area over the entire interval 
[0,4] 


tide seven I6 
A= ((хЇ-4йх= == 
0 o 3 


2 


3 
= E + 
3 


i 


8 
= -B-s-0-9 


is not the correct area. This definite integral does not represent the area over the 
entire interval [0, 4], but is just a real number. 


7 

B Exlampe 5.6.8:[Definite Integral as an Area}: Find the area between the x-axis "i 

and the curve Дх): x! —2x from x s —1 tox «3. 1 
Solution: First find out the x-intercepts of a curve Дх) x? —2x that can be found 

by solving the equation of a curve: 1 

а 1 


; \ 
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32-2х-0-» х-0,2 

The subintervals of the interval [-1,3] are therefore [-1,0], [0,2]and [2,3]. The total 
area of the region in the required interval [-1,3] is the sum of the areas of the ¢ 
subregions in the subintervals [-1,0], [0,2]and [2,3]: 


0 2 3 
Az | гуйх fE- f Colax e [Ee f COM, f (9) z 0i E-1,012,31 
= 0 2 
0 2 3 
= fí - 2:94 |( x’ —2x)dx + f(a? 20d 
a о 2 
Je cep p оер ре zer 
Е ЕЗИ ЗО: 
ЭЕ 
3 v 


v 
1 
T 
The sketch of the region is shown in the figure (5.10). 
Definition 5.6.9:[Definite Integral as a Distance]: The distance S traveled by an 
object moving with continuous positive rate function r(t) along а straight line from AA, 
time t= а to t-bis: 54 
А £^ 
S= [rare F()—F (a) (80) 9, 
а Ж 
~ Р e 
И —Ó———————— 
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Solution: The distance S traveled by an object with r(/)= f° from a = 1105 = 2 


is: b 2 зр 
t 855-7] 
S= [reas [farz i -2-2-—- 
кке: 

Thus, we expect the object to travel 7/3 units during the time interval [1,2]. 


4 20 2 
a pe b. fax с. [(2x? -3)àx 
3 i2 1 


$e d х e joe jx Е [Vira 
1 2 E 


Ф 1 
x РЭН РЭН 
М ] gat h. fe 2x J'( e? — dx 


т 5 
a. [xJ2x*-3dr b. Ба 
0 


x EF 25 эн 
a. 695 b. [eos c. f sec? өдө 
s2 2 075 


ч Hm 1 
d. | tan2zxdx © [рл d f. dx 
o EE! 2 
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Evaluate the following definite integrals: 


252. d$ 29 рї 2 2 
[4 32418 y [E 3x! -6x - +6x ia 
; 09—07) 2 (x-1)x -1) 
5 2-7 2 3 

e. [Li d.f + e. | нх &1)dx 
3(х-2) "LR : 
4 Inx 2 i 

е [a g. JL fax h. Jz-3eax 
1х 1 0 


Use the definite integral to find out the area between the curve f(x) and the 
x-axis over the indicated interval [a, b]: 


a. fix)- 4- x^, [0,3] b. f(x) 2 х? — 5x6, [0,3] 
c. Дх) x!—6x48 [0,4] — d. fix) 5x- x^, [1,3] 


Set up definite integrals in problems a to d that represent the indicated 
shaded areas: 
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, 


dL _ 801п(1+1) 

М dto (D 
Where t is the time in hours after the tanker hits a hidden rock (when 1=0). 
a. Find the total number of barrels that the ship.will leak on the first day. 


b. Find the total number of barrels that the ship will leak on the second 


4 day. 
c. What is happening over the long run to the amount of oil leaked per 
+ day? ы 


tn 
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far 68:77 
up y 


> @ 
Сї 213 155) 
Glossary 
*  Antidertivative: F(x) is an antiderivative of Дх} F(x)- ftx). 
© Indefinite Integral: If F(x)— fi then [f(x)dx = F(x) +C, for any real 
number C. 


* Integration by Parts: If f(x) and g(x) are integrable functions w.r.t x, then the 
integral of the product of f(x) and g(x) w.r.t x is: i 


Judv=uv—Jvdu, v = g(x), du= f'(x)dx and dv= g'(x)dx: 


* Definite Integral (Actual Area under a Curve): If f (x) is continuous on the 
interval [a, b] and [a, b] is divided into n equal subintervals whose right-hand 
points аге Х,, X,,....,X,, then ће definite integral of f (х) бот х= а to x= bis: 


xb 
| лхйс- lim = [ftx )* fog ) Лх, Л, Are it 
-limY Я Az, 141232 
ae Li 


е Definite Integral through Integration by Parts: The definite integral of the product 
of two functions f(x) and р(х) w.r.t x is: 


b b b 
122 шиу|- je 


* Definite Integral as the Area undera Curve: If f (x) is continuous and 
f(x) 2.0 on the closed interval [a, b], then the area under a curve y = f (x) on [a, 


b] is given by the definite integral of f (x) on [a, Б]: 
b 
Area [f (x)dx = F(b) - F(a) 


* Fundamental Theorem of Calculus: If a function f (x) is continuous on the 
closed interval [a, 5], then 


=b хэв 
| #Одах=[Е(х)]= Е(В)-Б(а) 


Where Р (x) is any function such that Е (х) = ffx) for all x in (a, b]. 


PLANE ANALYTIC GEOMETRY 
6 “» STRAIGHT LINE | 


This unit tells us, how to: 
develop the distance formula between the two points. 
obtain the coordinates of a point that divides the line segment in the ratio m:n. 
show that the medians and angle bisectors of a triangle are concurrent. 
define the slope of a line and the condition at which the two lines are parallel or 
perpendicular. 
find the equations of lines parallel to x- and y-axis. 
define the intercepts of a line and the different standard forms of a line through some 
conditions. 
reduce the general form of a line into different standard forms of a line. 
recognize a point that lies above or below the given line. 
find the perpendicular distance from a line to a point. 
find the angle between the two straight lines. 


find the equation of a family of lines passing through the point of intersection of the 
given two straight lines. 


calculate the angles of the triangle when the slopes of the sides are available. 

find the condition of concurrency of three straight lines. 

find the equations of the medians, altitudes and right bisectors of a шал ес. 

show that the three right bisectors, three altitudes and three medians are concurrent. 
find the area of a rectangular region when the vertices are available. 


recognize the homogeneous linear and quadratic equations in two variables. 


investigate that the second degree homogeneous equation represents a pair of straight 
lines through the origin and to find the acute angle in between them. 


The role of plane analytic geometry is so vital to the study of 
“relationships between an equation and a graph.” Plane analytic geometry 
is that branch of geometry that ties together the geometric concept of position 
with an algebraic representation, namely coordinates. For example, you 
remember from algebra that a line can be represented by an equation. Precisely 
what does this mean? Can we take a statement that is true for any curve, not 
just for lines? The answer is given in the affirmative with the following | 
definition. | | 


uum 20 шик, 
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Definition 6.1.1:[Graph of an Equation]: The graph of an equation in two 
variables x and y is the collectiorof all points p(x,y) whose coordinates (х,у) 
satisfy the equation. 
There are two frequently asked questions in plane analytic geometry: 
l. If a graph (a geometrical representation) is given, then the 
corresponding equation can be found easily. : 
2. If an equation (an algebraic representation) is given, then the 
corresponding graph can be viewed easily. 


For example, the derivation of a circle equation using distance formula. 
This means that if x and y are the numbers that satisfy the circle equation, then 
the point (x, y) will lie on the circle. Conversely, the coordinates of any point 
on the circle will satisfy the circle equation. 

You are probably familiar with the set of real numbers as well as with 
several of its subsets, including the counting or natural numbers, the integers, 
the rational numbers and the irrational numbers. 

The real numbers can most easily be visualized by using a опе- 
dimensional coordinate system called a real number line. 

The line (straight line) and the point are two elements of many figures 
constructed on a plane. A plane is an infinitely large flat surface. Look at 
figure (6.14) and think of line AC, as extending in either direction without 
bounds. Line segment DE is a measurable piece of line AC. The notation 
|DE| may be used to symbolize the length of the line segment DE. Now turn to 
figure (6.1b), which shows the ray AB. Ray AB starts at point A and moves in 
the direction of point B. The union of rays AB and AC forms angle BAC, 
symbolized as АВАС, depicted in а figure (6.1b). For angle ZBAC, ray AB is 
called the initial ray, and ray AC the terminal ray. If the initial ray visually 
coincides with the positive x-axis and the rotation to the terminal ray is 
counterclockwise, the angle is in standard position. 


Line AC y C 


А 


БРО 


Pe 
хо 
E —4 


>< 


>< >< > >< >= 


Yy 
А 


| 
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-D Calculation of distance between two points _ 


The study of plane analytic geometry 
is greatly facilitated by the use of vectors. In 
this unit, the vector notation is used to develop 
the distance formula as well as the lines in 
different situations. The distance between the 
two points can be found by the following 
methods: 


| E 

. ї Fig. 6.2(a) 
Pythagoras Theorem: If P(x,,y,) and Q(x,. y,) are the two points in the xy- 
plane, then the distance d between the given two points Р(х,у) and 
Q(x,, уу) is obtained by applying the theorem of Pythagoras to triangle РОК: 


(РО) =(PR) +(OR) | 
z(x-x) (=) (1-а) 
РО = (x, -x) +(»-х) =d, say 


Directed Line Segment PQ: If P(x, y,) and Q(x,, y,) are the two points in 
the xy-plane, then the directed line segment associated to initial 
point P(x,, уу) and terminal point Q(x,,y,) is PQ.The components of the 
directed line segment PQ are: 
ОР+РО=00 
РО-00-0Р, position vectors 
505. y)7 830 
= (а-л) TCR) о ЛИИ 
The magnitude or ће length of ће directed line segment РО is also the 
distance d from point P(x, у,) to point Q(x, у,): 


|Pg|s 4 (x; -x) «(x - xy 24 (1-с) 

In other words, squaring both sides of the directed line segment РО to 
(Роу [Оу ур 

ааба, WP ЭЛ хуга Хуст WEL 


(1-5) 


obtain: 


08). S ENESE 
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= (5 -giit (yyy 11620 =x) = у Лсоѕ0 - 
It is known that ¿i= j.j=1, ij - |i] сов Ө, - [j| -1 
(РО) =(х,-х)*+(у, XY * 25 -х,)(у, - у) соз 
=) (у 4) +2(х,- 3,7 у)соз(л/2),8= 112 
=(х,-х)*+(у,—у,)*, соз(л/2)=0 
[рО 2, -x +00, у), (РО)? - [Po 
ЇРО| = 3,71) *03-3 ° =d, say З нэ 
This is the distance from the point Р(х, у,) to point Q(z;, y,) in the xy-plane. 
Tt is important to note that 
* the distance from the origin O(0,0) to point P(x, y,)is obtained by 
inserting x, = y= 0 in result (1): 


ОКЕ; 


* the distance from the origin O(0,0) to “point Q(x, y,)is ‘obtained by 
inserting x = y, = Qin result (1): 


( 4-100|- й+у: s x 

• SEs раан Wc EDU 
Point P(x, y.) to point QU э emet ty peines далан 
ГаРО-ү(5-37 : 

L] “if the line segment PQ is vertical, then the he distance from point P(x, » 
яд point Q(x, у,) 5 obtained by inserting x, =x in result (1); — — 


EE (25 =) RS 


ge em 6.1.1: Dane Formula}! 'Eind the distance TT points | 
P -2)and Q(-1, = БЕГЛ? 32057 
Solution: Result (1) for the following assumptions 
Р(х, у)= (3.22) Of x» y;)2 (2,5) 
is used to obtain the distance d in between the two points P and Q: 


dz 42-1 P, ту) je 
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-4(4-3У44-5-(20 
= (4 +(-3 4025 =5 


Example 6.1.2:[Distance Formula]: Show that the triangle with vertices A 
(-2,-3), B(2,1) and С(-2,5) is a right angled triangle. 


Solution: If A, B and C are the three vertices of a triangle ABC, then the 
lengths of the sides AB, BC and CA of the triangle ABC are the following: 


рав V2-(-2)] 2 -11-(-3 = 482, AB=(2+2,1+3) 

[вс]= (72-2) 45-17 = 432, ВС-(-2-2,5-1) 

|ca|- [-2-(-2)]7+ 1-3-5) = V64, CA=(-2+2,-3-5) 

The square of the lengths of the two sides [ав апі jec} of the 
triangle ABC equals the square of the length of its one side (САГ : 

ГАВ 4вСГ = 32+32=64=|сар 


Thus, the triangle ABC with vertices A, B and C is a right angled 
triangle with right angle at vertex B and CA as its hypotenuse. This is show in 
the figure (6.3): 


ii) Coordinates of a point that divides the line segment 
in the given ratio 
Take P(x,y,) and Q( х,у) are the initial and terminal points ofa 
line segment PQ and R(x, y) is a point that divides PQ in the ratio m,:m,. If 
қ, r, and rare the position vectors of P, О and R, then 


nay nity n2 GS y)m xit yh rz у) = xit y 
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If eRe then, 
RQ m, 


PR=—"'_ PQ 
m *m, 


=—""—(00-ОР)= —"—(r-r) ОР+РО=ОО 
mtm, m +m, 


if OP Pen (тает) OPTIC 


then the position vector of OR is: 
OR=OP+PR 


Srit (r2-11) 


puru luta OR=r 
mim, 

(ху)= tol xin) m(x»y,) components form 
mm, 

Equating x and y components to obtain the coordinates of R(x,y) 
y compo 

eem ES ma Q 

m +m m +m, 


that divides the line segment РО in the ratio m, :m,. 
It is important to note that 
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e if R is the midpoint of the line segment PQ, then, m = т, and the 
coordinates of the midpoint R of the line segment РО are: 


(rs »-(838,3333| Qu) 


e The coordinates of the point that divides the line segment PQ joining 
two points P(x,y,) and О(хьу,) externally in the ratio m,:m, 
(m, or m, is negative) are: 


Example 6.1.3:[ Ratio m, : т, |; Find the coordinates of the point which divides 
the line segment PQ joining the two points 

a. P(1,2) and Q(3, 4) in the ratio 5 : 7. 

b. PG, 4) and Q(-6; 2) in the ratio 2: -2. 

Solution: 


a, If R(x, y) is a point that divides the line segment PQ in the ratio 5:7, 
then the coordinates of R(x, y) is obtained through result (2): 


mom, mm, 
„(22517 ee z) 3 
7 S Л 6'6 


b. If RG, y) is a point that divides the segment PQ in the ratio 3:-2, then 
the coordinates of R(x, y) is obtained through result (2b): 


cents mma ) m = 5,m, =7,Р(1,2),0(3,4) 


0 


(x ye [pnis mui] 


mitmz mitm 
_6) + Dee 
= (EERO) senem). cas a, г Timur 


iil) Concurrency of the medians and angle bisectors of a 


e For the medians of a triangle are concurrent, the procedure 
developed is as under: 


шш----- RM cn 
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If A( x, y, B( x2,y,)and C( хз, Уз) are the vertices of a triangle ABC 
and P, О and R are the midpoints of the sides AB, BC and CA, then the 
coordinates of the midpoint Q through result (2a) are: 


+x; Yt 
of ats, iP) тет 


B(x,y) О CQ») 


Fig. 6.5 


If G(x, y) is the centroid of the triangle ABC (centroid of a triangle 
ABC is a point that divides each median in the ratio 2:1), then, the coordinates 
of the point G that divides the median AQ in the ratio m, : m, = 2: lare: 


Э 222), 


Gs 2+1 z 2+1 


(0) 


3 3 
Similarly, the coordinates of the point G(x, y) that divides the medians 
BR and CP each in the ratio 2: 1 are respectively: 
(> ES 43 2 
С(х,у)= AGS) RES aN 2 
2+1 2+1 


S xm T 


(4) 


—[xrtxeitxa УРУ; Уз 
SEA E. 
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Thus, the point G(x, y) lies on each median and consequently the 
medians of the triangle ABC are concurrent. 
Example 6.1.4: [Median Bisector]: Find the centroid of the triangle ABC, 
whose vertices are A (3,5), B (-7, 4) and C(10, 2). 
Solution: If AG, —5), B (-7, 4) and C (10, —2) are the vertices of the triangle 
ABC, and P, Q and R are the midpoints of the sides AB, BC and CA, then, the 
coordinates of the midpoint Q through result (2a) are: 


[nte Унуз :7410:4:2 
o- a FAL, (С 2 Р! 


If G(x, y) is the centroid of the triangle ABC that divides each median 
in the ratio 2:1, then, the coordinates of the point G(x, y) (that divides the 
median AQ in the ratio jj; m: = 2: 1) through result (3) are: 

[testis yrs [E БҮВХЕРЛ иар 

aye atata rata e (Seo set (у) 

Similarly, the coordinates of the centroid G(x, y) that divides the 
medians BR and CP each in the ratio 2:1 are of course (2,—1). 


è For the angle bisectors of a triangle are concurrent, the procedure 
developed is as under: 


If ABC is a triangle with vertices A( хь y} Bl x» y,) and C( xy, y,). 
whose lengths are|AB| = c,|BC|= a and |CA|- b, then, the position vectors of A, 
B and C are respectively: 


E эн d 


- 


riB(xpypm xit yu гї=(хьу;)= xd tY], r= (xry) E xd ty 


Consider AD, BE and CF are the internal bisectors of the angles A, B 
and C that meet at incentre С. This is shown in Fig. 6.6 


Jf AD is the internal bisector of angle A, then: 
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BD _ ВА ог 1198 os. BD: DC=c:b (6) 
DC AC DC b 
This means that D divides BC internally in the ratio c:b and the position 
vector of D is therefore: 
Cr; t br; 
c+b 


2 0) 


сър 


Fig. 6.6 


The position vector of G(x, y) is: 


Pc) тп) 
ari( 21| BTE 


a+b+c 


_ arı*brz+crs = A xn yi) хуг) ЕС хэ Уз) 


a+b+c a+b+c 


The coordinates of the centroid G(x, y) is obtained from equation (8) by 
equating the x and y components: 


(8) 


r= 


245 - 


тэ 


axykbx, ex, ау ay, t by * Cj, ium 
аана arbre oE аера 


Similarly, the internal bisector of the angle с also го through the 
point G(x, y). Thus, the angle bisectors of a triangle ABC are concurrent and 
G(x, y) is the point of concurrency. 


14 In each сазе, find the length 1 of the line segmen 


a, P-3,-5), QC-3,-7) b. PC4,3), TERI 
c. P(5,5), Q(5,—6) d. P(0,0), Q(0,3) 
2. The three points. are “АС1,3), ВО, 1) and | c6 
ава Ae cae 
3. Show that the points Од, -2) B(3,1), C(0,4) and D(-3,1) are the 
vertices of a square ABCD. 
4. Show that the ints A( 
right angled triangle АВС. 
5. Show that the points A(21, -2), В(15, 10), CCS, 0) and D(1,-12) are the 


vertices of a rectangle ABCD. 
6. Show that the points A(4,3), B(3,1) and C(1,2) are the vertices of an 
. isosceles ши. ABC 
л. Find the po : 


CC6, 5). 5 
8. In each case, find the dps of the line EU РО} lioining the two 
points Р(х,у) and Q(x, yz): 
a. P(10,20), Q(-12,-8) b. P(a.-b), О(-а,5) 
c. P(a-b,at+b), Q(a+b, a-b) d. IUS 72/4), Шеш AFT) 


a. — P(12) QG.4) in the ratio 57. 

b. Р(3,4), Q(-6,2) in the ratio 3:72. 
c. — P(l2) 0(47) in the ratio 2:3. 
4 


P(-6,7), Q(5.-4) in the ratio 2/7:1. 


DT ao 


ae "P чу-чу UL Ср” чу чу ОР чу су чу “= 


Ta each case, find the coordinates of the other end point (P or О) of the 
line segment PQ, when the midpoint and one end point of the line 
segment PQ are the following: 

а.р(2-1,  P(C1-3) 02 b. D34), Q(24) P? 

c. D(1,2), P(4,5), Q? 40635, QQG2, P? 


In each case, in what ratio is the line segment PQ (joining the two 
points P(x, уу) and О(х,, у,)) divided by the point R(, y): 

a. P(8,10), О(-12:6), R(-4/7,58/7) ? 

b. P(4,4), Q(5,-2), R(-1,2) ? 

c. P(4,4), Q(10,16), R(6,8) ? 

d. P(-1,-2),QG,2), R(2,1)? 

Find the centroid of the triangle ABC; whose vertices are the following: 
a. А(4-2), BC2,4), C(5,5) 

b. A(3,5), В(4,6), C(3,5) 

c. А(1,1), BC-2,-2), C(4.5) 

d. A(1,4), В(2,6), С(3,-1) 


(ван) [SIEGE SERERE 


The slope of a line is a measure of the “steepness” of the line, and 


whether it rises (goes up), or falls (goes down) when moving from left to right. 
The line from A to B rises up, while the line from C to D goes down are 


depicted in the figure (6.7): 


i). Definition of the slope of a ine. mo Se 


Definition:6.2.1[Slope of a Line]: The graph of a line can be drawn knowing 
only one point on the line if the “steepness” of the line is known, too. The 
number that represents the “steepness” of a line is called the slope of that line. 


m dm 


LN bf nas 
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If move off the line horizontally to the right first or move up or down 
(vertically) to return to the line, then the slope of the line is the "steepness" 
defined as the ratio of the vertical rise to the horizontal run: 


rise ? À 
slope = —— ‚ the run is always a movement to the right 
run 


jn С-| ек ШУ 


RISE RISE 
4 
a AI Fig. 6.8 D 


ü) Derivation of slope formula 


Mathematically, if any two points on a line are available, then their join 
makes a constant angle with a fixed direction and the angle so formed is 
independent of the choice of the two points on the line. This is a precise way of 
saying that any line has a constant slope. It is customary to measure the 
angle 0 which a line makes with the positive direction of the x-axis. The 
quantity tan ĝis defined to be the slope of the line and is denoted by m. The 
slope of a line is also referred to gradient of the line. 


For illustration, if A(x, у,) and B(x, y,), where x, # x,, are any two 
points, then their join develops a line L that makes a constant angle @ with the 
x-axis. Draw AM, and BN parallel to y-axis and AL parallel to x-axis. 

The slope m of a line L through the two points A(x, y) and B(x,,y,) 
is therefore: 


me ani de. 
AL 
= NB-NL (10) 
MN 
СУБАРУ У 
ON-OM x,-x 
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Example 6.2:1:[Slope]: Find the slope m of the line L through the two points 
a. E(2,4) and Е(4,6) b. M(3,1) and N(-1,3) 
Solution: 


а. The given two points E(2,4) and F(4,6) is forming а line L, whose slope 
is: 


slope is: 


iii) The condition at which the two straight lines with given 

slopes are 

© Parallel to each other 

If L and L, are the two lines having slopes m, andm,, then the lines 
1, and L,are parallel if they make the same angle with the x-axis, that means 
they have the same slope. Conversely, if two lines, and Z¿have the same 
slope, then they will make the same angle with the x-axis and the lines Z; and 
L,are therefore parallel for which : 

minm an 

Kt is important to note that the lines paralle! to x-axis have zero slopes 
whereas the lines parallel to y-axis have the slope ~. 


[Fine Analy авна За; | | 


e Perpendicular to each other 

If L, and у, are ће two perpendicular lines make the angles à and p 
with the x-axis, then the slopes of the lines Z and L, are respectively 
m, = tana, and, = tanB . From the Fig. 6.10, itis clear that 


T 5 
= 
257 
T 
=т+@ 
8-2 


‘Taking tan on both sides to obtain: 


T 
tanB= (2+) Fig. 6.10 L 


3 ota (12) 
tan o 
The given lines Z, and L, are found perpendicular, since the product of 
their slopes equals —1: 


mom, tan an p= na| =)= (43) 
(63. —» [Equation of a Straight Line Parallel 8) Co-ordinate Axes. 


i) The equation of a straight line parallel to 


ə x-axis and at a distance a from it 


o y-axis and at a distance b from it 
Let AB be a straight line parallel to x-axis that intersect the y-axis at a 
point М(0, a). Take any point Р(х, у) on a line AB. The position vectors OP and 
ON of points P(x, y) and N(0, a) are respectively : 
r=OP = (x, y) = xi + yj, ОМ=(0, a) = O+aj 


= - - l 250 - € — — 


`e 


~ 
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From the Fig. 6.11 


OP-ON-«* NP 
NP-OP-ON 
z(xi* yj)- aj 2 xi c(y-a)j - (s y - a) 
If NP ОМ, then the dot product between these two vectors NP and 


ON is zero that gives the equation of a line parallel to the x-axis 


ON.NP-0 
(0,a).(x, y -a)- 0 
0-ад(у-а)-0 
ау-а?=0 

ау = а? 


= а (14) 


and is at a distance a units from it. Result (14) 16 true for all points on a 
line AB. 

It is important to note that 

if а=0, then the straight line coincides with the x-axis and its equation 
becomes y=0. 

if a is positive, then the straight line lies above the x-axis, otherwise the 
line lies below the x-axis, in case a is negative. The vector equation of 
the x-axis is r.j=0. 

the equation of a straight line parallel to the y-axis is y=b, which is at a 
distance b from it. The equation of the y-axis 18 x = 0 and the vector 
equation of y-axis is r.i = 0. 


AE eee 


we 
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6.4 


Because of its SHEET linear equation (line) is d in many 
applications to describe relationships between two variables. We shall see 
some of these applications in this unit. First, we need to develop some standard 
forms that are related to linear equations. 


i) Intercepts of a line and the derivation of the 
equation of a line in different forms 
Definition 6.4.1: [Intercepts]: If a straight line AB intersects x-axis at C and 
y-axis at D, then OC is called the x-intercept of AB on the x-atis and OD is 
called the y-intercept of AB on the y-axis. 


> | Example 64;1:[ntercepts]: Find the x and y intercepts of à line 25449460: 
Solution: The x-intercept of a line is obtained by putting y=0 in a line: 
2х+4у+6=0 1 
2х+4(0)=-6 2 2x2-6 > x--3 
The y-intercept of a line is obtained by putting х=0 in a line: 
2х+4у+6=0 
20) +4у=-6 => 4y 2-6 > у= 3/2 
In general a line in two dimensional spaces can be determined by 
specifying its slope and just one point. In different situations, the lines 
developed are the following: 
_© Slope-Intercept Form 
Let L be the line develops the y-intercept c on 1 the y-axis. The line L 
also makes an angle @ ‘with the positive direction of the x-axis that develops а 
slope m= (ап Ө. 
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Let P(x,y) be any point on the line L. Draw PM parallel to y-axis and 
CN parallel to x-axis . This gives: 
СМ = ОМ =x, МР=МР-ММ=МР-ОС=у-с 


3 DAE 


| 
| 
| 
| 


ds Fig 613 


In triangle PCN, the angle is ZPNC = 90" and the slope of the line L is 
giving the slope-intercept form of the line L: 
— - tanB 
CN 
T une y-czxtan0 => у= хіапӨ+с= тх+с (15) 


In y = тх + с, mis ће slope and c is the y-intercept of the line L on ће 
axis of y. If the straight line L passes through the origin (0, 0), then c-0 and the 
equation of line (15) becomes y = mx. 


—— n €—— SEW 


=» Example 6. 4.2:{Stope-tntercept Form}: Find a an pmom of the line with ДІ 
slope 4, when the sy intercept is 6. 
Solution: Result (15) is used (15) is used for the assumptions m-4, c-6 to obtain ‘the 
required slope-intercept form of a line: 

у=4х+6 


Е Li isa нле passing ШЫН the point A(x, ураад P(x, y) is any point 
on a line L, then the slope of the line L develops the point-slope form of a line 
L through the point A(x, уу): 


Fig. 6.14 


Example 6.4.3:[Point-Slope Form]: Find an equation of a line with slope 4 
and passes through the point (2,4). 
Solution: Result (16) is used for the assumptions m=4, A(x), y,)=A(2,4)to 
obtain the required point-slope form of a line: 
у-4-4(х-2) 
-4х+у-4+8=0 => -4х+у+4=0 =4х-у-4=0 
е Two-Point Form 

If Lis a line passing through the two points А(х,, уу) and B(x, у,), then 
the slope of the line L is: 

me. (17) 

*-* 
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The point-slope form of a line L through the A(x,, y,) with slope m is 
y-y =m(x—H) (18) 
Equation (17) is used in Equation (18) to obtain the equation of the two-point 
form of a line L through the two points A(x, у,) and B(x;, y;): 


y-y 232 sx) 
Cza) AML 09) 
3,231 “3-3 


Example 6.4.4:[Two-Point Form]: Find an equation of a line that passes 
through the two points Р(—1,—2) and О(—5,0). 
Solution: Result (19) is used for the assumptions Pf xp y,Js Р(-1,-2), 


Q( х»у„)= Q(-5,0)to obtain the required two-point form of a line: 
0- (2) 
-5-(-1) 
у+2= 2 +1) 
4 


y-C2- [x- C] 


-y-82 2x42 => 2х+4у+10=0 > x 4 2y 520 


* Double-Intercepts Form 

If a line L intersects the x-axis and y-axis at points A and B, then OA=a 
and OB=b are the x and y-intercepts of the line L. 

Let P(x, y) be any point on the line L. y 
Draw PM parallel to y-axis and PN parallel to x- 
axis. From the figure (6.16), the comparison of 
similar triangles АВМР and APMAis giving the 
equation of double-intercept Ed a line Їл 


OB-ON . 0M _ 
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€ > mb | Example 6.4.5:[Double-Intercepts Form]: Find the qe of a line whose 
Ў x and y intercepts are (3,0) and (0,4) respectively. Ё 
6 Solution: Result (22) is used for the assumptions a=3, b - 4 to obtain the required 
) line: x 
єз ХУ] 
W 3 4 
( $033 р dep dye 12 = dri 3-250 
W 12 
5) О Symmetric Form 
] 4 Let a line L through point 
( A(x,y)makes an angle Owith the 
Дд positive direction of the x-axis. 
" If P(x, y) is any point on the line 
W L, then AP=r. If we allow r to vary with 
aN any positive or negative values, then P 
W/ will take any position on the line L. 
UN Conversely, if P is given to be any point 
W on the line L, then the unique value of r 
Ж can be found which in fact is the distance 
W of P from A. Thus, it follows that r serves Fig 6. 17 
Das as a parameter of point P. ї 
M To find the coordinates of a point P in terms of the parameter r, let us 
ХА draw AL and PM parallel to y-axis and AN parallel to x-axis, that with the 
P a following assumptions 
1 Ч OM =OL+LM =OL+AN Q1) 
W MP - MN & NP - LA * NP i 
4 ) dvelops the parametric equations of a line L through the point A(x, y,)at an 
Y angle Ө: 
4 \ г 
\ 7 ОМ -OLt LM MP = MN € NP 
4 К, =OL+AN =LA+NP (22) 
) af 
) 4 х= +гс056, шүүү AN/r y=y,+rsin@, sinQ=NP/r 
Ч 2 The parametric equations (22) automatically give the symmetric form of a 
A line L after simplification: 
( 
Y 


a SS e 


Хва НА 

cos 5% Уа УИ 

yon с089  sinO 5 Q3) 
sin8 


e Normal Form 

A normal to a line is a line segment drawn from a 
point perpendicular to the given line. This is shown in 
the Fig. 6.18a. The normal form of a line is the 
equation of a line in terms of the length of the 
perpendicular on it from the origin and that 
perpendicular makes an angle with the x-axis. 

Іа line L intersects the x-axis and y-axis at 
points A and B, then m and n are the x and y-intercepts 
of the line L. Draw ON perpendicular to line L that 
provides the perpendicular distance p from the origin Fig. 6.18(0) 
on the line L which is denoted by ON= p. Less 

І ON makes an angle Ө with the positive direction of the x-axis, then the 
x and y-intercepts of the line L are respectively: 


Р 


т 


со5Ө =-— = т= psec 


sing P = n= рсозсс@ (24) 
п 


If m and n are the x and y-intercepts of a line L, then the intercept form of 
a line L develops 


р 
psec@ pcosecd 
хсозӨ+уѕіпд = р (25) 

the normal form equation of.the given line making ап angle Ө with the positive 
direction of the x-axis and whose perpendicular distance from the origin is p. 
Example 6.4.6:[Normal Form]: Find the corresponding equation of a line, if 
the length of the perpendicular distance from the origin on a line is 3 units that 
makes an angle of 120°. 
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1 ) Solution: Result (25) is used for the assumptions p = 3, = 120° to obtain the 
JA required equation of a line: 
4 xcos 120° + ysin 120°=3 
N А AS yes ху бух6эх- бух6-й 
Ww Li) Alinear equation in two variables is a straight line 
7 A first degree polynomial р(х) -0,Х4-4,18 rearranged to obtain an 
equation of the form 


=ax+p(x)-a,=0 with -a =a, рү(х)= y, 54:71:42 


Ч 7 axtby+c=0 
7 ^ ds then called the general equation of the straight line. Here a, b and c are 
W/ constants while x'and y are variables. Remember, The first degree polynomial 
/ ^ N A (3) is also called the linear algebraic equation and is denoted by p, (x) = (х). 
ү For logical proof, if P(x, y,), Of x» y,)and R( x, y,)are the three 
( А у points on the locus represented by the straight line 

X ax+by+c=0 (26) 
©) then, 
{ Y P(x y; )on the line (26) gives: axi t БууЕс-0 (27) 

Y Of xa, y; )on the line (26) gives: ax tby,tc-0 (28) 
4 R( x» y, onthe line (26) gives: axi tby,+c=0 (29) 

) ( The three lines from equation (27) to equation (29) develops а 
6 ) homogeneous system of three linear equations in three unknowns a, b and c: 

4 , 

A хо» Ife) {0 

T x y 1|9|-10| > Ах-0 (30) 

X, y Ile 0 


The homogeneous system of linear equations (30) defines a nontrivial 
solution ашу if the determinant of a coefficient matrix А of the system (30) is 
Zero: 
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«7 det(A) =0 
| лох» ; 
х y, 1=0 (31) 
X, У 


305 73) 7 305 — Ha) +063 7 2) =O 
Equation (31) is rearranged to obtain: 


СОСЫ ЫККА Аа (32) 


Multiply both sides of equation (32) by тю obtain the area of the triangle 
formed by P, Q and R that equals zero: 
zl 0:79 9:08 0:01 729] 0 (33) 
( Area of the triangle POR- 0 


/25 Since the three points Р, Q and R lying on the locus (26) are collinear. Hence the 
WV locus (26) represents a straight line. 


ii) General form 

ofa straight line is reducible to other standard forms 

Any standard form of a line can also be determined from the general form 
of a line (26). 
N • To reduce the general form (26) to the point-slope form of a line, we need 
/ to involve the following steps: 


NX ax+by+c=0 

fw 

{ bys-ax-c 

Ww 5 

/ Pa ced Ci 
ED 


=mx+c,, slocpe=m=—a/b, y-intercept=c,=—c/b 


• То reduce the general form (26) to the double-intercept form, we need to 
involve the following steps: 


= | 259 


Pine Analyde Geometry Straight Line 


ах РУ divide out bye C 


2 x - intercept = a, = —c/a, y -intercept = b, = —c/b 


ESSA 


а, 
To reduce the general form (26) to normal form , we need to involve the 


following steps: 
From the Fig. 6.18b, the angles along the positive directions of the x and 
y-axis are the following: 
m 
The values of cos@and sin@are used in the trigonometric identity 


cos? 8--sin* @=1 to obtain p: 
cos? @+sin? 0 =1 


p Р 
rr 
m m 
2/1 1 
—-+— |=1 34 
"(2 F (34) 
2 2 
m tn 
т?т 
2. mn. iB AES lun 
P maus Rum: 


This p is the perpendicular distance from the origin to the line 
Sezai (i.e. nx+my-mn=0). Of course, the perpendicular distance 


from the origin to the line ax+by +c =0 must be: 


ld 
= 35) 
Ч a +h? ( 


For converting the general form (26) to normal form, divide the line 
to obtain the conversion of the general 


ах+ру+с=0 by -m 
Ja! +b? 
form (26) in the normal form: 
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(36) 


заса кеб on Cap. 
Ja eb dab 40-55 
Example 6.4.7: [ Direction Cosines]: What are the direction cosines of a line 
perpendicular to a line x -5y 3 = 0? 
Solution: The normal form of the given line is: 


SEI DLE AU 
426 26 426 


The direction ший ofa ил line are given by the coefficients of x and y 
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“15:17:15 EMEN ПТ LED 


1. Find the equation of lines that are represented on the coordinate planes: 


2. Arrange these lines in order of steepness (shallowest to steepest): 


2 1 
a YS 2355 bee 5 c. у=х-3 
d. y=0.3x+6 e. у= 0.01х—200 
3. In each case, find the slope, if it is defined: 
a. (-5, 4) and (3,6) b. (2,-1) and (5,6) 
c. Through the origin and (-4, 6) d. 4x+7y=1 
е. Parallel to 2y-4x—7 f. Perpendicular to бх=у-3 


+ 
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4. What are the х— and y-intercepts for each of the following lines? 
a. yz2x46 b, у= -3х+9 с. у=х+2 
d. y-2x-8 е. у= 5х+10 f. y=5x-10 


5:  neach case, use the normal form to find out the equation of a line 
for the following assumptions: 


a. p=4, 02 60° b. p=8, @= 90° 
c. p-5, 82 30° d. p22, 6 = 45° 

6. Tn each case; find the equation of a line, if the x-intercept and y intercept || 
of the line are the following: х 
а. х: (4,0), у: (0,6) b. x: (4,0). у: (0.-8) 
c. x: (5,0), y: (0,10) d. x: (-1,0), y: (0,5) 

1 In each case, find the equation of a line that passes through ithe pair of 
points; t EB - 
a. O(0.0) and A(2,6) b. E(1,0) and F(2,5) 
c. (1,1) and J(3,3) d. М(3,1) and NC-1,3) 

8. In each case, find the equation of a цн. L2 
point A( xp у, ) having slope m: hm 
а. A(1,2), m=4 5 A(-1,2), m= -1/2 
c. A(-3,5), m -3 d. A(7,-8), m-5 

9. In each case, find the equation of a line that exists the y-interceptc. and. 
slope m: ‘ 
a.c=2, m=2 b. c=4, m=8 
c. Cai: m-1/2 d. c=1/2, m-3 


[6.5 => | Distance of a Point from a Line. | 
To ‘obtain the distance of a point from a line, we need to develop the 
concepts in subsections below. 
i) Position of a point with respect to a line : 
To show that the point P(x, y, Jis on one side or on the « mE side of 
the straight line ax+by+c=0 according as the expression 


axı+by;+c <0 or axi +by;+c>0, 
the procedure developed is as under: 


— = 1 262 —————— 
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ais. 
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Let AB be the straight line ах+бу+с=0 and P( хь y, Jis a point above the 
line AB (figure (6.19a) and P( ху, y, Jis also a point below the line AB (figure 
(6.19b). From P draw perpendicular PM on the x-axis that cuts the line AB at a 
point О whose coordinates are Of xy y; )- 


Fig. 6.19 (a) Fig. 6.19 (b) 


НО xn у, )lies on the line AB, then it give: 


ах +by,+c=0, Q(x, y;) lies on АВ 
by, = (аҳ +) . (07) 


pa (RS 
»- (E) 


If P lies above AB as in figure (6.192), then: 
MP-MQ»0 
yi y;20 
antc. p 
b 


yt 
ах, мэ 1297 
axtbytc20, b20 

If P lies below AB as in figure (6.19b), then: 
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MP=MQZ0 
у Y; «0 
D nanc 
b 1 | 
ax Вус со, "I 
b [ " 
ax,+by,+c<0, Ь>0 


Hence Р lies оп one side or on the other side of the line ax+by+c=0 
according as ax, + by, +c > Oorax, by, +c <0. 


This develops the following concepts: 

e Since gx,+ by, +c > Ofor all positions of the point P(x, y,)on one side 
ofthe. line and ax, +by, +c « 0 for all positions of the point on the other 
side of the line. It follows that the sign of the expression changes as any 
point P( хь y, )crosses the line ax+by+c=0. 

* The line ax+by+c=0 cuts the plane into two regions, one positive region 
(above the line), the coordinates of any point Р(х,у) which when 
substituted in ax+by+c=0, make ax;+by,+c>0,and the other negative 
region (below the line), the coordinates of any point P(x, у) which when 
substituted in ax+by+c=0 make ax, by, kc « 0. 

* Origin case: If the coordinates of the origin O(0,0) are substituted іп 
the expression ах+Бу+с=0, the expression reduces to c=0. The origin is in 
positive region if c > O and in the negative region if c « 0. 

• Two points P( x, y, )and Q( x2, у, )lie in the same or opposite sides of the 
straight line ax+by+c=0 according as the expressiongx;-by,c and 
ах +Бу,+ саге of the same or opposite signs. 


* The point P( х y, )and the origin are on the same or opposite side of ће 
straight ах+бу+с=0 according asax;-- by, cand a(0)+b(0)+c have the” 
same or opposite signs, i.e., according as ax;-- Ру, 4-c and c have the same 
or г opposite si signs, 

»| р Example 6 6.5-1: [Posi i [Position of ofaP : 
above or below t the l line 941  9x+10y-3=0. V 
Ё "same or оп\їне opposite e te sides of the given in 
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Solution: The given line 9х-10у-3-4 is compared to the line ax+by+c=0 to 
obtain the coefficient of y b=10>0: 
1. The given point P(10,—6) is substituted in the given line to obtain: 
9(10)4- 10(-6)- 32 90-632 27 > 0 (above) 
Thus, the point P(10,-6) lies above the given line 9x+10y-3=0 
2. The given point P(10,-6) and the origin O(0,0) are substituted in the given 
lineto obtain: 
9(10)+ 10(-6)-32 90-632 27 >0 
9(0)+ 10(0)-32 -3 «0 
Hence, the point P(10,-6)and the origin O(0,0) lie on the opposite side of 
the given line 9x410y-3-0 


| opposite in signs 


Solution: The given points P(3,7) and О(-3,-1) are substituted in the given line 
to obtain: 

3(3)-8(7)-72 99-56-72 54 «0 
3(-3)-8(-1)-7 2 -98-72 -8«0 
Thus, the point P(3,7) and О(-3,-1) are on the same side of the given line 


| same signs 


If Q(x,, y,)is any point on a line 
ax+by+c=0 (38) 
and п = (a,b) is a nonzero vector perpendicular to the line (38) at a point 
QU, y), then the distance D is the scalar projection of a vector ОР 
(associated to any point ( P(x;, уу) onto n: 
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D=|proj, ОР 
- lop. п| 
In} 
Les m3 G5) - - 
ER etn ab I= Vat cb? 


las 5) 80s 7 3) 
va? +b? 


аара) шкын 
Va? +b? a+b 


(39) 
Hereax, +by, * c 20 — c =—ax, -by is a line through Q(x, у). 


Example 6.5.3:[Perpendicular Distance]: Find! the perpendicular distance 
from a point P(2, 3) toa line 7143y-9 = 0° 


Solution: Result (39) is used for the assumptions P(x, y) = P(2,3), 
c= -9, а= 7, b - 3 to obtain the perpendicular distance d from the line 7x+3y— 


9-040 the point P(2,3): 
qi Ef +by +e 
atb 


_70)+3(3)-9 


122 012 


6.6 | => | Angle between Lines | 


If the two lines are available, then the angle between these two lines can 
found as follows: 
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RA 
у 


4 


px 
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i) The Angle between two coplanar intersecting straight lines 

First method: [Basic Geometry]: Let AB and CD be the two straight lines 
у=тх+а and — y-myxte, 

These lines are intersecting at a point P(x, y). The line AB intersects the x-axis at 
a point E that makes an angle, while the line CD intersects the x-axis at a 
point Е that makes an angle 6,.The slopes and angles developed by the lines 
AB and CD are respectively: 
m,=tan@, т, = tan6, 

Let@be the angle of intersection | 
between the lines AB and CD, P being the 
point of intersection of the lines AB and CD. 
The basic geometry rule that the angle 0 
between the lines AB and CD will be: 
8-0,-0, 

Take гап of both sides which leads the angle | 
between the two lines AB and CD: 
tan @ - tan(8, - 0.) 

_ tan& —an£, 

ШҮҮГЭЭ бгаад, 


eee m, = tan б, m, =tan 0, (40) 2 N 

This expression will change its sign depending upon whether we 
take m, as the slope of the first line or the second. But the change of sign. / 
is not a problem, because the positive / negative values will Ч 
give supplementary angles (as tan( – 0) = —tan 8). For example, values 1 
and -1 will mean ап angle of tan 45° =1and tan 135° =-tan45° =—1, both 
of which correspond to the same situation geometrically. 

To clear this sign issue, use a modulus sign on the previous 
expression, which will always give a positive value (or an acute 
angle). The final formula looks something like this: 


MES (40-3) 
1+ тут 


l= = 


Second method:[Dot Product of Unit-Vectors]: The unit vectors are the vectors 
lie in the same directions of the given lines. The unit vectors along the lines AB 
and CD are respectively и = (соз 6, sin @) and v = (cos @,,sin ,). 

The unit vector u of a line AB is: 

и= (соз @, sin 6, ), сов Ө, =1/sec 6, 


= 8] u= 
sec sec) 


1 a 2 2 2 
=|- , == |, sec 6 = 1+ tan 70-18 
(s 5] " бт 


The unit vector v of a line CD is: 
>= (cos, sin), v =1 


{1 mg, 
secÓ, sec 0, 


2 1 тэ 2 2 2 
E " , sec 6, -1-tan 2, =1+ m; 
E zs] $ 6 
The angle of intersection between the lines AB апа CD is the angle of 


intersection in between their unit vectors u and v that can be found by taking the 
dot product in between the unit vectors u and v: 


cos = m 115115 
LIS 
e d Ln e SES 
mim» 


Тете lem i “ЧЕЙ Т Jit 


1+ пит: 
ҮЧЕ Jism 


The standard form of the angle is obtained if 


tan? @=sec? 8-1 


———— aen. —ЄЄ—Є———Є—Є 
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2 —— — -—], use value of cos@ 
cos? 8 


20 im Xem). 


ИЛТ” 


„Utm X1*m;)- emm) (mim) т») 
(1+тт,} "emm, Ў 


1+тт, 
It is important to note that . 


» IER TUR js positive, then result (41) gives the acute 177 between the 
14mm, 


lines AB and CD. 
s 12 js negative, then result (41) gives the obtuse angle between 
14mm, 
the lines AB and CD. 
e If one of the given lines is parallel to the y-axis, then the angle ĝis not 
possible to obtain by formula: 
tang= +20770. 


14mm, 
Because 00718 the angle made by that line with the positive x-axis and 


tan 00° = оо, In such a case, the angle between the lines will be 


calculated by drawing the figure. 
© The lines are parallel, if the cross product in between the unit vector u 
and v is zero: 


where k is normal to the plane of the lines. 
* The lines are perpendicular, if the dot product inbetween the unit vectors u 
and v is zero: 


цу=й 
[s X 

1 0 
ш qu NET та [ea ТЕЛЕ 

I mimi 20 
(14 (1+) 

1+m,m, =0 

mm == 


È | Example 6.61:[Angie between the Lines]: Find the angle fibi the line 7x4y= 
\ | 9=0to the line Sx-2y+2=0: 
Solution: The slope of a line 7x+3y-9=0 is 
3y=-7x+9 — у= 22353) m z-—— 
The slope of a line 5x-2y42-0 is 
-2y =—5x-2 => ys$re m, -3 
If Gis the angle from пы ing to line second, then 


\ mein 0935999 _=29 ] 295 2a 
PUTES NIA сы an mm E 1245" 
The angleg = 45° is acute. 
й) Тһе Equation of family of lines passing through the 
point of intersection of two lines 


Suppose, the two lines are 
L:axthbyte =0 (42) | 
І: ах+Ьу+о =0 (45) | 


and P(x,, y,)is their point of intersection. The | 
given lines /, and, are used to obtain a first 
degree equation of a straight line in x and y: 
(att by t су)+ AC axx+b2ytc2)=0, А 

is constant (44) 


— —' 270 == ———— 
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The coordinates of a point P will reduce each line in (44) to zero, since, 
by hypothesis, P is the point of intersection, i.e., it lies on each line. Therefore P 
satisfies (44) and represents the family of lines through the point of 
intersection of 1, 20 and L, =0. 
Example 6.6.2:[Family of Eines]: Develop the family of lines through the point. 
of intersection of the lines 2x-3y+4=0 and 2х+у—1=0. Find the line from the 
family of lines which is 
а. parallel to the line whose slope ds, = -213. 
b. perpendicular to the line 4x43y-1-0. 


Solution: Result (44) is used for the lines 2x-3y+4=0, 2x+y-1=0 to obtain the 
family of lines: 
(2x-3y+4)+A(2x+y-1)=0 (45) 

(242A )x+(-3+A)y+(4-2)=0 

The slope of the family oftlines is: 

(2+22)х+(-3+4)у+(4-4)=0 

(-3+4)у= 242A x-(4-4) 
Es —(2+24) 4-4. m. 20223) 
=3+4 -344' -3-4 

а. The family of lines (45) is parallel to the line with slope 

m, =—2/3 if and only if their slopes are equal: 


42424). 2 
-3-4. 5 
6+6A=+6 +24 


2431 -12-» Az-3 
The value of 2 —3 is used in (45) to obtain the particular line from the 
family of lines (45): 
(2x-3y+4)-3(2x+ у-1)=0 
2х-3у+4-бх-3у+3=0 
-4x-6y+7=0 
4x+6y-7=0 ; 
b. The slope of the given line 4x43y-1=0 ism, = —4/3.The family of 
lines (45) is perpendicular to the line 4x+3y-1=0, if and only if the 
product of their slopes equals —1: 


- - 271 


ERE 2 
3A & 3). 


8884 - 19 86842 9:34 > HAS 1S Am 

-9+34 11 
The value of A— 1/1115 used in (45) to obtain the particular line from 
the family of lines: 


Qx-3y44) +E (2х+ y- 20 
22x-33y+44+2x+y—1=0 
24x-32y+43=0 
iii) Angles of the triangle ` 
ҤА(х, уд. BG, у,) and C(x, y,) are the vertices of a triangle ABC 


and the slopes of the sides AB, BC and CA of the triangle ABC are 
respectively: 


m= 22-1, slope of sideAB, т, = 23-7, slope of side BC 


X735 5n Y/ 
/А 
m= Jp slope of side CA © 
Eile eel У 
НӨ, б, and, are the angles in 
between their sides AB to AC, BC to 
ВА and CB to CA respectively, then the 
angles can be found through results (41): 
The angles from the sides AB to 
AC, BC to BA, and CA to CB of a } 
triangle ABC are respectively: 4 
ах rua А Fig. 6.23 B 
tan @ = ATUS а= Т эө" (дє, \ 


= tan 
Imm, * 14min, Imm, 


Example 6.6.3:[Angles of the Triangle]: Find the angles of the triangle ABC, 
whose vertices are A (2,3), B(4,-1) and C(2,3). 


Fr 
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Solution: If ABC is a triangle and the slopes of their sides AB, BC and CA are 
respectively: 
Sei ЛАЗ < 
= =-, slo ide AB 
т Soe КУНЫ n 3 pe of side 


УугУу 3414. 
= =——=-——=-2, slepeof side BC 
PET ny Cp SD 


MY Len are 23-3 кона slope of side CA 1 


g =a" 
1+ mm, 
L9 
"o — 
6 
141: = 
32 
A POS ONE Zoe 23 | 
= -27 УЛ АХ ТА 1 
ОЕ 
2 2 
Result (46) is used to obtain the angle g, from the sides BC to BA 
QI 
imn, 
9-2% 


2 som ЇЇ => b= uan (7) 


Result (46) is used o obtain the angle 9, from the sides CA to CB: 


tang, = = 
I+mm, 
3 
vn "lcm : 4(-7 
= Sao 74724 9 oum! 


1. 


КУЛ 


4. 


In cach case, show that the point P(x, y; lies above or below the line 
axrbysc-0. Also show that the point P( xn y, )and the origin lie on the 
same side or on the opposite. side of the line av+by+c=0: 


a. Р(4,—5), 4x-3y-17=0 
c. P(20,-15), 6x+9y+13=0 


Jn each case, show that the points P( x, y,)and О( хь у, }аге on the 


b. P38), 5х+7у+9=0 


_ same-sille or on the opposite side of the line axtby+c=0: 


a. 4,2), О(11,-3); 5x+14y-11=0 
b. P(-3,5), Q2; ` 2х-3у-10=0 
с.Р(-3,2),0(4,5); __3х+7у-15=0 


ш each case, find the саваа fromthe line ax+by+c=0 
_ foapoint Р P(xnyi: 0 Lx. 

a. P(3,-4), 4x-3y46-0 b. P(5,8), “3х-2у47-0 

с. P(3,-1), 5x+12y-16=0 d.P(-547D, 4х43у-17-0 
e.P(-60,25) 3x47y45-0 


In cach case, "nd the angle from the line Z to 6 Jine Da it the slopes of 


“> he lines anda are the following: 
а. Lim =1/2, L:m,-3 BEREA І,:т=3 
с. h:mz-3 L:m,-8 d. L:m=0, L:m 22 


b. д, : joins on and ila! La : joins d and Her. 
Try to obtain acute angles. 

(«6 In each case, find the angle@ from 

a L; 2x-2y+3=0, Із s3x-y4+7=0 

b. Lı :2x t 4y- 1020, L; :5х-3у+1=0 
16.1, :2x*y-820, 1. :3х+2у-2=0 
d. L; :3x-5y 22-0, Lı :6х+ y- 2220 

7. Tn each case, find the angles of t а 

we following d M E VUE pr wi ЖУ 
а. A(1,2), B(4,2) and С(—2,3) b. AG, ,-4), B(1 5) and С(2,-4). 
c. A(-4, 0), В(2,0) and ce, 5) Ч АС, -D, Бє, 4) and сс ‚0). 


а. 2х-Зу+4=0, Зх+4у-5=0 and is meu: to the line ums 

18-0. 

b. 3x-4y+1=0, 5х+у-1=0 and cuts off equal intercepts from the 

axes. 

c. x-2y-a, х+3у=2а and is parallel to the line 3x+4y=0. 

d. 2х-у-0, 222—0 andis ышы to the iine arty Sat): 
m wy oe 


a. ‚ 2х+у+1=0, 2х+3Зу+5=0 that touches the point of intersection of x 
and х+у=0. 

b. 2x-3y-4-0, 3x+y+5=0 that touches the point of intersection of 
х+у-3=0 and rq 


Before to touch the concurrency of "trait lines, we need to develop the 
concept of intersection of lines. Logically, the solution of the system of lines 
exists only, if the lines intersect. For illustration, the two lines 


х+у=1 and x-y=0 
is forming the system of two linear equations 


5-12 ae ' Кылыг. Ung | 


xsyc0Ü 
that in matrix form is represented by Ax-b: 


22105 
The augmented matrix of the system Ax=b is 
21 16144854 
DUIS TUO 
reduced in an echelon form through row operations 


42104113 А 
оре оа і SD 


that gives the system of equations: 
х+\у=1 


‚у=1/2,х=1/2 
2011 1/2,x—1/2 


The second equation is giving у=1/2 which is used in first equation to 
obtain х=1/2. The solution ‘set (х,у) =(1/2,1/2) of the system of two linear 
equations is unique (one solution set). This unique solution is the unique point of // 
intersection at which the given two lines intersect. М 

It is important to note that the system of two lines 

e x*y-l and х-у=0 is giving a unige solution set, since the lines are 
intersecting at just a single point. 

o x+y=1 and x+y=0 is not giving a solution set, since the lines are not 
intersecting, because the line are parallel. 

e х+у=1 and 2x+2y=2 is giving an infinite set of solutions, since the lines 

are intersecting more than one points, because the lines make a sense of 

coincident lines. 


i) ‘Condition of 'concurrency of three straight lines 


The condition of сопсштепсу of three straight lines is the point of 
intersection at which the three straight lines intersect. For illustration, if the 
given three lines are 


БЕЙТ 


— —Є—ү—Єү—_ (229) = — — — — 
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apgtbiy tei 0 
у | ах+Ь;у+с;=0 (47) | 
азх+һзу+сз= 0 Я xd 
then, the three lines develop a homogeneous system of three linear equations 


‹ Ах=0 
7 aj by си(Х) (0 
7 48 
, аз ba сг || |z|O c 
V аз bs ci d 0 


\ In homogeneous system of three linear equations lines (48), the 
homogeneous coordinates are used: 4 


X 


y x 
( ( |+ y (49) 
| УДИ, 


\ Concurrency means that the three lines must intersect at a point 
Л G(x,y), say, that can be found by solving the system of linear equations ` 
( (47). The system (48) has a nontrivial solution if the determinant of the 
coefficient matrix A of the system (48) is zero: 


» 
N a br ci 

4 аз b» cq-0 = (50) 

\\ аз bs сз 

N This is the condition of concurrency of three lines. For required point of 


concurrency (intersection), the steps involved are the following: 

[1 1. Choose any two lines from the given three system of linear equations 
7 (47). 

; 2. Develop the system of these two linear equations. 


! 7 3. Develop the augmented matrix АЛ» of the system of two linear equations 

. and reduce it in an echelon form to obtain the point of intersection. 

y 4. Substitute the developed point of intersection in the remaining third line. 

) If the point of intersection satisfies the remaining third line, then that 

^ point of intersection should be taken as the point of concurreny of 
the given three lines. 
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Exaipple 6/7. 1:[C oacurrency Of Lines]: Show that the three lines 2+4у+3=0, 
5x-4y-5-0 and 2х+2у+1—0 are concurrent. If the lines are concurrent, then find 


.. out the point of concurrency. 


Solution: The condition of concurrency (50) in light of the given three lines і 
going to be zero: 
Quum | 
Эр 4 i= Щ-4+10]-ЖҖ5+10}+3(10+8}=6 -60+ 54=0 
1 


The given three lines are concurrent. For the point of concurrency G(x,y), 
choose the first two lines 
х+4у=-3 
5х-4у= 


that develops the system of two linear equations, whose augmented matrix АЉ is 
reduced in an echelon form 


Anz Ў 36 Я © by R, (Єз)= К, ER CS) 


594105) (07:247:20 
to obtain the reduced system of linear equations: 
х+4у=-3. i 
Ay 20 


The ‘second equation is is giving y=—5/6 which is used in first equation to 
obtain х=1/3. The third line with substitution of the point of intersection 
(x,y)=(1/3,-5/6) is going to be zero: 

2х+2у+1=0 => 2 (13)-2(-5/6)+1=(2/3)-(5/3)+1=0 

Thus, the given three lines are concurrent at a point G (1/3,—/6). 


7H) Equations of median, altitude and right bisectors of a 


triangle 


o Concurrency of the right bisectors of a triangle 


To show the concurrency of the right bisectors of a triangle, the procedure 
developed is as under: 


Let ABC be a triangle, whose vertices are A(x, y, Boxe y;) 
and C( ху), D, E, F are the midpoints of the sides BC, СА, AB of a triangle 
ABC whose coordinates are réspectively: 


Ч I — 
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v(x — бсан ral Е ntn) 
aiu ras gazu a], j 


Din D 28 2 


B. D c 
. Fig. 6.25 
If the slope of the side BC and the slope of the right bisector DG of the d 
side BC are respectively: 
23373; o. ЭЭ die >» N 
т= , SS 
x37 X2 m, Xa Y2 4 


form of a line: 


Ё Yat а (= 3 
2 Уз Y2 2 
+ + 

2220 um 22) (a xe RT x) 


=) Д 1 
x(32 3) $07») 592-53): (33-23) = 0 
Similarly, the equations of the right bisectors EG (of side CA), FG (of 
side AB) is respectively: 


RETE LEARN 
xGo-x)*05-)7565:51)- 564-3) 20. — | 
; 1 1 А 
x(xi а) + (94-92) 5 (Me ¥;)-5(xi-x2)= 0 


- 
"EN 


= 3 


Ти 


The right bisectors DG, EG and FG is concurrent, if the determinant of 
the coefficient matrix A of the related system of equations of the right bisectors 
DG, EG and FG equals zero: Ч 


s 1 en: M 2 
Х2-33 .Уу-35 739-307 (4-2) 
1 sod = (51 
xi-xi \ У-У, 7505 X5 doi) ^ 


; 1 nd 
Xi- У-У) eg Xe xia) 


і 
The operation of addition of rows А, +, + К,10 row Ais used to 


obtain: 


0 0 0 
ТТ Ое ПЕ 52 
з= o Jr (019 yi- A xix) en 


13 1 
Ху-Х20 У-У; 2507-70-021) 


The value of the determinant is zero. Hence, the right bisectors DG, EG 
and FG of a triangle ABC are concurrent. 
Example 6.7.2:[Concurreny of the Right Bisectors]: Let ABC be a triangle 
with vertices A(0,0), B(8,6) and C(12,0). Show that the right bisectors DG, EG 
and FG of the triangle ABC are concurrent. 
Solution: The vertices A(x, y,)=A(0,0), B(x, у,) = B(8,6) and CQ. у) = 
(12,0) of the triangle ABC are used in the determinant (51) to obtain: 


4 6 22 
I2. Q -72|=-4(-432)-6(600 - 576)+ 22(-72) 
8 6 30 

= 1728-1728 =0 


-4(2801------- 
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The determinant (51) equals zero. Hence, the.right bisectors DG, EG and 
FG of the triangle ABC are concurrent. 


The determinant (51) equals zero. Hence, the right bisectors DG, EG and 
FG of the triangle ABC are concurrent. s 
• Concurrency of the altitudes of a triangle 
Let ABC be a triangle, whose vertices are A(x, у), В(х,,у,) and 
C(x, у). The altitudes of the triangle ABC are AD, BE and CF. 
If the slope of the side BC and the slope of the altitude AD are 


respectively 

22s)? р) 
X37 X2 d 

then, the equation и the altitude ADi is obtained by point- slope í fom of: а line: 
[y EE y A 
YN; | 
(у-у,Жуз-У›)=(хә= хзЇх-х) | 
X x2- ase yas >) Hug -xi)- Y X17 31)20 1 


ан | 


Fig. 6.26 
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Similarly, the equations of the altitudes BE and CF are respectively: 


— Цэг" В — Fa. ee a oe : 
= 4 


Plane Analytic Geometry Straight Line 
x(-x)*»(vi-xi) x x)- 32037 5)50 
x(xi-x) 73-7» x) XQ x)89 
The altitudes AD, BE and CF are concurrent, if the determinant of the 


coefficient matrix A of the related system of equations of the altitudes AD, BE 
and CF equals zero: 


Xi7-X3 Уг) -xd xax) УК У›- Уз) 
БИЛЛ УУ хау) Yi sil 63) 
хех: o Xs хат ха) Yd) Yi) 

The operation of addition of rows R, +R, + R, to row Ris used to obtain: 


0 0 0| 
зех Y3); axd xii YA У-У) 
iX Yra cxkxx-YK iy 


=0 


The value of the determinant is zero. Thus, the altitudes AD, BE and CF 
of a triangle are concurrent at a point G. 

The conclusion drawn from the above results is that the three 
medians AD, BE and CF of a triangle ABC will also make concurrency at 
a point say, G(x,y). 


mb | Example 6.7.3:[Concurrency of the Altitudes}: Let ABC be a triangle with 
vertices A(0,0), B(8,6) and C(12,0). Show that the altitudes AD, BE and CF of 
the triangle ABC are concurrent. 


Solution:The vertices A(x, X) = A(0,0), В(х,,у,) = В(8,6) and C(x, у) = 
C(12,0) of the triangle ABC are used in the determinant (53) to obtain: 


xs УУ, хохот хз) УУУ: |4 6 
xexb Уз cxKko-YX)-Y4Y,v0042 0 -96 
xx усун іа) yA IA |8 6 
= -4(-576) -6(1152 -768) 
= 2304 -6(384) = 2304 - 2304 =0 


The determinant (53) equals zero. Hence, the altitudes AD, BE and CF of 
the triangle ABC are concurrent. 


Л 


————————nm——— 
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[68 | => | Area ofa Triangular Region | 
Let ABC be a triangle whose vertices are A(x, y,),P,(%,y,) and 
P(x, у). Project AA, Р,В апа AC upon the x-axis that develops the 
trapezia P; ACP, PsCBP2 and P;ABP2. 


The area A of the triangular region P;P;P;is the sum of the areas of the 
trapezia Р,АСР-, РэСВР» and P ABP: minus the area of the trapezium 
P:ABP2: 


i 1 1 
a=- Уул Yi xs- xi Jelos Ya x2- xs Jl-3lt Yit Yi x2 xi)] 
H 
= 1007 туу + хуз туз + aa xs хуз ЭЎ? 
БЭЛХЭЛ ЭГЭЛ! (54) 


1 
= 21 Ya- Xs) xd Уугуул xi Уг) 


xi Уу, 
1 : 
= Ya 1, first column expansion 
Хз Уз 


O- А(х,0) C(x.0) B(x,0) 
Fig. 6.27 


It is important to note that the area А of the triangular region Р,Р:Рз 
equals zero, when the vertices of the triangular region are collinear points. 


11283. — = 
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9 | "Example 6.84:| Area of Triangular Region]: Find the arca of the triangular | 
| region P)P,P; Whose vertices are. p4,-5), P{5,-6)and p43. 


Solution: Result (54) is used for the vertices of the triangular region 
Pí4.-5), P{5,-6), P4(3,1) to obtain the area of the triangular region P,P;P;: 


4 5 \ 
ee -6 lj, first row expansion | 
ЗТ 


| j = L6 -1)+5(5-3)+(5+18)] Ч 
! = [28+ +23] duis d 
| F B 
| 


5 9 
Хо) square units j 


In general, any line equation in two variables that passes through the origin is 

called a homogeneous equation. 

i) Homogeneous linear and quadratic equations in two 
| variables 1 3 


Definition 6.9.1:[Homogeneous 8: Nonhomogeneous Linear equations]: An 
equation of the form in two variables x and y 


( antby+e=0, cx 0, ай andic are constants N 3 + (55) р) 


is called a nonhomogenous equation of a line. For с-0, the nonhomogeneous 
equation (55) gives the homogeneous equation of the form 


i 595, 

that passes through the origin definitely.This also defines a homogeneous 
equation of degree 1, since the indices of x and y in every-term of (56) is the 
same, the degree being 1. For example, the equation of line х+у=0 is 
homogeneous line, since it defines a homogeneous equation of degree 1. 
Definition 6.9.2: [Homogeneous Quadratic Equation]: An equation of the 
form 


Саххвуг0 


a 0, “abea are constants 2 (57) ) 


is called a homogeneous quadratic equation of second degree in variables x and y, 
since the sum of the indices of x and y in every term are the same number “2.” 
For example, 
3X -4ху+5у=0 and А emxyeny =0 

are homogeneous quadratic equations of the second degree in x and y. On the 
other hand, the equation of the form 3xy^ - 4xy + 5y’ = (is not a homogeneous 
equation, since the sum of the indices of x and y are not the same in each and 
every term. 


| ii) Second degree homogeneousequation = = = | Y 
| represents a pair of straight lines through the origin — | (8| 
e Standard form of second degree homogeneous equation 
Ifa x * by t c; = ардах bzy - с; = б аге the two straight lines, then 
the simple product of the given two nonhomogeneous lines defines a joint 
equation of a line: 


(anth te) ast boc) = 0 3 (58) ) 


The joint equation of the homogeneous straight lines is obtained from 
(58) by putting ge, = c, = 0 =0: 


Cax+ by, Хах +by,) 20 69 ) 
The product of homogeneous lines (59) is giving the standard form of 
the second degree homogeneous equation: » 


(ах+у)(а,х+Ь,у)= =0 


(amt + arb) bas + biy =0 et 
аазх 2 (аф, +ат)ху+ыьу =0 
If да, =a, » (ab, +a,b,)=2h, bb, =b,then (60) gives: 


E AR ay dnd 


vee 


( ТЕС) 


Any point Р(х,у) that satisfies first linegx-Fb;y- 0 or second line 
ах + by = О will also satisfies the joint homogeneous equation of (59). 
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The product of equation (61) to constant quantity a/a is giving the joint 
equation of the two first degree homogeneous equations in x and у: 


З| ас - 2йху+ Ву? | =0 

а 

a! x! + 2ahxy t aby" = 0, Add and subtract Ру? 
(ax hy) - I! y! +aby’ 20 
(ах+ hy)? — (f - ab) 2 0 


(ах+ һу)! -( yl 5) =0 
(ax+hy+ yvi -ab (ax yh ab )=0 


‘The lines (62) and (63) are therefore first degree equations in x and y. 
It is important to note that the lines are 
e real and distant, ifh* — ab > 0. 

» real and coincident, if^ — ab =0. 
e imaginary, if - № -ab«Q0. 


Solution: The standard form of second degree homogeneous equations 
(61) is compared to the given second degree homogeneous equation 


Sy + 3xy -8y! =0 to obtain: 

a25,2h232hz312, bz -8 
These values are used in the standard form of two first degree homogeneous 
lines (62) and (63) to obtain the required two homogeneous lines: 


n a m a wq WAP WP c 


= 


( 


_—————— Еа 
ES [ 


) 
p? 
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The two lines are perpendicular, since atb=3—3=0 is zero for a=3 and b= —3. 
Example 6.9.4: Joint Equation]: Find a joint equation of the straight line that 
passes through the origin and perpendicular to the lines represented 
by2x^-5xy 3y! — 0. 

Solution: The standard form of second degree homogeneous equations (61) is 
compared to the given second degree homogeneous equation 

2x! - х5у+ Зу? = 0 to obtain: 1 

422, 2hz -5-— hz –512, 5-3 


These values are used in the standard forms (62) and (63) of the two first 
degree homogeneous lines to obtain the required two homogeneous lines: 


а+ (B+ die ab) y=0 ax+(h—n?-ab) y=0 

5 [25 5 [25 » 

ЕЕЕ 2 Ёс) 

l-ie 2.6 pro 
2'V3 


22212) 24 44| -0 
2х-2у=0 2х-3у=0 
x-y=0 
Slope of the first line is 
х-у=0 
у= 5 т=1 
Slope of the second line is 
2x-3yz0 
-3yz-2x 


у=?» m,-2/3 


The line that passes through the origin O(0,0) and perpendicular to line 
first is: 


“QF 


dis 289 Е- 5 E T E TEE 


И а 


> 


y-0= S zys-xc х+у=0 (67) 
пу 


The line that passes through the origin O(0,0) and perpendicular to line 
second is: 1 


E o= ILa эгуес х =>3х+2у=0 (68) 
т, 2 


‘The joint second degree equation of the two lines (67) and (68) is: 
(xx у)(3х+2у)=0 
3x E 5xy 255 =0 


\ БЕНЕН EISE) 
лд Each case find! the point of intersection Р(х, Y) of the pair of lines: 
а. 2х+4у-10=0, 5х-Зу+1=0 
b. 2х+у-8=0, 3x+2y-2=0 
c. 3x-5y 4 2220, бх+у-22=0 
d. 8х-7у+1=0, 10x-11y 4 3520 
2. Show that the following lines are concurrent. If the lines are concurrent, then 
find out the point at which the given lines can make concurrency: 
&.X-y-5-g Хуу — q1*75Y 2870 
b. х+2у-3=0, 2x-y-4-0, х44у-7-0 
с.3х+2у-1=0, 2x-3yr4-0, х+у-2=0 
d. х+2у+5=0, 32+5у+1=0, 4х+7у+6=0 
3. Tf ABC is a triangle with vertices A(0,0), B(8,6) and С(12,0), then show that 
a. the right bisectors of the triangle ABC are concurrent. 
b. the altitudes of the triangle ABC are concurrent. 
c. the medians of the triangle ABC are concurrent. 
4. Find the area of the triangular region Whose vertices are the following: 
a. P{0,0), PA2,4), PX-2,2). b Pf-1,-2), Р,(2,5),Рх5,2). 
c. P(4,-5), P45,-6), PX3,1). 


шинээ 


3 
3 
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а. x e5xy-y 20 b. 2x7-xy-y?=0 


Find the area of the region bounded Бу the triangle ABC whose vertices = 


аге A(a, b+c), В(а, b-c) and Ca, c). - 


‘Show that the area bounded by the triangle ABC whose vertices are the 
_ following: i Š 

a. А(—3, 6), BQ, 2) C(6, 0) b. А(—2, 4), BG, -6) са,-2) 

с. Are the vertices in parts a and b of the triangle ABC collinear? 


Find two first rst degree straight lines in x and y, when the second Des 


TU homogeneous equations are the following: 


a. 3? -2xy -5y! 20 b. 4x - Ixy + 5y?=0 

c. xt xy y 20 d. x!-Zxy46y! 20 

Find the angles in between the lines represented by the following second 
degree homogeneous equations; 

а. 3 -2xy-5y -0 Ч 4x -9xy+5y =0 

С) Ets ys =0 d. у!-7ху+бу =0 


‘Show the two first degree straight lines in x and y are coincident, 
. perpendicular or ‘neither, when they are represented by the _ following 


second degree homogeneous equations: 


od ox ty 8y -0 


Ties represented by Jg - Ty +2 =0. 


ai 
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Glossary 


The distance from point P( ху, y, )to point Q( хз, y; Jin the coordinate plane is: 


d sl PQl- ( x2- xi Oy; Y, 


Tf L; and J,» are the two lines having slopes л, and m, then, these two lines are 


а. parallel if and only if they have the same slopes: rz, = Mh - 
b. perpendicular if and only if the product of their slopes equals —1: түй, =—1 
The equation of a straight line parallel to the x-axis and at a distance a from it, is y=a. 


The equation of the x-axis is yz and the vector equation of x-axis is r.j-0. 


The equation of a straight line parallel to the y-axis and at a distance b fromit, is 
хэв, The equation of the y-axis is x=0 and the vector equation of y-axis is г1=0. 


The standard forms of the line are the following: 
а. у=пи+с, Slope-Intercept form 


PD Wu PP" 


P 


b. y- y,2 m(x- xi). Point-Slope form 


Two-Point form 


Double-Intercept form 


Symmetric Form 


f. xcosĝ + ysinĝ = p Normal Form 


‘The standard form of a line is ах+ру+с=0 
For c=0, the line is homogeneous that passes through the origin. 


p—"————— —— АЯ дь „См 


Maths - 12 МОН 
) 


Forc #0, the line is nonhomogeneous that does not pass through the origin. 
The perpendicular distance from a line ax+by+c=0 to a point P(x; y) is: 


_ axı+by,+c 
Ja +b? 


The angle between the two lines y = 7x c, and y = m,X+ c, is: 


d 


tan@= Hm 
I+mm, 
! The general equation of a straight line that passes through the point of intersection of 
) the lines gx b;jy * c, 7 0 and ах+ру+сз = Üis: 
(ак biy t ci) A as boy c2)5 0, Ais constant 
) The condition of concurrency of the three lines is: 
а bi ci 
› a; b; cq70 
) аз bs сз 
An equation of the form 
n ax’ + 2hxy- by! = 0, a & 0 b,c are constants 


is called a homogeneous equation of second degree in x and y when the sum of the 
indices of x and y in every term is the same, the sum being 2. 


The angle between two homogeneous straight lines у = mx and 


The given two straight lines are perpendicular, if the angle between them 
is 90° that makes a+b=0. 

The given two straight lines are coinciding if the angle between them is zero 
: that makes А? = ab. i : 


CONICS-I 


This unit tells us, how to: 


define conics and the members of its family as circle, parabola, ellipse and hyperbola. 
define the circle and its equation in standard form. 

recognize the general equation of a circle and its centre and radius. 

find the equation of a circle determined by a given condition. 

find the condition when a line intersects the circle and touches the circle. 

find the equation of a tangent to а circle in slope form 

find the equations of a tangent and a normal to a circle at a given point. 

find the length of tangent to a circle from a given external point. 

| = find two tangents drawn to a circle from an external point that are equal in length. 

prove the properties of a circle such as perpendicular from the center of a circle on a 
chord that bisects the chord, perpendicular bisector of any chord of a circle passes though 
the center of the circle, line joining the center of a circle are equidistant from its center 
and its converse, measure of the central angle of a minor arc is double the measure of the 
angle subtended by the corresponding major arc, an angle in semicircle is a right angle, 
the perpendicular at the outer end of a radial segment is tangent to the circle and the 
tangent to a circle at any point of the circle is perpendicular to the radial segment at that 


point. 


7л Introduction = : 


The conic sections have been studied extensively since ancient times and 
have many important applications. For example, in the early 17" century, 
Tohannes Kepler observed that the planets travel in elliptical paths and Galileo 
discovered that in a vacuum, a projectile follows a parabolic path. At the end of 
the 17" century, Newton used the fact that planets follow elliptical paths as the 
basis for the inverse-square law of gravitational attraction. In more modern times, 

| 294 | 


7, 
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, conic sections have been used in architecture, in the design of lenses and mirrors, 


and to study the paths of atomic particles. 2 
‘| Conics and members of its family — з 
£ - 4 pi 
Mathematically, the general second degree equation ( 
(Ax + Bryt Cy? + DX + EY +Ё = 0, 70589 3 


is the equation of a circle, a parabola, an ellipse, ora a hyperbola depending 6 

on the values of A, B and C. If A = B = C = 0, then the equation is по! quadtatic, 

j but linear equation represents a straight line. Historically, second degree equations 
in two variables were first considered in a geometric context and were called conic 

i sections, because the curves, they represent can be described as the intersection of a ( 


>< 


double-napped right circular cone and plane as shown in Fig. 7.1: / 
сүх ( 
W 
› « 
a Ф) 
\ 
) (es 
Y 
Fig 7.1 /А\ 
, И Ne 
M 
ДА 
Q 
› A circle is a shape that has a continuous and constant curve. Though itis $ ) 
always curving; it has an algebraic expression that describes its nature. 4 Н 
| 3 
LI. 
, E ) 
л) Definition of circle equatian and its derivation in standard Р. A 
‚ form А Q 
А 


ейпШоп 7.2.1:[Cirele]:The set of all points in the plane in such a way that itch / 
‚ distances from a fixed point in that plane (called the center) is equal to а fixed 
distance (called the radius) of the circle. 


/ 
1 poe 


) (2233 
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Derivation of Circle Equation: This definition helps us in developing a standard ( 
form of the equation of a circle. The procedure developed is as under: 

Let C (h, К) be Centre of the circle and г is the radius of the circle and 
P(x, y) is any one of the collection of points on the circumference of the circle that 
gives the distance from the fixed point C(h, k) which is called the radius of a 
circle. The position vectors of P and C relative to origin are respectively. 


Ж OP = (x. y), OC z (hk) (2) 


ү/ 
А \ 
\ V , 
( ^ 3=0 
(9 x*y-3-( 
А 
СУ) Еа 
\V, 
/А From the Fig. 7.2, the distance from the center rC to point P is the fixed 


W/ distance equals the radius of the circle: 
ЈА 


ОС+СР= ОР 
Y СР-ОР-ОС 
( CP - (x, y) - (A k) 
7 =(x-h, y-k) 
А [СР|= J(x- B) +(y-k) distance formula 
4 E 
1 1 
|с} =( (к-к) r&y ) : squaring both sides 
r’ =(x-h} «(y-&)', lcr} =(cP} =7 


Definition 7.2.2:[Standard Form of the Equation a Cirde]: The СЕТЕ form i 
of the equation of a circle with radius г and centre (h, k) is: 


Р ) i 

(x-A (к-т @) А 
s If the center of the circle is at the origin (h,k)=(0,0), then the circle 7 | 
54 equation (3) becomes; Жэ 1 
W Payer 4 M 
М n 
M ) гу Example 72.1: [Circle with Radius nnd Center: “Determine the equation of a ui 
Ч circle with center at (-2,1) and radiusr 3. _ & ё 
h 7 Solution: Result (3) for center C(h, К) = (-2,1) and radius г = 3 is used to obtain Y м 

А the circle equation: Ж 
v/ (ahy (y-k? =r = (x42) 4(у-17-9, 8--2, k=1, r-3 X 
ZNN 
X - Х 

») d) ‘Recognition of m equation of a circle and its center and 4 
» radius Y 

Уу The rearrangement of the general аанай of the second degree in x and y that (А 
X may represent a circle through the following procedure: У 

\ t n а 16 / 
Y ) The general equation of the second degree in variables x and y is: S v. 
/ ) ax +2hky by! «2g 2 fyt c0 CS 6 
X Divide out both sides of equation (5) by a to obtain: ) X 

—— — - / 

j Ё 2h b 2g 2f c Ч 
Ww дуу t+ xt yt+—-=0 6 Y 
X RR CE (6) А 
y y 2 2h b 1 мб - 2 х ч 
ba x +— ay + y2gx2fyte 0, g = glaf,- fac -cla Ж 
AN а а 1 
Ww The rearranged equation (6) of the general equation of the second degree 
^ (5) in x and y gives the general equation of a circle if and only ifb/a = land 
| j 2hla=0: 

2 ТЕ ан унэ M E СОО 

| mity v2gx*2fyta (т) 


x cy +2ext2fytc=0, =, m fe mc 
For its center and radius, add and subtract g^ and f^ to equation (7) to 
obtain 


ян n- 
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Xx y 42get2f у+с=0 
x +2gr+g -g 32£ ye f! - f^ +c=0, 
Add and subtract g^ and f? 
(xt) «(fy ege ^c 


the locus of a point (x, y) which moves in such a way that its distance from a fixed 


point (—g,— ) is constant and equals а^ + f^ — c. This of course represents a 


circle. 


It is important to note: 
Center and Radius: The coordinates of the center аге (—g,— f) and the 


radius isr = (-g) +(—/) -c. 


Independent Constant: The general equation contains three independent _ 
constants g, f and c. They can be determined from the three independent 
conditions. 


Nature of the Circle: 

If g°+ f?—c>0, then, the circle is real and different from zero. 

If g^ + f^ — c = 0, then, the circle shrinks into a point (-g,—f ). It is 
called point circle. 1 

If g? + f* —c « 0, then, the circle is imaginary or virtual. 

The coefficients of x is equal to the coefficients of у’, and there is no 
term containin 


g x y and the square of the radius r^ > 0. 
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The circle equation (9) is compared to the general form of a circle (8) to 
obtain the values of g, f ind c: 
2g =-4/3 > g=-2/3, 2f =4/5 > f= 215, с=19/45 


The center and radius of хо given circle are therefore: 


єє Шш 5 787 s (5 


7772) 


ven condition 


For the тэта со vof a er we = to find out the values of the 
three independent constants g, f and c under condition that 
1. the circle might be known to pass through three specific non-collinear 
points. 
2. the two points are on the circle and the center to lie on a given straight 
line. 5 
3. the two points are on the circle and the equation of tangent іо the circle is 
known at one of the two points. 
4. the two o poine are on the circle and is touching a straight line. 


passes бирн с three points А(1, m в(0, -6) and C(3,4) which gives a system 
of three linear equations in three unknowns g, f and e: 
1+2g+c=0 2gtc--l 


25-6648/ +c=0 6g +8f+c=-25 
The system of three linear equation (11) in matrix form 


LS 
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whose augmented matrix is: 
201—1 
Alb=|0 -12 1 -36 
6 8 1 —25 


Кейисе this augmented matrix inan echelon form to obtain: Д 
(2 0 =й . ў \ 
[0-12 3 -36 |R, C3)e Re 3) — | 
0 8-2 -22 | 
ggf 48 
-|0 -12 1 —36 „Ra (2/3) =Ry ER, | 
0 0 -4/3 -46 ^ | 
| 2gtc--l dee tal 
-22ftcz-36 (12) 
(-4/3)с--46 пай, 
Third equation of the system (12) is giving c = 69/2 which is used in 
second and first equations to obtain the values of f = 47/8 and р = 17/4. 
The values of р = –17/4, f = 47/8 and c = 69/2 are used in equation (10) to 


‹ obtain the required circle equation: 
/ ху эД2 en) uo 
t 80442 
х. : 16.47 Oe 0 
k У 2 4 uh. 


4x? Ay! e dp 


Example 7.2.4: [Condition Second]: Find the equation of a circle which passes | 
through the points A(3,1). and B(2,2) having its centre on the line x+ у=3=0. : 


E. 


Solution" Let the required equation. of a circle i LAN 


ey жш+дуу+с=0 ҮН ОУ 


If the circle equation (13) passes through the tw two points А(3,1) and B(2,2), then 
it gives a system of two linear equations 


Р, Maths - 12 


(10566 *2f +c=0 72 6g42f tc--10 


4 
\ RES 22 E 4g+4ftc=-8 e) 


Fig. 7.3 


If the center (-g,-£) of the circle lies on the line x+ y-3=0, then the line 
х+у-3 = 0 becomes: 


(-- -f-3=0 > gf х=- у=-/ 00 a5) 


The ааг of equations (14) and (15) is giving the system of thie 
linear equations in three unknown g, f and c 


/ 


6 2118 -10) 
4:4 Vif [=|=8 1 Ax=b 
11 0Дс -3 


whose augmented matrix is: 


6 21-40 
| Ab=|4 4 1 -8 
10 -3 } 


“Reduce th this ‘augmented matrix in an echelon form to obtain the unknowns 
g, f and c: 


>< 


>< 


Е» 
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SONNO 
~|0 8/3 1/3 -4/3 |R,(-2/3), R, (-1/6) 
0 2/3 -M6 =4/3 
5 pf e 
~|0 8/3 1/3 -4/3| R,,(-174) 
00 cma 1 


6g 42f *c--10 
(8/3) f 4 (1/3)c 2 4/3 (16) 
(-1/4)с--1 

Third equation of the system (16) is giving c = 4 which is used in second 
and first equations to obtain the values of = 1 and р = 2. 

The values of g = 2, f = –1 and c = 4 are used in equation (13) to obtain 
the required circle equation: 

x £y -4x-2y44z0 
Example 7.2.5:[Condition Third]: Find the equation of a circle which passes 
through the two points А(0:-1) and B(3,—3) and 3x — 2y - 2 = 015 the tangent line 
on the circle at a point A(0,-1). 


Solution: Let C (h,k) be the center of the required circle. If A(0,-1) and B(3,-3) 
are the two points lie on the circle, then the square of the distance from C to A 
equals the square of the distance from C to B: 


\ca'=|cBP, CA-(h-0, 6+1), CB - (h-3, k3) 
(һ-0)° «(ky - (h-3y (6+3) 
Ek +2k+1=h -6h+9+k? +9+6k 


6h—4k-17=0 (7) 


>< 


г чр” 
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The slope of CA is 


and the slope of the tangent line 3x-2y-2=0 is 
3х-2у-2-0 


3 3 
-2у--3х42:5у-2Х-1, m=z 
52 x 2-2 x-l m=z 

If CA is perpendicular to the tangent line 3x — 2y — 2 = 0, then the product 


of their slopes equals —1: 


m m,--1 
Gm 
h 2 
3k+3=-2h = 2ht+3k+3=0 (18) 


The equations (17) and (18) are solved to obtain the values of k = —2 and 
hz 3/2. 


‘| 303 
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E m UE 


b ў The required circle with center (hk) = (3/2,-2) and radius 
в] r=|ca|=|Cal= 4° + (k+) = (9/4) 41 = Vi3 /2is: 
> (вр = 

" 2 

5 (3) Ое Т ea 


T" Example 7.2.6: [Condition Fourth]:Find the CS ER of a circle which passes 


" through the two points A(0,0) and B(4,0) and is touching a line 3x + 4y +4= onm 
D Solution: Let C(h,k) be the center of the required circle. If A(0,0) and B(4,0) are 
Т 4 the two points lie on the circle, then the radius of the circle from center С to 
! ) point А equals the radius of the circle from the center C to point B: 
K [cA - cf, са= (0-0-0), CB=(4—h,0-k) 
) 2 - 2 
(Visit) = (fane) 
V f C S166 -Bi EP = Вһ=16 = В=2 
IN SE ANOOI 
0 The Ese of the required circle is r= |c4- = ДМ e and the center is 
/ 
IN С(2,). 
) For the values of К, the perpendicular distance from the center (2,k) оп ће 
v 
A\ line 3x +4y 44 =0 equals the radius of the circle: 
) 
y/ 3(2)+4(®) +4 5 {лєп 
=v4+k 
493 16 
Ї Ч шон JE 
( | 46+10= 5/4 K*, squaring both sides 
> 


16k? 100: 80k = 25(4+2) FN 
тә + BOK =0 => =k (9k-80)=0 >k =0,k =80/9 
The coordinates of the center are 0, 0) and (2, 80/9) and the radii are 


4 
Y 
( | r=V440=2 and r= «S — 8239) | 
» | ў 81 3 
ўеш — 


Ы 


following: 


The equations of the circles with the above centers and radii are the 


-&j- 6724 


(x-2) +y 24, (x- EE 5 ii 


4. 


Tn each case, find an equation of a circle, when the center and radius are 
a. (0,0), г= 4 b. (3,2), r= 1 

с. (-4,-3), r=4 d. (-a,-b), r =a + b 

Tn each case, determine the equation of a circle using the given 
information: 5 

а. C(0,0), tangent to the line x = —5 

b. C(0,0), tangent to the line y = 6 

c. C(6,- 6), circumference passes through the origin. 

d. C(0,5), circumference passes through the point (5,0). 

e. С( 9,— 6), circumference passes through the point (— 20,8). 

f. C(2,- 8), circumference passes through the point (— 10,— 6). 

g. C(- 5,4), tangent to the x-axis. 


h. C(5,3), tangent to the y-axis. 


In each case, find the center C(-g,-f) and radius r=4/ g +J —cof the 
following: х 

a х2+у2-8х-6у+9=0 Б.43244у416х-12у-7-0 

c x4y-4x-6y41320 d. x+y’ -x-8y418-0 


in each case, determine whether the given equation represents a circle, If 


no, state why not, if it is, then state the coordinates of the center and the 
radius: А EAE а ; 
axt+y'-8x-4y+16=0 Ы. x’ y +8y+6x=0 


c. i-y-y-220 d. xy 45x20 


1 
) 


4 


2 чә 


е. 33 33y! 4 6x-6y - 0 f. 2x 42)! -8х+12у+8=0 
g х2 +2y -2х-2у=0 h. 3x 42y' +3х+2у=0 
ix +y74+25=0 j xy 4620 


In cach case, find an equation of a circle which passes through the three y 

points: 

а.(-3,0),(5,4),(6,-3) b. (7,-1),(5.3), (4,6) 

c.(1,2). (3.4). (5.-6) 4.(-3,4),(-2,0),(1,5) 

Teach case, find ал equation of a circle which 

а. contains the point (2,6),(6,4) and has its center оп the line 
3x+2y-1=0. 

b. contains the point (4,1),(6,5) and has its center on the line 
4x+y-16=0. 

c. contains the points (1,-2),(4,3) and has its center on the 
line3x+4y—7=0. 

d. contains the point (0,3),(4,1) and has its center on the x-axis. 

Find’ an equation of a circle which passes through the points 

a.(0,0),(0,3) and the line 4x—5y = 0 is tangent to it at (0,0). 

b.(0,—1), (3,0) and the line Зх+у =9 is tangent to it at (3,0). 

c.(0,1),(3,-1) and the line 2x+2y-2=0 is tangent to it at (0,1). 

d.(0,4),(2,6) and the line x+ y—4=0 is tangent to it at (0,4). 

Find an equation of a circle which passes through the point (= 3,0) and'is 

concentric (one circle having a common center with another circle) to 

circle x^ +y*-3x—4y -10=0: 

Find an equation Of a circle that is concentric to circle. 
a.2x^ +2y?+16x—7y — 0 and is fangent to the y-axis. 


b. x! + y! -8х+4=0 and is tangent to the line х+2у+6=0. 
c. x? + у? +6х-10у+33=0 and is touching the x-axis. 
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10 In each case, find an equation of a circle which passes through the origin, 
whose intercepts on the coordinate axes are: 
a. 3 and 4 b. 2 and 4 


1731 => | Tangenits and Normal ] 

If a secant PQ of a circle is moved upward about one of its points of 
intersection P, then the second point of intersection Q is moving gradually along , 
the curve that tends to coincide with P. The limiting position PT of PQ is then 
called the tangent to the circle at the point P. 

The point of the circle at which a tangent meets the circle is called point 
of contact of the tangent. 


Fig. 7.5 


The normal at a contact point P to a circle (or conic) is the straight line 
PR perpendicular to the tangent PT to the circle (or conic) at that point P. 


i) To find a Condition when a line intersects the circle 
The circle and the line are 
veyed - (19) 


у= тжс (20) 


which develops а system of two equations: 


3 {Contest 


1 
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x +yt=a" 
у=шк+с 
The solution set {(x, у)} of the system of equations (21) exists only, if the 
curves of the system (21) are intersecting. That set of points of intersection {(x, 
y)) is the solution set, can be found by solving the nonlinear system (21) 
simultaneously. 
The line (20) is used in a circle (19) to obtain the quadratic equation in x: 
x (mx су EX 
(22) 
22 (тъл) 2тех+ (с? =a’) =0 


The equation (22) being a quadratic equation in x, gives a set of two 
values x, and x, of x which will be used in a line (20) to obtain a set of two y 


values y, and у,. Я 
The solution set {(x, у) (2, x». ) of the system (21) is of course a set of 
points of intersection of the line and circle. 


The points of intersection of the system (21) are real, coincident or 
imaginary, according as the roots of the quadratic equation (22) are real, 
coincident or imaginary or according as the discriminate of the quadratic equation 
(22): i 2 Т] 


dise = Ат -А (1+ т) (с2а) 0, real and distant | 
disc = Ат?с* -4| (lem? ye =a ) =, coincident 
disc = 4тіс? =4[(1+т°)(с*—а*)]<, imaginary 


Example 7.3.1: [Point of Intersection]:Find the points of intersection of the line 
Jx—4y-:20 2 0 and the circle x^ +? =25. 


Solution: The equations of the line and circle are: 
3x-4y 420-0 


3 
=тх+5 
ee 


x+y? =25 


( 


p 


"P T 


/ 
« 


Maths - 12 


vv vy vyv y a 


The line (23) is used in a circle (24) to obtain the x-coordinates of the 
points of intersection; 


Эр күз] =25 


7 
ч 

б | 4 
д Эба 25.30.205 e 

16 4 Wy 

9 730 ^ 

+ x) +——х=0. сэ 
x 16 Л xzÜü $ 7 
2522 +120х=0 e 
x=0,-24/5 W 
The x-coordihates x=0, -24/5 are used in the line (23) to obtain the y- (2) 
coordinates: X 


x=Ogivesy=5 
-3. 43 
тол. 
415 
Thus, the points of intersection (0, 5) and (- 24/5,7/5) are real and distant. 
Example 7.3.2: [point of Intersection]: Find the points of intersection of the 
line x+3y—5=0 and the circle x + y —2х+4у—5=0. 


Solution: The equations of the line and circle are: 


x+3y—5=0 T 
х=5—3Зу 05 
љу 2х+4у-5=0 д 66) 


The line (25) is used in a circle (26) to obtain the y-coordinates of the 
points of intersection: 
(5-3yJ «y! -2(5-3y)44y-5-0 
у2-2у+1=0 
у= j 
The y-coordinates y =1,1 are used in the line (25) to obtain the x- 
coordinates: 


ТЕЎ, 


$ ——— a 


Y= atb Ve Хх 2.2 
Thus, the points of intersection (2,1) and (2,1) are coincident and the line 
x+3y—5=5 touches the circle х? + y*—2x+4y—5=0 at a point (2,1). 


ii To find a condition when a line touches the circle 


Let AB be the straight line y=mx+c that intersects the circle x7 + y^ = a^ at 
points P and Q respectively. 


Join OP and put it by OP = a, 
which is the radius of a given circle. 
Draw OM perpendicular on PQ. If 
OM is perpendicular to PQ, then, the 
perpendicular distance OM from 
O (0,0) on a secant line mx-y +c =0 
(line PQ) is: 


m(0)-(0)*c ^ c 
ml їл 
From the right-angled triangle Fig. 7.6 
OMP, it is known that: 
(Р =|ом|' «|wep 
мај =|овг ом" 
а аз (1+ т) 
БЕТТЕ ОЛ. 
а? (1+ т) с? 
ln 


The secant line PQ is 2 times of MP, and the length of the intercept PQ is 
therefore: 


2 2 2 
-3MPi- a^ (1--m^)—-c 
[Ро -2,Mpi- 2/77 (27) 


ОМ = 


|MP|- 


Т 5 
—— A — — AAÁ—Á—— 
= с 


vicc EE гї 


Condition of Tangency: The line y=mx + c touches the circle x+y =a , if the 
length of the intercept PQ is zero: 


2(1 „үр 
а (1800) 200 


2 а (Leni )-c* 1 
Мет? 3 
а(1м2)-с =0, squaring both sides 
а(1+т)-=05 са (Ven?) ә» с= амі? (28) 


The equation (28) is the required condition at which the line у = mx + с 
touches the circle x^ + y =a’. 


Example 7.33: [Condition of Tangeney]: Find the length of the chord joining 
the points P and Q on the line t epe which cuts the circle x? +y? =72. Show 
а 


that if the line touches the circle, then a^ кв =r. 


Solution: The slope of a given line is 


z-P eth, m=-bla 
a 


If PQ is the chord of a circle x + y? =r’, and PQ is 2 times of MP, then 
the length of the chord PQ through result (27) is: 

|РО|=2|МР| 
e (Lem )-c 


lem 


2 2 2 i 

г|1+(—Ь/а) |-b ч 

БЭ {Б НЕ а®=т', m=-bla, c=b P3 

1+(-b/a) € 

If the given line touches the circle x^ + y^ - r^, then, the length of the G 

chord PQ is going to be zero: ^^ 
ааа D, MEET ES EE 4 


EVE x 
2 ris ea eae & 
1+(-bfa) | X 


г214(-5/ау |- & | 
4 


З Ww 
N =0, ‘squaring’both sides ДА 

у 14(-6/а) 
7 Г 25 i W 
\ т 14(-b/a) s =0 (А) 
7 a NS 
ү/ A 
А Ч Pat Carm Х 1 
9 маг аг: 9. 
W А | 3 W/ 
А, 32 А 
w/ Pee +b W/ 
| a | А 
7 ab ET | S 4 
a^ p! Á ^ A 

ү? « 
С п ЕР ПОЯ | 
- Фа tb i 4 
3 ab а В Ї 2 л 
| / \ Ч 7 
Г v т "— Js <* XXE чел" СЛ. WERE 16 THEA \ 
| ? Example 7.3.4: [Condition of Tangency]:Find the coordinates of the middle | £ ) 
point of the chord which the circle x7+)?+4x-2y—3=0 cuts off on the line Y 4 
r-yt2z0. 4 ) 
д. ж A —— Ч 4 
Solution: The centre of the given circle is C(-g,—f) = C(-2,1) and the line 4 ) 
х-у+2=0 (line AB) intersects the circle at points Pand Q and M (x, y.) is ) 1 
the middle point of the chord PQ. Join C and M that develops a line CM Ч 7 
perpendicular to chord PQ. 4 , 
CO трт : Ж 
= EUIS — . Se a a (97 


If M lies on line AB, then, the line equation x -y-- 2-0 becomes: 


4-y,+2=0 (29) 


The slopes of the lines (29) and CM are respectively: 
m, =], coefficient of х 


m “228 slop of СМ 


в-9 кл 
Fig. 7.7 
If C M is perpendicular to AB, then the product of their slopes equals —1: 
AE ЕЕЕ +5 ea 0 30 
(2:30 ж-1=-җ xy (30) 


The equations (29) and (30) are solved to obtain the coordinates of the 
middle point M: 


-у+2=0 
ЕК =-3/2, уу-1/2 
а= 


Thus, the coordinates of the middle point is M(- 3/2, 1/2). 
lii) The Equation of a tangent to a circle in slope form 
If m is the slope of the tangent line to the circle 


xy za (31) 
then the equation of that tangent line is of the form 
у=тх+с (32) 


Here с is to be calculated from the fact that the line (32) is tangent to the 
circle (31). The line (32) is used in circle (31) to obtain the quadratic equation in 
x 


313 ]; 


x k(mxec) =a’, у=тх+с 

x (1+ т) #2тсх+(с? -а%)=0 
If the line (32) touches the circle (31), then the quadratic equation (33) has 
‘coincident roots for which the discriminant of the quadratic equation (33) equals 


zero: 
Anc —4(1+m?)(c? -а?)=0 


4т?с* =4(1+т?)(с* -а?) 


(33) 


mc? = mc «c! -a! am (34) 
= =-а? (1-2) 
с=+ауї+т? 
Equation (34) is the condition of tangency. The value of c from equation 
(34) is used in the line (32) to obtain the required equation of the tangent: 


у= тх+с=тх+ауі+т? (35) 


This develops the following facts: 
• The equation of any tangent to the circle х? + y^ = а? in the slope form is: 


ysmxtavi+m (36) 


© Condition of Tangency:The line y=mx+eshould touch the circle 
x” + y? = а? under condition: 


с= Sav Lem? (37) 


• The interpretation of result (35) is that the line lx+my+n=0 should 


touch the circle х + y! =a? if 


n-iav Lm. (38) 
• The interpretation of result (35) that the line Їх+ту+п= 0 should touch 
the circle x^ y^ 4 2g x 2f y+c=0 if 
(c- 72) 2 felm * (c - g*)m 2n(git т) =0 (39) 


- 


ши- 314) —— 


7 


ху * Point of Contact:Let у= mxtayl+m bea tangent to a circle (31) at a 
` point (x;, уу), if the circle equation (31) is identical to xx + y y, zæ, 
then the coefficients of like terms of y= mxtavl+m? and 
хх+уу=а > уу = -хд +a are compared to obtain the point of 


contact: 
am ас 
=m 1 avi+m? 
31.20 
=m Jen) 
= 
H Im 
Mi 
/ А 1 1+т? 
V у= 
А ETT 
А Thus, the point of contact is 27020 (40) 
v/ Vien? Mim? 
C D gib | Example 7.3.5: [Tangency Condition and Point of Contact]: For what value 
Ч of c, the líné х+у+с=0 will touch the circle x^ + y^ =64? Use that value of c 


to.find the tangent that should touch the given circle. Find also the contact point. 


Solution: The slope of the line х+у+с=0 is m=—1.The value of c at which the 
line x4 y+c=0 will touch the given circle х2 + у? 264 is: 


c=+avi+m?, result (37) 
бу -s8 i Cy =зу2, a=8, т=-1 
The required tangent line that should touch the given circle is: 
ww y=mxtavl+m? --xX84/2, result (36) 
The point of contact through result (40) is: 


>< 


>< 


Ч 
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( xum а 1555) 
3 Ут dien? 2'J42 
iv) The equations of tangent and normal to a circle at a point 


The equation of a circle is: 


xi y. 42gx42]fy-t c0 (41) 

If A(x») is а point lying on the circle (41), then the circle (41) 
becomes: 

x+y +2gx, +2 fy, +c=0 (42) 


If қ and r, are the position vectors of A and the center C(-g, —f) of the 
circle relative to origin 
n7(n. э) = һ=(-в—/)=-й—-Й 
then, from the figure (7.8): 
ОС-СА-ОА 
СА =0А-ОС=п-т,=(х +в, +) = (+) (+ /)/ 
Let Р(х, у) be any point on the tangent line AT, whose position vector is 
OP - (x, y) which gives: 
ОА+АР= ОР 
АР-ОР-ОА 
er-nz(x у) (х) (x73. y-3)7 (573) 790J 
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Тһе equation of tangent to ће circle (41) is obtained if AP is 
perpendicular to CA for which the dot product in between the vectors AP and AC 
equals zero: 

АР.СА-0 
(xcix tf )(x-xy-)-20 
(x +в)(х=хҗ)+(у+/)(у—х)=0 
xx tytartfy-(x +97 tex + H,)=0 
tM, Fert Hay ty tent f 
ш--8Х Уулс, res(42) 


ax ty а(х) + (у) #с=0 (43) 
The tangent equation to the circle х Бу за! at a point A(x,¥,) 
through result (43) is: 
хх * уу ca (44) 
The procedure for the normal equation at a point (х, у) on the circle 
x+y? -2gx--2f у+с= 0 is as under: 
If CC в, — £) is the center of the circle and A(x,, у.) is a contact point, 


then the slope ntf of the required normal line develops the normal line CA at 


хүж 
A(x): 
у=) 
(у—х)(#+хҗ )=(/ + у,)(х—х,) 
х(357)-3(558)4(8у-245)-0 (45) 


The normal equation to the circle х + у? =a" at a point A(x, у) through 
result (45) is: 


xy -yx =0 (46) 


ши 317: SS | 


>< 


Maths - 12 БИН ! 


yore 
ү: 
527: хал 


Solution: Result (44) is used to obtain the tangent equation to the given circle: 
ху+уу =a 

3x+4y=25, а =25, (x) (3.4) 
Result (46) is used to obtain the normal equation to the given circle: 
3-570 

4x-3y=0, a'-25, (ҳ,у.)= (3,4) 


TULIP 


Solution: Result (43) is used to obtain the tangent line to the given circle: 
хц уул (хєх) /(у+у,)+с=0 
2х-3у4(-1(х42) (2-3) 3-0,26--2,2/-4,с-3 
2x-3y-x-242y-64320, (x, у,) 2(2.-3) 
x-y-5-0 


Тр; ЧУ UA 


Result (45) is used to obtain the normal line to the given circle: 
х(у +7) (s 8) (юу-А)-0 
x(-3+2)-y(2-1)+(3-4)=0, 2g 2 22, 2f 54, с-3 
-x-y-1-0 
х+у+1=0 


If у=тх®а\ї+т? is any tangent to the circle x*+y? =a’, then the 
tangent line that passes through the point (x, yı) is 


= 
i 
= 
2 
= 
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y = mx talo m^, result (35) 


y mx =avitm? (47) 

Squaring (47) 

(3 -mÝ =a (1m!) 
that gives the quadratic equation in m: 

m(x -а)-2тху «(x -a )=0 (48) 

This quadratic equation (48) gives two values of m those two values of m 
represent the slopes of the required two tangents on the given circle. 


The tangents are real and different, real and coincident or imaginary 
according as the discriminant of the quadratic equation (48): 


disc = 4x2y? - (xi -a^)9t =a?) > 0, real and different 
disc =4x7y?—4(x?-a")(y?—a*)=0, Teal and coincident 
авав Ц4-01(4-2)54: шавар 
or according as 

( Vry -a »0, real and different 

X ty a z0, real and coincident 

x +y2-a? <0, imaginary 


or according as the point P(x,y) lies outside, оп, or inside the circle 
xy =a’, 


' EP | Example 7.3.8: [Two Tangents: Find the equations of the tangents drawn 
from the point (6,4) to the circle x’ + y =16. 


> Solution: If y=mxtc=mxtavl+m" are any tangents to the circle 
x’ + y! 216, then the number of tangents through result (48) 


М 


oe = 319] — —— - — | 
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(am (xi -a)-2mxyy (92-а) =0 
m! (36-16) -2m(6)(4) 4 (1616) 20, (x,y,)=(6,4), a? 216 
: 20m'-48m-0 - 
т(20т-48)-0 
m=0,12/5 
can be found by putting m = 0 and m=12/5 in yemetavi+m : 
а: у=тх®а{!+т? - (0)x£4( 10) - 444, a=4, m=0 


5 


12 (2) 1295452912752 


Ebr ED ты" choose negative sign 


t 0j tang C ет 
The procedure for finding the length of the tangent drawn from the . 
external point P(x, y,) to the circle x° + y^ +2gx+2f у+ с = 015 as under: 
Let P(x, y,) be the given external point and PT be one of the two 
tangents drawn from point P to the circle 


Maths - 12 


Join CP and CT. C(-g,-f) is the center of the circle (49) and 
CT - 4g? + f? —c is the radius of the circle (49). 


From the right-angled triangle PTC, ын length of the tangent РТ drawn 
from point P to the given circle is: 


Pct -rf «ert of 
Ier? =P}? -jer є 
= (+8) +(+ f} (6° ed P 
W 
| Xy 2px 2f yc 3 é » 
i ЇРТ- [етуг У2вулдЛ уулс (50) Ж 
—————— - KP 
It is important to note that: Х 
ethe length of the tangent drawn from the point Р(х,у) to the circle W 
x+y za! is: /А, 
—— — = W/ 
ЕЕЕ Eye (51) Ау 
• the lengths of the two tangents drawn from the point Р(х,у) on the X 
given circle are equal. W 
А 


Bb | Example 755: (Length of the Tangent]: Find the length of the tangent drawn Ў 
from the point P(3,4) on the ши 


a x+y? =9 
Б. x5 y!-2x-y-3z0 


Solution: 
а. If PT is the tangent drawn from the point P(3,4) on the given circle, then, 
the length of the tangent PT on the given circle through result (51) is: 


|Рт|= ey? -9 = 9216-9 = Vib =4, (3,9) (34) 2° =9 


E 


b. If PT is the tangent drawn from the point P(3,4) on the given circle, then, 
the length of the tangent PT on the given circle through result (50) is: 


|РТ\= (2 yt 28x +2f у+с,2в 2 2,2f 2-1 c2-3 (x. 9) = (3.4) 
= ,9+16-2(3)-(4)-3 = v12 
Example 7.3.10: [Length of the Tangent}: Find the length of the two tangents 
drawn from the point P(2, 3) on the circle x*+y° —2x+4y—18=0. 


Solution: If PT and PM are the two tangents drawn from the point P(2, 3) on the 
given circle, then, the length of the tangent PT from point P(2, 3) equals the 
length of the tangent MP from the point P(2, 3): 


ЇРТ = x + у 2x +27 y +e 
= #+9—20у+2(2)(3)—18, 2g =-2, 2 4,7 -18 (x9) = (2,3) 


-43-1РМ| 


Example 7.3.11: [Two Tangents]: Prove that the Hnes x = 7 and y = 8 touch 
the circle x? + y^ -4x—6y —12 —-0. Find also the contact points. 


, Maths - 12 


, Solution: Before solving the problem, the idea is that "any line is tangent to the 
circle, if the perpendicular distance from the center of the circle onthe — given 
А line equals the radius of the circle". 


The center and radius of the circle х?+у?-4х-6у-12=0 are 
respectively: 


› С(-в,-7)=С(2,3), с=-12, r=yg +f’ -c =vV4+9+12=5 


The perpendicular distance d from C(2,3) on the line x-7 = 0 


1(2)-0(3)-7| 
а) +063)-7| 9.5 
, 4140 
which is equal to the radius of the circle r = Он Thus, the line x = 7 touches the 
! ‘given circle. To find the point of the contact, 4 
put x =7 in the given circle equation to obtain| _ 
! the y- "coordinate: Н | 
\ 
› ; 
х-7 m 
› И | 
) Ш 
|] ч 
, GENES us 4 
Thus, the contact point in between the line x=7 and the circle 
y x? y! -4x-6y 212-0 is (7,3). 
It is understood that the line y=8 also touches the given circle 
| x? +у*-4х-бу-12.=бапй the contact point in between these two curves is 


Solution: Before » m the problem, the idea is that any line parallel to the 
given line 3х+4у-7=0 is: 


3x+4y+t=0 i 62 


2 | Unit) [Г Conies-17 


If a line (52) is tangent to the circle x° + y? =25, then the perpendicular 
distance d form the center C(0,0) to the given line (52) 


27227727 


equals the radius of the circle £z 5 that gives 1425, —25. 
Thus, the two tangent equations to the given circle for t = 25 and t = ~ 25 
are the following: 
3x+4y+25=0, t=25 
3х+4у-25=0, 1=-—25 


1. In each case, find the tangent and normal equations 
a. at a point (1,2) to the circle x? - y^ = 5. 


= ——Е Ж Se 
(281443) 


b. at a point (- 1,3) to the circle x^ y^ +бх-у-1=0. 

Tn each case, find the tangent and normal equations 

a. at a point (2cos45°, 2sin 45°) to the circle rty=4, 

b. at a point (cos30°,sin 30°) to the circle x^ + y^ =1. 

Find the condition that 

a. the line x+ y+n=0 touches the circle x^ + y? =9. 

b. the line 2x+2y+n=0 touches the circle x^ + y! = 81. 

For what value of n, 

a. the line x+ y п — 0 touches the circle x^ + y^ 29? 

b. the line 2х+2у-+л = 0 touches the circle x? + у? = 81? 

For what value of c 

a. a. the line y 2 mx-tc touches the circle xy 242 

a. the line y=—x-+e touches the circle x^ + y? =9? 

Find the condition at which the line Ix+my+n=O0 touches the circle 
x+y? +2ex+2fy+c=0. 

For what value of n, 

a. the line 3x+4y+n=0 touches the circle x^ y? —4х-бу—12=0? 

b. the line х-2у+ п =0 touches the circle х? + y +3х+6у-5=0? 

Find the locus of the poinhP, if the length of the tangent line from the point P to 
the circle x?7+y?=9 is equal to the perpendicular distance form P to the line 
3x+4y+3=0. 

The length of the tangent from (f, g) to the circle х +y?=6 is twice the 
length of the tangent to the circle x +yi+3x+3y=0. Prove that 
f? +g’ e Af +4g+2=0. 


Find the equations of the tangents to the circle x^: y^ = 25 which are parallel to 
the straight ine 3x+4y+3=0. 5 


а. Prove that the lines : 
хЭБу?-6х--4у-12-0,Енд also the contact points. 


иг 


MET touch the 
circle x? + у? —4x—2y +3 = 0. Find also the contact points. 

Find the equations of the, tangents "o. ihe circle X вуха :2, which make 
angle of 45° with the x-axis. — 
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There are some properties of a circle that are listed as under. 


- Find ET equations. Of the ‘tangents 222 VEI us point: P(4,3): ‘to the ое 


ЭР 2X *2gn2fy-c- 007 
оа у +2625. +0 


ын SRST of these two circle’ gdnations Бүс! the slope of the chord 


° Perpendicular. from the m af a circle on a chori bisects the n 
есас н х х gi. UU m j Л ГЭ 
x+y? +22х+2у+с= 20 ео, 

and РО be any chord of а circle, whose a points 3 are P(x.y) and 

Q(x,, y; ) respectively. 


if PQ is a chord of the circle, then P and Q are the points lying on the 


Эр yf) +28 (=m) + 2F (92-94) = a | 


he )#28(4—4)+(vi- vf) +2 s = )=0 | 
езе _—— 


| 
| 
| 
y 


“tnt OF 7 = 


б ~~ -- 
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If the centre of the circle is C(— g,- f) and the midpoint of the chord PQ is 


p( Ste 242) then the slope of the perpendicular line CD is: 


a \ 
+f LAXE 


a, x $x, +28 


m= (55) 


From the Fig. 7.13 the chord РО and the line 
CD are perpendicular if and only if the product of Q 


their slopes equals —1: | 
_җ+җ»+2#е X** 2f. , | x 


T EXTA nndis 
Thus, CD is bisector of the chord PQ. err 
It is important to note that: 

e the perpendicular bisector of any chord PQ of a circle passes through the 
centre of the circle. This is our second property. 

e. the line joining the two points of the circle passes through the centre of the 
circle is called the diameter of the circle. This diameter acts as the 
perpendicular bisector to the chord PQ, if the diameter of a circle bisects 
the chord PQ. This is our third property. The proof is similar to property 
first, but the graphical view is shown in the Fig. T 14. 

, B) | Example 7.4.1:[Perpendicular Bisector}: IF A(-3,4) and B(L5) are the end 
points of the chord AB of the circle x?+y?+x-Sy—-2= 0, then show that 
a. the line from the centre of the circle is perpendicular to AB, also bisects the 
chord AB. 
b. the line from the centre of the circle to the midpoint of the chord AB is 
perpendicular to the chord AB. 
c. the perpendicular bisector CD of the chord AB passes though the centre of the 
given circle. > 
Solution: The equation of the circle is: 

x+y ыйа 


If the center of the circle 15 С(-1/2,5/2) and the midpoint of the chord 
AB is D(-1,9/2), then the slopes of the chord AB and the perpendicular line 
CD are respectively: 


9 5 
5-4-1 on 
ae ETA, mri dc slope of CD 
2 


The chord AB and the line CD are perpendicular if and only if the product 

of their slopes equals —1: 
1 
=—.(—4)=-1 

mm, - c (4) 

Thus, CD is perpendicular bisector of the chord AB. This result is 
automatically valid for parts b and c. 

o Congruent chords of a circle are equidistant from i's center \ 


If the perpendicular distances form the center of a circle to its two chords 
are equal, then the chords are congruent. N 


Let the circle equation with center C(- g, – f) is: 
xy +2рх+2ју+с=0 (56) 


FA 


К 
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Т AB and DE are the two chords of the circle (56), then the coordinates of 
the end points of the chord AB and DE are respectively: 


A(x 7) D (x...) (6,5) Е(х,.у,) 

From the Fig. 7.14, it is clear that the perpendicular distance d, = CP from 
the center C on the chord AB equals the perpendicular distance d, = CQ from C 
on the chord DE, if and only if the chords AB and DE are with equal lengths: 


Thus, the chords AB and DE are equidistant from C on the circle (56) if 
and only if 
d =d, 67 


Tn similar manner, the chords AD (join A to D) and BE (join B to E) are 
congruent chords, if the perpendicular distance 4, = CR from C on the chord AD 


equals the perpendicular d, = CS from C on the chord BE: ЯС 
lAb|- (вв (58) Ў 
\ 


> Example 742:[Congruent Chords] Show that the chords AB and DE are 
equidistantifrom the centre C(0,0) of the circle x*-t- y? =4. The coordinates of the ZN 


end points of the two chords are A(0,2), B(— 2,0), D(0,- 2) and E(2,0). v 
Solution: The circle equation with center C(0,0) is: / 
xay -4 (59) X 


If AB and DE are the two chords of the circle (59), whose coordinates are 
respectively: 

А(0,2), B(-2,0),  D(0-2) E(20) 

From the Fig. 7.15, it is clear that the chords AB and DE are with equal 
length: y 

АВ-(-2-0,0-2), |ав|= (22) (22) -242 

рЕ-(2-0042) |pE|- (2) «(2) =2/2 
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Thus, the two chords AB and DE are equal. For equidistant, the procedure 
is as under: 

The equations of the chords AB and DE (through two- point form of the 
line) are respectively: 


у= ЭХ 


X-X Ху-л 

y=? 0=2 

===, Ala v= 4 , B(x, y2) = Bo 22, 
су D (3,3) А(0,2), В(х„, ¥2) = В(—2,0) 
y-2 


=l > х-у+2=0 


The perpendicular distance d, from C(0,0) on the chord AB is: 


a 4 0-032| 2. 
шиг ЧЮ 


The perpendicular distance `d, from C(0,0) on the chord DE is: 


E zz 2 
ARREN yo 
The perpendicular distance d, from C(0,0) on the chord AB is equal to the 
perpendicular distance d, form C(0,0) on the chord DE: 
d =d, - 2/42 
Thus, the chords AB and DE are equidistant from the center C(0,0) of the 
circle (59). 


o Measure of the central angle of a minor arc is double the measure of the 
angle subtended by the corresponding major arc 


Let the circle be 
x ry za (60) 


The arc BC is the minor arc of the circle (60), whose coordinates are ! 

В(—х,—у,)апй C(x,-y,), and the 
minor arc BC subtended the angle from the 
center of the circle 15 ZBOC. 

Е А(0,4) is a point on the major 
arc, then join AB and AC that develops the 
angle of the minor arc which is two times 
the angle subtended by the major arc: x 

ZBOC =2ZBAC (61) 

From the Fig. 7.16, if ZBAC=@, | 
then ZBOC = 20 and the result (61) can 
be verified as follows: 


y 
А (0, а) 


В С 


Fig. 7.16 
If the slopes of BA and AC are 
m= UE m, gea «-(a* ». then, the angle ZBAC = 0 from BA 
^ х х 
to AC is: 


= - —— — = 331 pem —— 


aty 3t) 
2 
тсе ЕНЕ Ий. LL 
dimm, 79th atj} — x — m-(e*y) 
хоол 
ЖЕ (at 
xX -a! - ур -2ау, 


шах»). 2x(a* y) E 
EE 2ay, © -2у{а+ w) У 


If the a am and CO are 
m=% L, т, =. ‚ then, ће angle ZBOC = 20 from BO to ОС is: 
х a 


‚ xtX sa (62) 


201 m 
My 24 zs 
| tan20 = 
Temm, LX E XX == 
3) АП 
The trigonometric identity 
* 


їа20--2810 — X die кебу е д 


1-tan* 0 E -4 48-37) у 


is proving result (63) with result (62). Thus «ВОС = 2ZBAC. (63) 


>» 


=> Example 7.4.3:[Angie Subtended by Minor Arc]: Show that the angle 
subtended by the minor arc BC of the circle 2+ у” = 915 two times the angle 
subtended in the major arc. The coordinates of the minor аю are 
B(2, 15 5) (2-5) 


Solution: The circle x? у’ = 9, whose center is O(0,0). The arc BC is the minor 
arc of the given circle, whose coordinates are B(2, 45 )C(2, 45 Jand the minor 
arc BC subtended the angle from the center of the circle is ZBOC. 


es = E =ч ————. ( 
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Fig. 7.17 


If A(-3,0) is a point on the major arc, then join AB and AC that develops 
the angle of the minor arc which is two times the angle subtended by the major 
arc: 

ZBOC = 22BAC (64) 


From the Fig. 7.17, if ZBAC = @ and BOC = 20, then, the result (64) can 
be verified as follows: 


: 0-45 1 45-0 1 
If the sl f BA and AC = = Res 
е SLOPES о ant ELS -3-2 zs m2 


then, the angle ZBAC = @ from BA to AC is 


mago uc. dS Vs _ Уз oS (65) 


If the slopes of BO and OC are 
0845 М5 „_у5-0 
ud жут жо 2 
then, the angle ZBOC = 2@ from OC to BO is 


5 
I2 


m, 


t3 45 
{ mn20z 47D = Е LIH 
Irm V5 HEB LP 
1 8.22 4 
The trigonometric identity 
КИ ИС САКЕ |e 

тапса и m Жа аа 

Тап? 15 ED 


is proving result (65) with result (66). Thus BOC = 2/ВАС. 
o An angle in a semicircle is a right angle 
Let the circle equation be 
х? +y 2 а 
“If P(x, у) is any point on the 


semicircle and AB is fixed as the diameter of 
the circle (67) on the x-axis, whose 
coordinates аге A (a, 0) and B (a, 0), then 
the point P (x, y,) lies on the circle (67) that 
changes the circle equation to: 

aty =a 

Join PA and PB that develops a right 
angle ZAPB. The angle ZAPB is a right 


angle, if AP and РВ are perpendicular to — ЇР 
each other, for which the slopes of AP and PB are respectively: 


e. MU EIUS 


The product of the slopes of AP and BP is L : 
л У yr » 21552421 
mm, =| = | | === m—y4--- 8-1, ty =a 
(231 ЖЕЛКЕ ДА ае Ар 
Thus, PA and РВ are perpendicular and the angle ZAPB = 90° is of course 
aright-angle. 


— ——— а E j See 


d 
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If ZAPB=90°, then P is a point lies on: the semicircle, for which the 
Pythagorean rule 


[Pal +|PBl =|ABr (68) 


with substitution of 


PA=(a—x, 0— y), z»|PA[ С э] =(а-җ) +y 
Ph (aas 0-5) зэв =| inen t | - (na 
АВ-(-а-а,0-0) АВ „Као, ET d 


gives the locus of Р(х, у) 
[РА +|РВ -|АВГ,, AB - (са, 0)—(а, 0) 
(a-x) tyi (ол) €x =4а° 
а 4 x) -2ax, + у t a. +x) -2ax, 2 4a? 
2а®+2х] +2y? 24a! => 233 + 2y? -24 — x y; =a? 
which is a circle, P may lie on the upper or the lower semicircle. 
Example 7.4.4: [Right Angle on a Semicircle}: Show that the angle in the 
semicircle of the circle (x — A). + y^ =a’ is a right-angle. 
Solution: The circle equation with center C (h, 0) is : 
(x-h) +y =a 
If Р(х, y,) is any point on the semicircle and AB is fixed as the diameter of 
the given circle on the x-axis, then 
(x - hy +y =e 
The coordinates of A and B are respectively: 
ОА=0С-АС=һ-а > A(h- a, 0) 
OB=O0A+AB=(h-a)+2a=h+a = B(hta,0) 


335 


- 12 


Fig. 7.19 


Join PA and PB that develops a right angle ZAPB. This angle ZAPB isa 
right angle, if AP and BP are perpendicular. They are perpendicular, if the product of 
their slopes equals -1: 


т 
зо Уилл шшш сэлж дэн 
iion x-hta x-h-a (x-hta)(x-h-a) 
2 2 - 
У M 1 2 
"uos iuo neo СОЯ 
when e ОЕ and ашы ШИШЕ; 


s= = 
xX-(h-0) x-h-*a x-(hta) x-ü-a 
Thus, the angle ZAPB = 90° is right angle. 


б The Perpendicular at the outer. end of radial segment i5 tangent to the 

circle i 

The circle equation with centre; C (—g, — f ) is: 

х ty +2ex+2fytc=0 (69) ) 
If. P(x, у) is a point on the circle (69) and C(—g, — f ) is the centre of the circle 
(69), then CP is the radial segment of the circle (69). 


т == == — 336! z са 
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PG, у) 


Fig. 7.20 
The equation of the tangent line on the circle (69) at point P is ( ) 


хҗ + уу, + gta) / (у+у)+с=0 А 
\ х(х+в)+у(у, Л) en + +с=0 


whose slope is m, --2458 and the slope of CP is m, = 2 ud am \ 
»tf y+ / 


The perpendicular at the outer end P of the radial segment CP is tangent to _ \ 
the circle (69) if the product of the slopes of the radial segment CP and the line of 
the outer end of the radial segment CP is -1: 


хжЕ Nth, ` | 


Thus, the perpendicular at the outer end P of the radial segment is tangent to 
the circle (69). 

It is important to note that 

e the tangent line is perpendicular to the radial segment, if ће radial segment Ф 
is the segment through the point of contact of the tangent and the center of 
the circle. 4 

e ifa line is perpendicular to the tangent of the circle at the point of contact, 
then it passes through the center of the circle: 


337 | == 


ii». 


>< 


pu 


ар 


Rp a a ҸӘ? р р чу чу Р 
` 4€ 0 Эа. A 
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Example 7.4.5: (Outer end Perpendicular}: Show that the perpendicular at the 
cuter end point P(1,1) of the radial segment is tangent to the circle 
x+y- 13x- 5y 41620. 


Solution: The circle equation with center C(13/2,5/2) is: 
x+y - 13х- 5у+16=0 
The equation of the tangent line on the given circle at а point Р (L1) is 
хх, ® уу, + Е(х+хҗ)+/(у+у)+с=0 
х) 0) 208) +3 (y41) +160, Р(х, y)= P(.1) 


11x*3y-16-0 
whose slope is m, = —11/3 and the slope of the radial segment CP is 
5 
соз, 
1-8 11 
2 


The product of the slopes of the tangent to the circle and the radial 
segment CP is 


Thus, the perpendicular at the outer end P of the radial segment is tangent 
to the given circle at point P. 


Ж ШЕШШ Ехесаве 7.31 | ] 
[ЕЛЕЕ А О) and BG) авс ihe end points of the chord АВ of the circle x^ + 


К< o ах - 2y 44 =0, then show that 
8. the line from the center of the circle is perpendicular to AB, also bisects 
the chord AB. 
b. the line from the center of the circle to the midpoint of the chord AB is 
perpendicular to the chord AB. 
€. the perpendicular bisector CD of the chord AB passes through the 
. center of the given circle. 1 
ZINE A00) апд B(0,3) are the end points of the chord AB of the circle x^ + 
су? +4x— 5y =0, then show that 


— = 338 Ё n o — 
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а. the line from the center of the circle is perpendicular to AB, also bisects 
the chord AB. 

b. the line from the center of the circle to the midpoint of the chord AB is 
perpendicular to the chord AB. 

c. the perpendicular bisector CD of the chord AB passes through the 
center of the given circle. 


а.х + y! = 4. The coordinates of the end points of the two chords AB and 
DE аге A(-2,0) , B(0,2), D(0,2 and E(2,0). 

b. x? + y) = 16. The coordinates of the end points of the two chords AB 
and DE are А(-4,0), B(0,4), D(0,4) and Е(4,0). 

exl y, =9. The coordinates of the end points of the two chords AB and 
DE are A(-3,0), B(0,3), D(0, —3) and SEA 0). 


a. x! + y! = 9 is two times the angle subtended in the major arc. . The 


coordinates of the minor arc AB are A (2, 45 5), В (2, -45 5). 
b. x? + y! = 4 is two times the angle subtended in the major arc. The 


coordinates of the minor arc AB are A(1, V3), B (1, -3). 
с.х? + y! 216 is two times the angle subtended in the major arc. The 
coordinates of the minor arc AB are A (3, V7 ), B (3, -V7). 


a. (х-һ) + y’ =a’, h=1, а= 2 is aright-angle. 
b. (х—В) + y! =a’, h=3,a=4 isa right-angle. 


c. (x—-h) + y! =a’, h=2, a=3 is a right-angle. 
Note that the diameter of the circle (in each case) is considered to be АВ; 


] ndicular at the оше 
a. Ра 5) or the radial segment is tangent to the circle 
x+y +x—-Sy-2=0. 

b: PO) of the radial segment is tangent to the circle 
x! y! -22x-4y 42520. 

c. P (0, 0) of the radial segment is tangent to the circle 
x! y! -ax- by 20. Е 


end point 7 2-3 = 


e 


"2 
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Glossary 


Standard Form of a Circle: The standard form of a circle with radius г and center 
C(h.k) is: 

(x-h +y -k j =r 

General Form of a Circle: The general form of a circle with radius 
r= сє P-e(f  - c and center C-g,-f) is: 

xy +2gx+2fy+c=0 

The coefficient of 215 equal to the coefficient of y. and there is no term containing ху and 
the square of the radius is 7^ > 0. 

Nature of the circle: 

ПЛАН: > 0, then the circle is real and different from zero. 

Ifg^ f?-c=0, then the circle shrinks to a point (-g,-f). It is called a point circle. 

If g^ f^ - c < O, then the circle is imaginary or virtual. 

Condition of Tangency: 

The condition at which the line у=тл+с should touch the circle x^ у =g is 
c=tavl+m 

The equation of any tangent to the circle + y = д? in the slope-form is: 


y=metavl+m 


The condition at which the line Ix+my+n=0 should touch the circle хэ y = ql is 


п=%аү+т? 


The condition at which the line lx+my+o=0 should touch the circle 
x^ y *2gx 2fy tc = 018: 
(с- f^ + 2fglm (c - g^ n? -2n(gl + fm) п =0 


, The tangent equation to the circle x? у” + 2gx-- 2fy +c = 0 at a point Af ху y, Jis: 
xut yyt (+) + Ду+ у,)+с=0 
The tangent equation to the circle x?-+ y^ = а ata point Af ху, у, Ji: 


xt yy, =a" 

The normal equation to the circle x? + y’ + 2ах+ 2fy + с = 0 ata point A( xp y, )is: 
х yp D- xrt 8) (вуу fe, )=0 

The normal equation to the circle x? + y = д ata point A( уу, y, is: 

xy,- yx, =0 

The length of the tangent drawn from the point Р(х,у, о the сисе 
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) 
) 
) 
) 


x+y’ + ert fy ez Vis: 


ЇРТЇ- Jie y! 29x, 2fy ec 


) The length of the tangent drawn from the point Р( ху, y, )to the circle xt y! зай 


1РТ1- ie уга? 
The lengths of the two tangents drawn from the point P( хь y, )onthe given circle ше 
equal. Г 


) 
) 


) 


) 
) 
) 
) 
) 


СОМ1С5-П 


This unit tells us, how to: 
define parabola and its elements focus, directrix, eccentricity, vertex focal 


chord (latus rectum). 
derive general form of an equation of parabola. 
derive the standard form of an equation of parabola and to sketch their graphical 
views. 
recognize the tangent and normal equations to parabola. 
> find the condition at which a line is tangent to parabola and to determine the 
equation of a tangent line in slope-form. 
find the equations of tangent and normal to parabola. 
link parabola to our real-life situation problems. 
define ellipse and its elements vertices, foci, center, eccentricity, major and 
minor axes, focal chord (latus rectum). 
derive standard forms of ellipse and to sketch their graphical views. 
recognize the tangent and normal equations to ellipse. 
find the condition at which a line is tangent to ellipse and to determine the 
equation of a tangent line in slope-form. 
link parabola to our real-life situation problems. 
define hyperbola and its elements vertices, foci, center, eccentricity, transverse 
and conjugate axes, focal chord (latus rectum). 
derive standard forms of hyperbola and to sketch their graphical views. 
recognize the tangent and normal equations to hyperbola. 
find the condition at which a line is tangent to hyperbola and to determine the 
equation of a tangent line in slope-form. 
link hyperbola to our real-life situation problems. 
define the translation and rotation of axes. 
find the equations of transformation for translation and rotation of axes. 
find new origin and new axes referred to old origin and old axes. 
find the angle through which the axes be rotated about the origin so that the product term xy is 
removed from the translated equation. 


8.1 Parabola 


A topic in this unit inyolves Не so-called conic sections: ellipses, parabolas 
and hyperbolas. All of these curves can be obtained by intersecting a plane with a 
right circular as discussed in the Unit-7. 

The conic is that “the set of all points in the plane in such a way that its 
distances from a fixed point has a constant ratio to its distances from a fixed straight 
line." 
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For illustration, if F is a fixed point in the plane апа L is the line in the same 
plane, then the set of all points P in the plane that satisfy the condition 
nt 


( 


eccentricity of the сопіс. Тһе сопіс is an 
ellipse, ife<1 


hyperbola, ife>1 

The fixed point is called the focus, the fixed straight line is called the 
directrix and the constant ratio is called the eccentricity of the conic and is 
denoted by e. 

The criteria for a conic are illustrated in the Fig. 8.1: 


In this section, we look at one of these conic sections which is the parabola. 

In our study of quadratic functions, the graph of the general form of the 
quadratic equation y = ах? + хч с (witha #0) is a parabola that opens upward if 
a>0 and downward if а<0. Generally, the graph of a quadratic equation is always 
parabola, but not all parabolas can be represented by quadratic equation, because 
not all parabolas are graphs of functions. 

Definition of parabola and its focus, directrix, eccentricity, 
vertex, focal chord and latus rectum 


Definition 8.1.1:(Parabola]: The parabola is the set of all points P in the plane 
such that the distance from a fixed point F (focus) and the distance from a fixed 


) 
) 
) 
) 
) 
) parbola, if e-1 
) 
) 
) 
) 
) 
) 
) 
) 
) 
) 
) 


straight line (directrix) to a point are equidistant. 
) The line through the focus perpendicular to the directrix is called the principal 
axis of the parabola, and the point where the axis intersects the parabola is called the 


Ба 
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vertex. The line segment AB that passes through the focus perpendicular to the axis 
and with endpoints on the parabola is called the focal chord or its latus rectum. This 
terminology is shown in the figure (8.2). 


To obtain the general form of the parabola, let us assume a focus with 
coordinates F(p,0) and a directrix x =—p, (р is any positive number) parallel to the 
y-axis. If P(x, y) is any point on the curve and p,(— p, y)is a point on the directrix 
x =~>p, then by definition of parabola (figure 8.3) 


distance from Р(х, y)to L= distance from Р(х, y)to F 
d(P, р,)= d(P,F) 


(x+p}=(x-p}+y, squaring 


хэ-2рхыр =x -2px+p +y 


Ee AS 
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Fig. 8.3 


The result (3) is the standard form obtained from the general form of the equation of 
a parabola with vertex at V(0,0), focus F(p,O) and directrix x= —p. The parabola is 
symmetric with respect to the positive x-axis if p»0 and symmetric with respect to the 
negative x-axis if р<0. The vertex V(0,0) of the parabola is on the principal axis of 
symmetry midway between the focus and the directrix. 


Definition 8.1.2: [Parabola]: The standard form of the equation of a parabola that is 
symmetric with respect to the x—axis, with vertex V(0,0), focus Е(р,0) and directrix the 
line x= -p is: = те 


symmetric with respect to the y-axis, with vertex V(0,0), focus F(0,p) and directrix the 


line yz -p is: (PR ey a) 
у б) 


The parabolas that have their vertex at the origin and open upward, downward, 
to the left and to the right are summarized in the table: 


| Uuit-8 | |. Cones- 


d) Graphing standard form of a parabola 

Usually, the calculus is used in graphing parabolas, In this section, 
we will find and plot the parabola by inspection and count out units from the 
vertex in the appropriate direction as determined by the form of the 
equation. Finally, it is shown in the problem set that the length of the focal 
chord (latus rectum) is 4p. This number could be used in determination of 
the width of the parabola. This approach is employed in the following 
examples. 


Example 8.1.1: [Graphing y^ = 4px ]: Graph the parabola y" - 8x = 0 and indicate the 
vertex, focus, directrix and the focal chord. 


Solution: Rewrite the given parabola in the standard form 


y= 8x (6) 
and is compared with the standard form of the parabola (2) to obtain : 
8=4p => p=2 


Fig. 8.4 Fig. 8.5 


Since p»0, the parabola opens to the right. The vertex is V(0,0), the focus is 
F(2,0), the directrix is the line x=-2 and the length of the focal chord is 4p=4(2)=8. 
The line of symmetry is the positive x-axis. This is shown in the figure (8.4). 


Example 8.1.2: [Graphing x^ = 4ру]: Graph the parabola x*+ y = 0 and indicate ће 
vertex, focus, directrix and the focal chord. ) 


Solution: Rewrite the given parabola in the standard form 
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хї=-у 0) 

and is compared with the standard form of the parabola (5) to obtain : 

-1=4р > p=-1/4 2 
Since p<0, the parabola opens downward. The vertex is У(0,0), the focus is F(0,-1/4), 
the directrix is the line y=1/4 and the length of the focal chord is 4р-4(-1/4)--1. The 
line of symmetry is the negative y-axis. This is shown in the figure (8.5). 
iti) The Equation of parabola with the given elements 
Example 8.1.3:[Equation of Parabola]: Find an equation of parabola with 
a. focus F(0,-2) and directrix y=2. b. vertex V(0,0) and focus F(5/8,0). 
c. vertex V(0,0) and directrix х=1/2. х 


` 


Solution: 
a. By inspection, the value of p is p= —2 that satisfies the directrix y-2. This 
gives the equation of parabola x^ = 4py = 4(-2)y = —8y, that opens downward 
(р<0) and the line of symmetry is the negative y-axis. This is shown in the 
figure (8.6): 


Rig. 8.6 
b. By inspection, the value of p is p=5/8 that satisfies the directrix х=-5/8. This 


gives the equation of parabola y - 4px 4I 5 that opens ripht 


(p»0) and the line of symmetry is the positive x-axis. This is shown in the 
figure (8.7). А 
с. By inspection, ће value of p is p= —1/2 that satisfies the directrix х= 1/2. This 
gives the equation of parabola y'24pxz4(-1/2)x- -2x, that opens left 
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(р<0) and the line of symmetry is the negative x-axis. This is shown in the 
figure (8.8): 


Translation of Parabola: The replacement of X=x-h and Ү=у-К in an equation of the 
standard form of parabola has the effect of translating the graph of an equation in the 
XY-plane, 


© hunitshorizontally — rmght ifh»0 and feft ifh<0 
e kunits vertically up ifk20 Lec down if k<0: 
Important: Translation process is available in detail in ms unit 8. 4, 


Definition 814 {Translation of Parabola у’ рх |: The standard form of the 


equation of a parabola that is symmetric with respect to the line y=k and with vertex | 
УОК), focus F(h+p.k) and directrix line x=h-p is; 
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Definition 8.1.5:[Translation of Parabola у^ = 4ру]: The standard form of the 
equation of a parabola that is symmetric with respect to the line х=һ and with vertex 
уб), focus F(h, Кр) and directrix line y=k-p is: 


C6 “hy = =Ф(у- -k), Fig. 8.10 (32252 


The parabolas in definitions (8.1.4) and (8.1.5) open to the right or up if p is 
positive. They open to the left or down if p is negative. The length of the focal chord is 
4p and the end points of the focal chord are at a distance of 2p from the focus. 


3) m | Exampless.1.4:[Graphing(y =K) = 4p(x- hj]: Graph the parabola (y-&1) = 665-2) 
| and indicate the vertex, focus, directrix and the focal chord. - 7 
Solution: The given parabola Ха 


1/262) 007 
with substitution ra GN CEU MR ea 
COSE der ZmdYsy-kcyr ap 
p ther new у parabola in the XY-system: _ : T F we. E 

Y's 6X 1 Ёс 2 


The — (12) is compared to the standard form parabola (4) to obtain: 
4p=6=> p=6/4=3/2 

Since р>0, the parabola opens to the right. The vertex ‘of the new parabola (12) 
is V(0,0), the focus is F(3/2,0), the directrix is the line X2—3/2 and the length of the 
focal chord is 4p=4(3/2)=6. The line of symmetry is the positive X-axis. This is 
shown in Fig. 8.11. . 

The vertex, focus , directrix and the focal chord of the given parabola (10) are 
the following: . 


e The coordinates of the vertex V(0,0) of the new parabola are X20 and Y=0. 
Put X=0 and Y=0 in (11) to obtain the coordinates of the vertex of the given 
parabola (10): 

Хэх-2 => 0=х-2 => х-2 and Ү=у+1 => O=y+l y=-1 
The vertex of the given parabola (10) is therefore V(2,-1). This vertex is 
agreed to the vertex of the standard parabola (4). 

* The coordinates of the focus F(3/2,0) of the new parabola are X=3/2 and Ү=0. 
Put X=3/2 and Y=0 in (11) to obtain the coordinates of the focus of the given 
parabola (10): 

X=x-2 => 3/2=x-2 => x=7/2 and Ү=у+1 => 0=у+і y=-1 


- -4 
20: 
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The focus of the given parabola (10) is therefore F(7/2,-1)=F(h+p,k). This 
focus is agreed to the focus of the standard parabola (4). 

ә The directrix of the new parabola is Х--3/2, Put Х= -3/2 in (11) to obtain the 
directrix of the given parabola (10): 
Х-х-2 => -3/2ах-2 => х=1/2 
The directrix of the given parabola (10) is therefore x=1/2=h-p. This directrix 
is agreed to the directrix of the standard parabola (4). 

© The length of the new focal chord and the given parabola (10) is of course 6. 
The focal chord is on the line-through the focus Е(7/2,-1) and the end points of 
the focal chord are 2p-2(3/2)-3 units from the focus Е(7/2-1). The 
coordinates of the focal chord are therefore: 


donde 89884 


• The line of symmetry is therefore у=-1. 
The graph of the parabola is shown іп the 
figure (8.11). 
The translated parabolas that have their 
vertex at V(h,k) and open upward, downward, to the 
left and to the right are summarized in the box: 


Fig. 8.11 


“Parabola | | "Focus/Vertex| ^ Directrix 


Ї Curva 
(x-hJ = 4p(y-k) | UP if p>0 F(hkep) Мк) | y=k-p 
down, if p<0 
=h-p 


left, if p<0 


(813! o> Equations of tangent and normal | 
i) Recognition of tangent and normal to parabola 
A line which is parallel to the axis of a parabola intersects the parabola in only 
one (finite) point; all other lines will cut the parabola in two real and distinct points, 


real and coincident points, or complex conjugate points. A line which meets a parabola 
in two coincident points is called a tangent. A tangent to any curve at a point P is the 


е mM 
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limiting position of a secant line, cutting the curve in two points P and Q 
as Q  P.The normal can easily be shown in the subsection of this section. 


й) The condition at which a line is tangent to parabola at a point 


The line is tangent to parabola, when the line intersects the parabola in two 
real and coincident points. The given parabola and line 


y! =4рх : (3) 
Уелс (14) 
develops a system of two equations: 
y= 4px (15) 
у=тх+с 


The solution set (x, у} of a system of equations (15) exists only, if the curves of 
the system (15) are intersecting. That set of points of intersection (x y) (a solution 
set) can be found by solving the nonlinear system (15) simultaneously. 

The line (14) is used in parabola (13) to obtain the quadratic equation in x: 

(mx c) = 4px 
x 2тсх+ с? = 4px 
252+ 2x(mc- 2p) c^ 20 (16) 

The equation (16) being a quadratic equation in x, gives a set of two 
values x, апд ху of x, which will be used in a line (14) to obtain a set of two y 
values y, and y, . | 

Thus, a solution set ((,, y) (х, у,)} of the system (15) is of course a set of 


points of intersection of the system (15). 

The points of intersection of the system (15) are real, coincident or imaginary, 
according as the roots of the quadratic equation (16) are real, coincident or imaginary 
or according as the discriminant of the quadratic equation (16): 


Disc = 4(тс- 2p) -4m'c!»0, real and different | 
Disc = 4(mc-2p) -4m'c 20, real and coincident 


Disc = 4(mc— 2py -4тёс <0, imaginary 
Example 8.1.5:[Real and Coincident Points]: Under what condition the tangent line 
4x-y-4=0 intersects the parabola x^ = y? 


= g —— ——— 


Solution: The equations of the line and parabola are: 


4х-у-4-0 
у=4х-4 йл) 
ху (18) 


The line (17) is used in parabola (18) to obtain the y-coordinates of the points 
of intersection: 
MCA 
xi-4x-4, у=4х—4 
xi-Ax*t4z202 (x-2) =0 => x=2,2 
The x-coordinates are used in the line (17) to obtain the y-coordinates y=4, 4 
Thus, the set of two points of intersection (2,4) and (2,4) are real and distance 
and the tangent line 4x-y-4=0 is of course intersecting the parabola (18) at two 
coincident points (2,4) and (2,4). 
ii) ^ The Equation ofa tangent line in slope-form 
If mis the slope of the tangent to parabola 
y= 4px (19) 
then the equation of that tangent line is of the form 
у=тх+с (20) 
Here c is to be calculated from the fact that the line (20) is tangent to parabola 
(19). The line (20) is used in parabola (19) to obtain the quadratic equation in X: 
ys 4px 
(тх+ c)! = 4px 
mx’ +c? + 2mcx = 4px 
m'x^*2(mc-2p)*c^s0 (21) 
If the line (20) touches the parabola (19), then the quadratic equation (21) has 
coincident roots for which the discriminant of the quadratic equation (21) equals zero: 
4(mc - 2pY - 4m^Xc^) = 0 
4т?с?+16 p^ - l6ómcp - 4m c^ - 0 
16 p? - lómcp- 0 
16р(р-тс)= 0-2» p-me=0>c= p/m (22) 
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The equation (22) represents the condition of tangency. The value of c from 
equation (22) is used in the line (20) to obtain the required equation of tangent: 
y= ciple (23) 
m 
It is important to note that 
* the equation of any tangent to parabola у? = 4px in the slope-form is: 


ysmi P 
m 


e the line y=mx+c should touch the parabola у? = 4px under condition: 
у=тх+с=тхъР, co plm, y - 4px (24) 
m 
e the condition of tangency in case of parabola x^ = 4py and line y=mx+ is: 


у=тх+с=тх—рт?,с =—рт?, x= 4py 05) 


Example 8.1.6:[ Tangency Condition}: For what value of c, the line х-у+с=0 will 
touch the’ parabola x? = 8у? Use that value of c to find the tangent line that should 
touch the given parabola. 


Solution: The value of c at which the line x-y+c=0 will touch the given parabola 
through result (25) is: 
с=-рт? = 20) = -2, x! -8y =4(2)y, р=2,т=1 
Here m is the slope of the line x-y+c=0. The required tangent line that should 
touch the parabola through (25) is: 
у=тх+с 
24-22 x-y-2=0 
iv) The Equation of a tangent line to parabola at a point 
Let the equation of the tangent line at a point. p(x, y,) to parabola y = 4px be: 


у-у=т(х-5) . (26) 


Herem is the slope of the tangent line to parabola y -4pxat a point 
DG, уу) that can be found by differentiating y! = 4px with respect to x: 


| 353 — — — sf 
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( y =4рх 
- ; 2p (27) 
ES | зур => 2 dy 22 (2) =——= т, Say 
4 LN y xay i 
PA 
ЭР 7 The substitution of (27) in (26) is giving the equation of the tangent line at a 
( > point p(x, у) to parabola у? = 4px: 
N yonaman) a 
*) 2p 
су У-Ул--(х-х) 
л 


Wi- Уу = 2px- 2px, 
m yn-4pxu = 2рх-2рх, уү=4рҗ 


v | Уу, = 2px + 2px, 

2, | уу, = 2px x) (28-а) 

y ktis important to note that 
)) e the equation of the tangent line at a point р(х, у) to parabola x? = 4py is: 
\ =2р(у+у) 207089 (28-5) 


е If the tangent liney=mx+2 to parabolay?- 4px is identical to / 
m 


= 2р(х+ ҳ), Шеп the coefficients of like terms of у= тх+Р.апі ; 
m 
yy, = 2p(x + x,) are compared to obtain the contact point: 
spreto ELR 


1 


» 
2pm Р cau n eee e E, 
У т 
Thus, the contact point is 


ро 3) s (p/m',2p!m)incase of parabola у? =4рх (29) 

o Ifthe tangent line у = zx — рт? to parabola х? = 4py is identical to 1 
xx, = 2р(у+ y), then the coefficients of like terms ofy 2 mx- рт? and 5 
xx, = 2р(у+ у) are compared to obtain the point of contact: 
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m=% > X =2pm 
2p 
-pm =-y, = у= pr? 
Thus, the contact point is 


(х,у) = (2pm, pm?) in case of parabola x’ =4py. (30) 


Example 8.1.7:[Tangent Equation]: Find the equation of tangent line at a point p(2,- 
4) to parabola у? = 8x. Show that p(2,-4) is the pointof contact in between the required 
tangent line and the given parabola. 
Solution: Result (28-а) is used to obtain the tangent line to the given parabola: 
уу =2р(х+2) 
3—4) = 2(02)(х+2), р(х, 3) = 2,74), 4р=8 
-4у=4х+8 
4х+4у+8=0 
х+у+2=0 
The point of contact through result (29) is: 
pw. y)-7 (р/т? ‚2р!т)= (2,-4), р= 2, m =—115 the slope of the tangent 
line х+у+2=0 
v) ` The Equation of a normal ine to parabola at a point 
The equation of the normal line at a point p(x,, y,) to parabola y" = 4px is: 
y-x2m(x-x) (31) 
Herem, is the slope of the normal line to parabola у = 4px at a point р(х, y,) 
that can be found by differentiating уг = 4px with respect to x: 


x 


yz 4px 

dy 
2y—=4, 

з, 

dy 12р (2) 2p 

eee балын mz. say (82) 
doy аа) » дз т 2р 


The substitution of (32) in (31) is giving the normal equation at a 
point p(x, у) to parabola у* = 4px : 


Y 


>< 


>< 
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y-xznm-x) 
= (33) 
y- = ел) m,- —y2p 


=> | Example 5.18: [Normal Equation]: Find the normal equation at a point p(2,-4) to 
parabola y^ = 8х. 
Solution: Result (33) is used to obtain the normal line to the given parabola: 


yn 7205-8) 


J-A qt, 672. Ва) 
уж4-х-2 
ГХ-2-у-4-0 
х-у-6-0 


[8:174] > | Application of parabola 
The parabola is more than just a geometric concept. It has many uses in the 
physical world that are listed under: 
1. Projectiles in the air, such as a ball, or a missile, or water sprayed from a hose, 
describe a parabolic path when acted on only by gravity. 
2. Many arches of bridges or buildings are parabolic in shape. With this shape, 
the arch can support the structure above it. 


3. Rotating a parabola about its line of Symmetry, creates a bow] type surface ( 
called a paraboloid of revolution. A paraboloid has an important reflection 
property. Any ray or wave that originates at the focus and strikes the surface of 4 
the paraboloid is reflected parallel to the line of symmetry. (See figure (8.12)). { А 
$ 
4 
Ч 
( 


This forms the basic design of the reflectors for automobile headlights, flashlights, 
searchlights, telescopes, etc. This is also an excellent collecting device and is the basic 
design of TV, radar, and radio antennas. 


Suspension and reflection problems related to parabola 


Example 8.1.9:[Cables on а Bridge]: The cables of a bridge form a parabolic arc. ( 
The low point of the cable is 10ft above the roadway midway between two towers, | Y 
The distance between the towers is 400 ft. The cable is attached to the towers 50t // 
above the roadway. Determine the equation of the parabola that describes the pathof ү 
the cable. This is shown in the figure (8.13) below: ү/, 


А 

ыы 6) 

200 - M 

(200,50) А, 

W/ 

i ЛА, 
W 

— — Х 


bi 
Fig. 8.13 ) W 
- ( ) 


Solution: The parabola is formed by the cable between the two towers. The low point " 
on the cable is midway between the towers, апа 106 above the roadway. In order to 4 
write an equation, locate the x-axis and the y-axis in the xy-plane. Select the roadway J 
as the x-axis and the line perpendicular to the roadway through the lowest point of the А 
tower ав the y-axis. The parabola opens up with the vertex at the point (0,10). Two €J 


other points on the parabola are (200,50) and (-200,50). The standard form for this ) 
equation is: $ ) 
(х-һ)'=4р(у-Ю 4) Х 
The vertex V(0,10) and a point on the curve (x, y)=(200,50) are used in 040 727 

obtain p: ) 
) А 
з= m= A 
Л - 
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(х- ay =4p(y—k), translate h units on the x— axis, k units on the y-axis 

(200—0) = 4p(50-10)), V(h,k) =V (0,10), (x, у) = (200,50) 
40000=160р = p= 250 
The substitution of V(h,k)=(0,10) and p=250 in equation (34) is giving the 
parabolic equation 
(x-0y = 4(250)(y -10) 
x? =1000(у-10) => х? —1000y--10000 — 0 


that describes the path of the cable. 


Solution: The parabola is formed by the radar antenna. In order to write an equation, 
locate the x-axis and the y-axis in the xy-plane. The axis of symmetry is the positive 
x-axis, The parabola opens to the right with the vertex at the origin V(0,0). The other 
point on the parabola is (4, 6). The standard form for this equation is: 


lll m tlm „їй. 
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Thus, the parabolic equation that describes the radar antenna is obtained by b = 
putting p=9/4 in (35): hind 


y=4px= брь 9х 
4 / 
The focus is F(0,9/4) which is 9/4 m from the vertex V(0,0). ( 7 


нна (^ 


1. n each case, sketch the parabola represented by the equation, indicate the | , 
vertex, the focus, the end points of the focal chord (latus rectum) and the axis y 


M Exercise 8.1 7 


of symmetry: à d 1 

а. x!22y b. y? 2 (x41) с. (y- 3! =x 7 

2. In each case, determine the equation of graphed parabola: : b 
Эрт, TT TN N 


(a) (b) 


JE. | 
k&n || 
wn || 


vel 


3. Tn each case, write the equation of parabola through the given information: 
a. Focus at F(0,3), directrix у= —3. 
b. Focus at F(4,0), directrix x= —4. W 
c. Vertex at V(0,0), x-axis is the line of symmetry, passes through (3,6). ` 4 , 
d. Vertex at V(0,0), y-axis is the line of symmetry, passes through (—12,-3). 4 
е. Line of symmetry is vertical, passes through (—3,4), vertex at У(5,1). 
f. Line of symmetry is horizontal, passes through (7,9), vertex at V(3,—7). 
4. Find the equation of the set of all points with distances from (4,3) that equal | 4 
their distances from (—2,1). u 
5. Find an equation for a parabola whose focal chord has length 6, if itis known | J^. 
that the parabola has focus (4,-2) and its directrix is parallel to the y-axis, — | W 
6. In each case, find the points of intersection in between the line and the 4 
parabola: Y 


а. y!z9x х-у+2=0 b. у'+3х=-8, х-у+2=0 Á 
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c x —2y д4):259 d. y 122522: PRA 2=0 


"it С For what value ofc, | Noe: Kiss ў ЛЕ 


a. the line x-y+c=0 will touch the vmi y = 9x? 


b. the line х-у+с=0 will touch the parabola y = 8х? 
c. the line x+y+c=0 will touch the parabola x? = —8y? 


d. the line x-y+-c=0 will touch the parabola x? = Зу "d 


a. at a point (1,2) to parabola y^ = 4x. 
b. ata point (3,6) to parabola уг = 12x. 


c. at a point (-3/4,3) to parabola y^ = —12x. 
d. at a point (1/2,-1/3) to parabola x” = —3y/4. 


12272 IT гадил Ш COCA CM 
a. to parabola у? = 8x which is es to "NL line 2у-х+1=0. Find eps 
the point of contact. 

b. to parabola у? - 5x which i is. ео to" the line rro Find also the 
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In shape and in format, the ellipse is different from the parabola. Although the 
parabola is open at one end, the ellipse is entirely closed. The parabola has one focus 
and one vertex, while the ellipse has two foci (plural of focus) and two vertices. 


Definition 8.2.1:[Ellipse]: An ellipse is the set of all points in the plane such that the 
sum of the distances from two fixed points (foci) to a particular point on the ellipse 
hold off a constant quantity. 

The two fixed points А (—с,0) апа Р, (c, 0) are called the foci that lie on the x- 
axis at a distance ¢ on each side of the origin. The 
ellipse crosses the x-axis at two points 
V,(-a,0) andy ,(a,0)that are at a distance a on 
each side of the origin. The ellipse also crosses the | 
y-axis at two points В,(0,5) and B,(0,-b) that lie at | 
a distance b above and below the origin. This is — 
shown in the figure (8.15). is 


The portion of the x-axis bounded by the ellipse is its major axis, and the 
distance a is called the length of the semimajor axis. The end points of the major axis 


PEDE сет 


are called the vertices of the ellipse. The portion of the y-axis bounded by the ellipse 
is its minor axis, and the distance b is called the length of the semiminor axis. The 
center is the midpoint of the line segment F;F,. The ellipse is symmetrical with respect 
to the major and minor axes. 

By definition, the sum of the distances from the two foci F {-c,0), Fc,0) to 
the point у (4,0) is: 

d(F,,V,)* d(F,.V,)- (а+с,0)+(а—с,0) 
= (а+с+а-с,0) = (22,0) 

whose length is 


lac V) аву) AQaY 50-| (20)? | =2а (35) 
Similarly, the sum of the distances from the two foci F,(-c,0), F{c0)to the 
point B (0,b)is: 
d(F, B) * d(F,, B) - (04-c, b —0)  (0— c,5 — 0) 
= (c b)+ (7c, b) 
la ва Boe Vet ot eet 
=N +b =2a 
Result (36) is verified by substitution: 
242+ = 2a Ary )=4 ә eph ma! с'=а!-Ь 


ii) General form of the ellipse 


If P(x, y) is any point on the ellipse, then the distances from the two 
foci F (-с,0)апа F(c,0)to the point Р(х,у) are the following: 


(36) 


d(F,, P) (x c y -0) 


|«F, P) Ace +0? 


d(F,,P)=(x-c,y-0) 


|d(F,,P)|=ylx-c P t7 
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By definition of an ellipse , the general form of an ellipse is: 
ld FP) +|d( F2,P)|= 2а 
vate Pty! ce y! -2a 


Мос? + yz 2a -J(x-c f+ y 
Squaring both sides to obtain 


(xc yz 4a! - dad(x- cy y. *(x-cf y. 
4ad(x- c) * y! = 442-40» 
ad(x - c f +y = a! - ex 


Again squaring to obtain 


а (х-с Y +y "19 af- 2a'cx* c^x* 


2 ELS 
а(х -2ex c^t y Je a'-2a'cx c'x* 
2 2, 2 2.2 2, 
a! x! - 2a/cx a^ c^ ta y = af -2a'ex e cx 
2 2.2 2 4 
ax -cx tay a -а?с? 


(а2-с?)х2+а?у`=аҲа?-с?) 


bx*ay-adb, a-h, a>0,b>0 
2 2 
= + 2 =1, divide out by a^? (37) 
a 


ii) Circle is a special case of an ellipse 

The relative shape of an ellipse can be determined by its eccentricity e. The 
distance from the center of the ellipse to a focs is c, and the distance from the center to 
a vertex is a. The eccentricity is given by the 4 3 
equation: 

ez (38) e 060 

a 

The eccentricity of all ellipses are in a range 
between 0 and 1 (Ü«e«1). This is shown in the fig 8.17. ^ 

An ellipse with an eccentricity close to 1 is | ¢=098 
long and thin, and the foci are relatively far apart. If 
the eccentricity is small, close to 0, then the ellipse \ Fig. 8.17 
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resembles a circle. It can be shown that the circle is a special case of the ellipse when , 
e=0. 


8.2.1] => | Standard form of equation of an ellipse | 


Definition 8.2.2:[ Standard Form of Horizontal Ellipse]: The standard form of the 
equation of an ellipse with center at the origin, length of the semimajor axis a, length 
of the semiminor axis b and major axis along the x-axis is shown in the figure (8.18): 


PRI (39) 


If we replace the foci on the y-axis, center at the origin, and pick any point 
P(x, y) on the ellipse, then we can develop the equation of the vertical ellipse given in 
definition 8.2.3. 


Fig 8.18 - _ / 


Definition 8.2.3:[Standard Form of vertical Ellipse]: The standard form of the 
equation of an ellipse with center at the origin, length of the semimajor axis a, length 
of the semiminor axis b and major axis along the y—axis is shown in the Fig. 8.19: 


x x 

Lm x =} (40) 
Graphing. Ellipse: For graphing an ellipse, it is required to plot the center, ће 
intercepts ta on the major axis and +b on the minor axis. 


First, rewrite the equation of the ellipse in the standard form, so that there is a 
“1” on the right and the numerator coefficients of the square terms are also 1. The 
center is at (0,0) and plot the intercepts on the x-axis and y-axis. For the x-intercepts, 
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plot the square root of the number; for the y-intercepts, plot+ the square root of 
the number)’; finally, and draw the ellipse using these intercepts. The longer axis is 
called the major axis. If this larger axis is horizontal, then the ellipse is called 
horizontal, and if the major axis is vertical, the ellipse is then called vertical. 

The orientation of the ellipse equation with center C(0,0), vertices/end points 
of the major axis and the end points of the semiminor axis are summarized in the box: 


Orientation | Рос || VertcesSemimajor | Semiminor axis 


axis 
Horizontal 8.0), (8,0) (0/5), (0,-b) 
y (08). (0, 


Ir 
0,0), (0-0) (5.0), (6.0) 


Example 8.2.1;[Vertical Ellipse]; Determine the vertices; end'points of the-minor 
axis and the coordinates of foci of the ellipse 9y7+4y' — 36. Sketch the developed. 
ellipse. 
Solution: Rewrite the ellipse equation in the standard form: 

9x e4y!z 36 

9x 4y 


ro E 1, divideout by 36 


2 gy : 
ZU (41) 


The equation (41) is related to the vertical standard form ellipse (40). The 
center of the ellipse is at the origin, but the vertices of the major axis are on the y-axis, 
since the larger numerical value is under y^. Thus, 259 or a=3, and р2= 4or b=2 
and с?= q?-b?=9-4=5 or с= $45. 

The coordinates of the center, vertices/end points of the major axis, end points 
of the minor axis and the foci are the following: 


C(0,0) center 
V(0,3) V 40,3) end points of the major axis 
В12,0), B{-2,0) end points of the minor axis 
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FÁOAS ) F40,5 ) foci 
For some points on the ellipse, 


xl 2 
when yel, henz +=! => х= м1 


4 
45 


2 
аи => х=+2—— 
4 9 3 


The ellipse is symmetrical with respect to the major axis, minor axis. The 
center, vertices, foci, and the points 


Solution: Rewrite the ellipse equation in the standard form: 
2x 45y 210 


2 2 
2x ,3Y ., divide out by 10 
10 10 


Unit- 8 3 [ Conies i 


2 3 
х Ў =] 
3 2 
x y 
Sa у=! 42 
(М5? (427 рэ 
The ellipse (42) is related to the horizontal standard form ellipse (39). The 
center of the ellipse is at the origin, but the vertices of the major axis are on the x-axis, 
since the larger numerical value is under x^. Thus, 42-45 ога-4/5 and 5/22 or 
b=V2 and (= d - 25-22 3orcs t3. 


"The coordinates of the center, vertices/end points of the major axis, end points 
of the minor axis and the foci are the following: 


€(0,0) center 
V5.0), v4( 45,0) end points of the major axis 
B(0,2 ), Bf 0,-V2) end points of the minor axis 
F-V3,0), F443,0) foci 


i) Equation of an ellipse through its elements 


Example 8.23:[Equation of Ellipse}: Find an equation for the ellipse with foci 
Е (-1,0) and F (1,0) and vertices y (-2,0) andy 42,0): 


Solution: By inspection, the center of the ellipse is at C(0,0) and the distance from the 
center to the vertex is a=2; and the distance to a focus is с=1. The value of b is 
obtained by inserting a and c in the equation: 


pg -j-4.1232»bo $43 


The values of a and b are used in the horizontal standard form ellipse (39) to 
obtain 
2-2 


ха Т (43) 


The procedure of translation of axes introduced in section 8.1 can also be 
utilized for ellipses and hyperbolas. 
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ii) Conversion of an equation to the standard farm equation of ellipse 


Definition 8.2.4:[Translation of Ellipse Horizontally}: The standard form of the 
equation of an ellipse with center at C(b,k), length of the semimajor axis a and 
semiminor axis b, and major axis parallel to the x-axis is: 

2 2 
1) ы ЕЯ 


а 


Fig.8.21 (44) 


МЛК a) 
ВО, kt v) 


Jih +b, k) 
F Cih, k) 
"Fi k - су 


Vi. k — a) 


(i,k +) 


(h -= h,k) 


Fig 821 \ Fig 8.22 


Definition 8.2.5:[Translation of Ellipse Vertically}: The standard form of the 
equation of an ellipse with center at C(h,k), length of the semimajor axis a and 
semiminor axis b, and major axis parallel to the y-axis is: 

2 
ay 10 
Example 8.24:[Transiation of Ellipse|:Graph the ellipse whose equation is 
4x + 25y - 8x+100y +4=0. Indicate the center, vertices, foci and the end points of 
the minor axis. 


0) zl Fig.8.22 i (45) 
a 


Solution: Rewrite the given ellipse equation to the standard form by completing 
square: 
4d - 8x4 25y! + 100y= 


A xi -2x+1)+25( y +4у)=0 
Add 100 with both sides to obtain 
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4(x?-2x+1)+25(y?+4y+4)= 100 
4(x-1) +25(у+2 = 100 
2 2 
day 227 ү 


The given ellipse (46) with substitution X-x-h-x-1 and Ү=у-К=у+2, h=1, 
k= 2 gives the translated ellipse i in the XY-plane: 


vr] үн 
| DRACO Oe ү 
The center of the ellipse i is at the origin. The major axis is WemE3nET A the Ф 
vertices are on the x—axis. Thus, a=5, b=2 апіс = 4/21 = +4.58. W 
The coordinates of the center, vertices/end points of the major axis, end points ( ) 
of the minor r axis and the foci of of thet translated ellipse an are the following: А Д ( 
A (00) 3 ҮҮ Se center. » ww 
УСО 27 end points of ne major axis ^ A 
B 40,2} BX(0,-2) ыт Борои ог епипогахі 


F (58,0) 5,0. 58,0), £ 21/21 va = foci 


The coordinates ol of the center, vertices/end points of the major a axis, „ше end points of Y: 
the minor axis and foci of the given ellipse (46) are the following: { 


р е The coordinates of the center C(0,0) of the translated ellipse аге X=0, Ү=0. Put / 
X=0 and Y=0 in (47) to obtain the coordinates of the center of the given 

r ellipse (46): EA 
Х-х-1 => Ü-x-1 => х=1 ам Y=y+2 => 0=у+2 => y=-2 
The center of the given ellipse (46) is C(1,-2). 

е The coordinates of the verticesy ((-5,0), V;(5,0)of the translated ellipse are 

Х--5, Y=0 (in case of y,) and X=5, Ү=0 (incase of V;). Put X= -5 and 
Y=0 in (47) to obtain the coordinates of the vertex V , of the given ellipse (46): 
Хэх-1 => -58х-1 => x=4 and Y=y+2 => O=y+2 => y=-2 
The vertex V ;of the given ellipse (46) is V {-4,-2) and the vertex V;of the 
given ellipse (46) is of course y ,(6,-2). 


= 


ГЕ ——— 
х 2 


“Зи?” 
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© The coordinates of the foci F (-4.58,0), F(4.58,0) of the translated ellipse are 
Xz 4.58, Y-0 (in case of F,) and X=4.58, Ү=0 (іп case of F2). — Put X= — 
4.58 and Ү=0 in (47) to obtain the coordinates of the focus F,ofthe given 
ellipse (46): 
Х=х-1 => —4.58=x-1 => х=-3.58 and Y=y+2 => 0=у+2 => y=-2 
The focus F; of the given ellipse (46) is F {-3.58,-2)and the focus F;of the 
given ellipse (46) is of course F (5.58,-2). 


(The graph of the ellipse is shown in the figure (8.23) VERA 
422 425y - Вх+100у+4 0. 


сарв 


у ч ИРАДА ООРТ IO atat t MERCI ES С 4 
А, ‘The orientation of the ellipse equation with center C(h, k) is summarized in 

) the boxes: 
ү/ 
А 


TEST 


D 


27 


Horizontal | F(h-ck) Fh+¢%) y (h- ak) V (h-- a, k) Bíhk +b), Bh k —b) 


F fh e) ЕАК с) | ү{ҺЕ+а),у {ҺЕ-а) | В{һ+Ь,Ё), він) 
Note that B = а? —c? ore? = а? - b^ with a>b>0. 


чч 


m) | Example 82.5:{K quation of Ellipse], Find Ше equation of the ellipse with vertices at 
| 1,2) and (7,2) and with 2 as the length of the semiminor axis. ( 
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Solution: With the vertices of the ellipse are at V (-1,2) and VA7,2), the center is at 
the midpoint of the line segment V ,V ; joining these vertices. The midpoint (3,2) of the 


line segment VV; is the center C(h,k)=C(3,2). This is shown in the figure (8.24). 4 


a 
| 
| 


^ ЖА 


| 


The distance from the center C(3,2) to either vertex is 4-4 units. The 
semiminor axis has a length of b=2. From the figure (8.24), we see that the major axis 
is parallel to the x-axis. The horizontal standard form of the ellipse (44) is used to 
obtain the required ellipse equation: 

2 2 
(x-h) +0-4) 21 


2 


a b 


) 6-3) 027 
| 16 4 


=1, Ghk)(32,a-4b22 (48) 


\ 


/ [822] н} (Equations of tangent and normal | M 


/ d)  Recognizetamgent and normal to an ellipse 
Y A line which intersects an ellipse in two coincident points is a tangent. As in 
7 the case of the circle, but unlike that of parabola, there will be two tangents to an 
À ellipse with a given slope. The formulation for tangents to an ellipse will be discussed 
in the succeeding sections. 
) 8) Point of intersection of an ellipse with a line including the condition of 
{ tangency 


The given line and ellipse 
y у=тх+с ei iy 242: (49) 

” 2 2 "à i J Р 
ху Ч 
Stel (50) 97, 
а p SES. | ^ 
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41 develops a system of two equations; 
Х TUNES 7 
б Im (51) 
1 [ Amite Bs 
) ) The solution set(x, y] of a — of equations (51). exists ah if the curves of 
e. the system (51) are intersecting. That set of points of intersection {х,у} (a solution 
Ч 1 7 set) can be found by solving the nonlinear system (51) simultaneously. 
( N The line (49) is used in ellipse (50) Ls obtain t the quadratic equation inx: 
4 EE Ee 
ө P ү | 
»« cs (аш ea?) атса (с. ОСЕ 
4 ) The equation (52) being a quadratic equation in x, gives a sel of two values x, and x, of 
/ А Ч x, which will be used in a line (49) to obtain a set of two values y, and у, of y. 
Уу 4 Thus, a solution set ((, у), о, У:)| of the system (51) is of course a'set of 
v points of intersection of the system (51). 
Ау The points of intersection of the system (51) are real, coincident or imaginary, 
// according as the roots of the quadratic equation (52) are real, coincident or imaginary; 
LN according as the discriminant of the quadratic equation (52): 
7 


Disc 4a nc! -4(а m +b" ?) (a?) (c - 5!) » 0, real and different 
^ ‘Disc = 4a nc -4 (a^ т +27) (a^ (c - b^) =, real and coincident 
\ Disc - 4a né c -4(a m +b?) NAc- pn imaginary 


712 кэшшре 6.2.6 [Pints o Tnterdections]: Find the points of intersection ob ihe line 
| | 2х-уг250 88d the ellipse4* +%у'= =46. 


Solution: The equations of the line and elipse are: 


21-y-2-0 y EA 
53). | 
Wd ys2x-2 EEN | 
bv 4x3 +99" = 36 (54) 
Pan 3 2 ын” acie lab х хээг 122 
f -—— 
y A ШАА | Ял — 
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The line (53) is used in an ellipse (54) to obtain the x-coordinates of the points 
of intersection: 


4x! 4 9(2x-2 2 36 
4x  9(4 x? 4 -8x)- 36-0 
40x! -72x=0 = x(40x-72)=0 = x=0,9/5 
The x—coordinates are used in the line (53) to obtain the y-coordinates: 
х=й, 9/5 give y=-2, 8/5 - 


Thus, the set of two points of intersection (0,-2) and (9/5,8/5) are real and 
distint and the line 2x-y~2=0 intersects the ellipse (54) at points (0,-2) and (9/5,8/5). 


Tf m is the slope of the tangent line to ellipse 
р > 
РГЕ: A R py 
then the equation of that tangent line is of the form 
Буна ea ЭЭЖ БЭ. (56) 
Here c is to be calculated from the fact that the line (56) is tangent to ellipse 


(55). 
The line (56) is used in ellipse (55) to obtain the quadratic equation in x: 
x metet 
2 2 
а b 
х (ат +b?) * 2a'mex- a! (c-b) 20 (57) 
If the line (56) touches the ellipse (55), then the quadratic equation (57) has 
coincident roots for which the discriminant of the quadratic equation (57) equals zcro: 
атс? 4(a m *b")(a?)(c- p)- 0 
am c! -(a°m +b’) (c’ - b) = 0, divide out by 4a* 
a^ mc! -атс ta mb -b'c +b’ =0 
a! mb! -b'c +b" = 0 
e A (a тэр! +6) 


GER 


bal 
T 

= 
н 

© 
< 
g 


>< 


>< 


fA, Maths - 12 [ЕВ 


Л The equation (58) is the condition of tangency. The value of c from equation (58) is 
used in the line (56) to obtain the required equation of the tangent line: - 
у=тх+с= mckdalm +b 69) 


Tt is important to note that 


7 


2 
a the equation of any tangent to ellipse 27 = Lin the slope-form is: 
ia Di 


у=тх®{а' m +b? : (60) 
e Condition of Tangency: The line y=mx+c should touch the 
2 2 
y 


el lipse% + jm =1 under condition: 
a 


c= san? + b (61) 
© gi | Example 8.2.7:{ Tangency Condition]: For What value of c, the line 2x-y46-0 will 
2 2 
touch an Өрө += 1. Use those values of c to find the tangent lines that should 
touch the given ellipse. 


Solution: The values of c at which the line 2x-y4c-0 will touch the given ellipse 
through result (61) are: 


cla n! tb = 3432 44-34 


Here m=2 is the slope of the line 2x-y4c-0. 


/ The required tangent lines that should touch the ellipse through result (60) is: 
ysmxtc-2xt4 т= 2 


iy) The equation of a tangent line to ellipse at a point 
The equation of a tangent line at a point P(x, y,) to elige + = lis: 
yoy, = m(x-x ) (62) 
Here m, is the slope of the tangent line to ilie 1 ata point P(x, y,) 


2 2 
that can be found by differentiating 54 = | with respect to x: 
a 


Ч 


1 


Наэ 
Л 


4 
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The substitution of (63) in (62) is giving the equation of the tangent line at a 
point P(x, y,) to ellipse: 


y-y,2 m(x-x) 


Example 8.2.8:[Tangent Equation] Find the equation of the tangent at a point 
2 2 
P(3,12/5) to еШрзе2—+—= 1. 
25 aed) 


Solution: Result (64) is used to obtain the tangent line to the given ellipse: 
XXe fA ТЕҢ 
ee 
2) 9028), (x,y, = (32/5 ).a?= 25,67= 9 
25 9 
Зх 12Y үх 27r+60y-225=0 > 9x+20y-75=0 
25 45 
v) The equation of a normal line to ellipse at a point 


2 2 
The equation of a normal at a point P(x, y,)to ellipse +5; = lis: 
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M; 
Here, is the slope of the normal to elipe Te - lat a point P(x,, уу) that 
zy 


can be found by firing 2+ = 1 with respect to x: 


The substitution of (66) in (65) is giving the normal equation at a 
point P(x, у) to ellipse: 


У-А5 me x) 


у- n= да х) m= E 


Solution: Result (67) is used to obtain the normal line to the given ellipse: 


Үл 
ЁЛ 
2 p 


‚ (хь) =(3,12/5),а* = 25,8? =9 


12" 
25 (8)» 


25(x-3) 3(5y-12) 
3 4 
100(х-3)= 9(5y -12) = 100х-300-45у+108=0 = 100х-45у-192-0 


In each case, sketch the ellipse represented by the equation, Indicate the center, 
foci, endpoints of the major axis and end points of the minor axis: 
2 y? ' у +1) (у-2) 
a X432 bii ш б; (=н) 60-2 _ 
9 4 16 25 16 9 


In | each case, determine the equation of graphed ellipses 


In each case, write the equation of ellipse through the e information: жа 
^ а, Center is at (3, 2), -2, 5-1, major axis is horizontal. 

b. Vertices are at (4,2) and (12,2), b=2. 

с. A focus is at (2, 3), a vertex is at (6,3), length of minor axis is 6. 

d. Vertices are at (0,8) and (0,2), c = V5. 


The shape of an ellipse depends on the eccentricity of the ellipse e=c/a. 
Determine 

th tricity of the elli со 
a. the eccentricity ellips 25 *16 


b. the equation of the ellipse with vertices are at (-5,0), and (5,0) and the 
eccentricity is e=3/5. 
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c. the eccentricity of the ellipse, if the length of the semimajor axis is a=4 and 
the length of the semiminor axis is bz2. 


5: For what value of c, 


a. the line x-y4c-0 will touch the ellipse t +7 =1? 


5 


2 р 
b. the line 2х-у+с=0 will touch the ellipse 2 * = =|? 


2 


2 
c. the line x+y+c=0 will touch the ellipses + a zl? 


6. In each case, find the tangent equation and normal equation 


2 


a. at a point ( 2 5 . 2) to ellipse? + = 17 
3 4 9 
2 y 
b. at a point (0,2) to ellipse += =}? 
Ф 


ДЕ 
с. ata рой /з,/%) to ellipse’ +7 = 1? 


7. Find the tangent equation 


› 2 


a. to ellipse?- s = | which is perpendicular to the line 


9х--8у-36-0. 


E 


T 
b.to ellipse = + то = | which is parallel to the line 


6x42 1-140. 


[53] s [Hyperbole ШШ 


The last of the conic sections to be considered has a definition similar to that of 
the ellipse. In the previous section, the ellipse was expressed in terms of the sum of 
two distances being a constant. Exactly, the hyperbola is expressed in terms of the 
difference of two distances being a constant. 


Maths - 12 ШЕШ Го өвөө | 


The two fixed points F {-c,0)and Р.(с,0)агс called the foci that lie on the х- 
axis at a distance с on each side of the origin. The hyperbola crosses the Х-ахїв at two 
points Y,(—a,0) апау ,(a,0) that are at a distance a on each side of the origin called 
vertices. The transverse axis (major axis) of the hyperbola coincides with the x-axis, 
while the conjugate axis (minor axis) of the hyperbola coincides with the y-axis. This 
is shown in the fig. 8.25. 


Г-Үха,0) 


To check the definition, the absolute value of the difference of the distances 
from the two foci F (-c,0), F(c,0) to the point V (a,0)= P, say,is: 


Since a is a measured distance and is always positive, the constant specified in 
the definition of a hyperbola equals 2a. 


й — Standard form of the hyperbola 


If P(x, y) is any point on the hyperbola, then the distances from the two 
foci F {-с,0)апа ғ ,(c,0)to the point Р(х, y) are the following: 


FP=(x+c,y-0) 


Uh, P)= ree fj 


F,Pz(x-cy-0) 


d(F,, P)= J-e} «ty f 


— — 


C wy wv 


Ess 
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_—— Л Шөөөсөлөхөөсиэөтэмтитийлэээшитээээээхэээээээээтээээээээээээээ 


The definition of hyperbola is used to obtain the general form of hyperbola: 


d(F,,P)—d(F,,P)=2a 


Mec #+(у к-ў y! = 2а 
Squaring both sides to obtain 
(xc yo а? Ha ix c y e y e (x- c ty 
4ad(x - c f} + y = 4сх-4а? 
а (x-cf +y = ех-а? 
Again squaring to obtain 
allx-c + у?]= a" -2a'cx сх? 
a(x -2exc^* y) a! - 2a cx c! xi 
“ард - 2afex a 2 a! y!» a -2a ex c! xi 
ax cx a y Sa-a d 
(c - a! à а?у’ e cae га!) 
-br ay 2 -a! b, 


zal. 2935. afs 34112 
bx -a y Sab, c=a tb 


Maths - 12 ШЕШ i Ciais] 


Notice thatc? = q^ - b^for ellipse and thatc! = a^ р? for the hyperbola. For 
ellipse, it is necessary that а? > b^, but for the hyperbola, there is no restriction on ће 
relative sizes for a and b (but c is still greater than a for the hyperbola). 


| Definition. 832: [ Standard Form Horizontal Hyperbola]: The standard form лог | 
| the equation of a hyperbola with center at the origin. antl ep аны as the: transverse 
| ахай show inte беше (A2. 


If we replace the foci on the y y-axis, center at the origin, and aE: any point 
Р(х,у) on the plane, then we can develop the equation of the vertical ellipse given in 
definition 8.3.3. 


Definition 8.3.3:[Standard Form of Vertical Hyperbola]: The standard form of the 
equation of a hyperbola with center at the origin and the y-axis as the transverse axis 
is shown in the figure (8.28): ри 


Graphing Standard form Hyperbola: As with the other conics, we shall sketch а 
hyperbola by determining some information about the curve directly from the equation 
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by inspection. The end points of the transverse axis are the vertices of the hyperbola at 
V / —a,0) and V а,0).Тһе axis has a length of 2a. The conjugate axis coincides with 
the y-axis and has its end points at (0,b) and (0,-b). If we set x-intercept x=0, then 
there is no real number y-intercept (but y= 3-/-52 38 in complex conjugate). The 
question is, why should we be concerned about the conjugate axis or the length b? The 
significance of b is determined by solving the standard form of hyperbola for y: 


a 


хан ун. 
2 z 
2 2 
-Уу--Бун 
b a 


Let us examine the fraction 2- (a is constant). If we substitute larger and larger 

E 
values for x, then the fraction а2/ x? becomes smaller and smaller. In fact, the fraction 
eventually gets very close to zero. Thus, for large values of x, the 


2 
term -5 approaches 1. Therefore, for large values of x, the y values approaches the 
x 


lues x, and the value of the hyperbola gets closer and closer to the lines: 
a к 


These lines are called the asymptotes of the hyperbola. As x takes on values 
that are at greater distances from the center of the hyperbola, the values of y (of the 
hyperbola) become closer and closer to the asymptotes even though they never 
actually reach the corresponding y-values of the asymptotes. Since these lines are easy 
to graph, the asymptotes are valuable aids in sketching the hyperbola. 


= 
ч Д 


_ a 


* For horizontal standard form hyperbola 3-1 the asymptotes are the 
lines: 


ATL ee A T m 


= EXER TUNE. Сар 
SS Lai cei i Е i M ые o Wap аар 


i m 
nite dip con the origin ‘and is itself at age distance | fom 
| called tbe asymptotes. 

The orientation of the hyperbola with center C(0,0), vertices Ээ foci are 
summarized in the box: 


12221225) 22512057 


Solution: The given hyperbola equation is in the standard form of the equation of a 
hyperbola (70) with transverse axis along the x-axis. This tells us thata? = 9, a = +3 
and р = 16,b=+4.The vertices of the hyperbola arey {-3,0)andy (3,0). The value 
of c for foci can be found by using the formula: 
=a th’ =9+16 = 25,с= +5 

The foci are therefore F ,(-5,0)and F4(5,0). The asymptotes are the lines 


pel. ee 
7 2.37 ? а 3 

For sketching the hyperbola, the end points of the conjugate axis (0-4) and 
(0,4) are located, then draw the lines through the points (0,4) and (0,4) parallel to. the 
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x-axis. Similarly, draw the lines through the end points of the transverse axis V (-3,0) 
апау, (3,0) parallel to y-axis to complete the rectangle. The resultant rectangle and 


‚ the extended diagonals of the rectangle are the asymptotes of the hyperbola. The 
sketch of the hyperbola is shown in the Fig. 8.29: 


If the transverse axis is along the y-axis, then select g’=9,a=43 and 
b = 16,b = +44, The vertices of the hyperbola arey (0,3) andy ,(0,-3). The end points 
of the conjugate axis are (4,0) and (4,0). The value of c for foci can be found by 
using the formula: 
2 +622 9416 = 25,c=45 
The foci are therefore F (0,5) and F,(0,-5). The asymptotes are the lines 
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Sketch the rectangle formed by the points(0,+3) and( +4,0) and then sketch the 
asymptotes using the diagonals of the rectangle. With the asymptotes, vertices and 
foci, it is easy to sketch the hyperbola, as shown in the Fig. 8.30. 


i) Equation of hyperbola through its elements 


Example 8.3.3:[Equation of Hyperbola]: Find the vertices, foci, eccentricity and the 
asymptotes of the hyperbola 765? -9 y = 144. 
Solution: Rewrite the given hyperbola in the standard form : 


) If the transverse axis is the x-axis, then select g?=9,a=3 and 
b 


? = 16, b = 4. The value of c is obtained by formulac = Va? +b = V9 + 16 = +5. 


Го ошеш 1 


The vertices, foci, eccentricity and asymptotes of the given hyperbola are the 
following: 


V 44,0) = V. (8,0), V 4-20) V 4-3,0) vertices 
Е{с,й)= F (5.0) Е4:60) = F-5,0) foci 


ERES) eccentricity 
a 3 
y= oe (e asymptotes 
a 3 


D | Example 8.3.4 Equation of Hyperbola]: Find the equation of hyperbola, when one 
focus is at(0,6), center is at C(0,0) and the eccentricity is 3. 


Solution: Focus(0,6)gives c=6. This indicates that the transverse axis is the y-axis. 
The eccentricity 3 is giving the value of a: 
Rd =>а=2 
а а 
These values of a and c is used in the formula to obtain the value of b: 
c = a + b 
b =e -п=36-4= 32 
The required hyperbola equation is: 
212 
QorIe 
2 b 
2 2 
y» x 2 2 
2-221, q’?=4,p°= 32 
а ва р 
ii) Conversion of an equation to the standard form equation of hyperbola 
If any point (h,k) on the plane is selected as the center of the hyperbola and a 
major axis parallel to the x-axis or y-axis is selected, then with the geometrical 
definition, a new set of equations for hyperbola can be derived through translation of 
axes. 


Definition 8.3.5:[Translation of Hyperbola Horizontally]: "The standard form of the 
equation of a hyperbola with center at C(hk), vertices aty{h+a,k) and 
V Хн a,k), foci atF (h- c; k) and Fifi c, K) is: 
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Are о? —— ш | 


AY а За 
a $ h 


FA mek) 
47) / 


„МА + ek) 
WEE 


-a k)’ AR 


me e pre eee kx 


Fig 8.31 


Definition 8.3.6:[Translation of Hyperbola Vertically]: The standard form of the 
equation of a hyperbola with center at C(h,k), vertices at V/h,k+a) and 
Vth, k - a) foci at F(h,k+c)and Fh k-c)is: ` 


SEDE ERES 


Ffh-cE) Е{+ с) Vah- ak). Vh ak) 
Fdhk+c), Fh -c) V (hk a) v hk -a) 


Note that (7 2 a^ 4 p^, c>0. 

пф Example 83.6/Transiation of Hyperbolal: Sketch the hyperbola 
TEA Ё : 

BLEU rede | 

| with center at C(h, E) and the transverse axis is the x-axis. Determine the vertices and 

Erara Nyao ARAE IEPS ae MEC te BEER 

Solution: The given hyperbola 18: 


с-та (8) 
EE ne E а 

The given hyperbola (78) with substitution - 

X-x-h-x-1 and Ү=у-К=у+2, Һ=1, k=-2 gives the new hyperbola in ће XY- 


1 


09) 


Cu 21441729 S rU TR 

The hyperbola (79) has a transverse axis on the x-axis that giv 4 
a’= 144,а = 12 and p° = 25,b = 5. The value of c is obtained by formula: 
c= (+8 = 144225 = 13 


The coordinates of the vertices and foci of the new hyperbola in the XY- 


system are the following: 
y (-a,0)- V (-12,0), V fa,0) = V 412,0) vertices 
Fi-¢,0)= F {-13,0), F{c,0)= F (13,0) foci 
The asymptotes in the XY-system are the lines: 


үз Бүл, Py ssl ei, 
a 12 a 12 


The coordinates of the vertices and foci of the given hyperbola (78) in the xy- 
system are the following: 
V (h- ak) e V (13,-2), V (h- a k) 2 V (-H,-2) vertices 


(Ge) ddl ae 
—— 
2 

$ г 


''Unit- 8 Е сопісе 


Fdh-c,k)= F {-12,-2), Fh ck) = y {14,-2) foci 
The asymptotes in the XY-system can be converted in the xy-system to 
obtain: 


ү=?х 
а 


о a=12,b=5 
12 ыд, 


-= (ah) X=x-h,Y=y-k, h=1,k=-2 


Э] 
+2=—(х-1), 
y me ) 
12у+24= 5x-5 => 12у-5х+29=0 


22555251 => 12у424--3х-5-»12у-5х419-0 


Having eem the asymptotes and the vertices, we can sketch the hyperbola 
as ш їп the figure (8.33): 


Aint зале", I 


- Fig. 8.33 


Å 


e -hÝ (-kY ihon 
e For translating the hyperbole Ee eae the asymptotes 
a 


are the lines: 
(WEE 8) (80) 
2 . 
For translating Ше peto О 07.17 = l vertically, the asymptotes аге 
a 
the lines: 


(y-W)= bee h) (81) 


83:2] => Figuatians of tangent and normal | 


9 


Recognize tangent and normal to hyperbola 
A line which intersects a hyperbola in two coincident points is a tangent. For 


the hyperbola, there will be two tangents [real and distanct, coincident (with an 
asymptote), or complex] with a given slope. The formulation for tangents to hyperbola 
will be discussed in the succeeding sections. 


ii) 


Point of intersection of hyperbola with a line including the condition of 
tangency 


The given line and hyperbola 

у=тх+с (82) 
z y. К 

REL 83 
EE (83) 


xy 
POTE (84) 
у=тх+с 


The solution set х, y] of a system of equations (84) exists only, if the curves of 


the system (84) are intersecting. That set of points of intersection {x, у) (a solution set) 
can be found by solving the system (84) simultaneously. 


The line (82) is used in hyperbola (83) to obtain the quadratic equation in X: 
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The equation (85) being a quadratic equation in x, gives a set of two 
valuesx,andx,of x, which will be used in a line (82) to obtain a set of two 
values y, and y, of y. 

The solution set((x,, у) (х,,у,)} of the system (84) is of course a set of points of 
intersection of the system (84). 

The points of intersection of the'system (84) are real, coincident or imaginary, 


according as the roots of the quadratic equation (85) are real, coincident or imaginary, 
or according as the discriminant of the quadratic equation (85): 


Disc = 4a“m c^ * 4(b^ - à^m^)(a? (c^ * b^) » 0, real and different 

Disc = Aa^m/c +4 (b? -аїт?)(а?)(с*+ p) — 0, real and coincident 

Disc = Ag mc! +4 (2 5 агт) (а?) (c + b’) <0, imaginary 
Example 8.3.7:[Point of intersection]: Find the points of intersection of the line x-y- 
1-0 and the hyperbola4 x? - y^ = 4. 
Solution: The equations of the line and hyperbola are : 


The line (86) is used in hyperbola (87) to obtain the x—coordinates of the 
points of intersection: 

4x! -(x-1f 24 
4x) (i 1-21)-40 = 343 2x- 5m 0 х= 1.2 


The x-coordinates are used in ће line (86) to obtain the y-coordinates: 
х-1,-5/3 give y=0, —8/3 

Thus, the set of two points of intersection (1,0) and (-5/3,-8/3) are real and 
distant and the line х-у-1-0 intersects the hyperbola (87) at points (1,0) and (—5/3,- 
8/3). А 


ү 


üi) The equation of a tangent line in slope-form 
If m is the slope of the tangent line to hyperbola 
2 


T 
Xie 
a - y =i (88) 
then the equation of that tangent line is of the form 
920 y=mx+c $ 89) (43 

Here c is to be calculated from the fact that the line (89) is tangent to 
hyperbola (88). 

The line (89) is used in hyperbola (88) to obtain the quadratic equation in x: 

а? в? 

х2(62- ат?) +2а'тсх—аң(є*+рї)=0 (90) : 

If the line (89) toüches the hyperbola (88), then the quadratic equation (90) has 
coincident roots for which the discriminant of the quadratic equation (90) is going to 
be zero: 

4a mic? 44 (2 эё ат?) (a’)(c? +b’) 20 

amet (5 - a^m )(c +p’) =0, divide out by 4a° 
ame v amc? - a! mb! ++ biz 0 
за тв * b'c! * b! = 0 
-ат+ += 0 


c^z(am -b’) 


c ziyam -b (91) 


The equation (91) is the condition of tangency. The value of c from equation 
(91) is used in the fine (89) to obtain the required equation of the tangent line: _ 


yemi-cemxtya m b (92) 


It is important to note that 


2 2 
* the equation of any tangent to hyperbola ž; - = 1 in the slope-form is: 
a 


у= met Vain tb » G3. 
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Pepto : 
* the line y-mx4c should touch the hyperbola - РА = 1 under condition: 
a b 


Solution: The values of c at which the line y = Заве wili touch the given hyperbola 
through result (91) are: 

c- ida m! -b 340254) 9 534, 4 2 4,4 9 т= 52 

Here m-5/2 is the slope of the line y = ie c. The required tangent lines that 
should touch the hyperbola through result (92) is: 


уе тсе ad, m= 5/2 · 


on X 
Herem is the slope of the tangent line to. hyperbola —; = la a point 
a 


2 2 
Р(х, уу) that can be found by differentiating, T = | with respect to x: 
а 


ud 


Unit- 8] 1 Cqnics-TI 


dy 
etc E: 96 
(25: а ES ione Ex) 


(an) 
The substitution of (96) in (95) is giving the equation of the tangent line at a 
point Р(х, y,) to hyperbola: 
у-у,= m(x-x) 


2. 
УлУнж од (xx) 
1 


2 2 
m Ma Noy X аку) on 


2 


Example а Есебі Find the equation of the tangent at a point 


5,169) to h TELA 
P5169) to hyperbola = + 


Solution: Result (97) is used to obtain the tangent line to the given hyperbola: 
да Dia, а=90= 


а 


a) X169), (зу )= (5,109) 


80х-16у= 144 
80х-16у-144= 0 
5х-у-9=0 


.») The equation of a normal line to hyperbola at a point 
2012 
The equation of the normal at a point Р(х, у) hyperbola, r = Lis: 
: a 


= m,{x-x,) (98) 


394 
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5 р 212 
Herem,is the slope of the normal to hyperbola =; -57 = Lat a point 


aM. 
P(x,,y,) that can be found by differentiating = = } with respect to x: 
2 а 


tj 
dx Uy») 


The substitution of (99) in (98) is giving the equation of normal at a 
point P(x, y,) to hyperbola: 
у- y= тү(х-х,) 


2 
= (х-җ ) шаг -a y /Ъ°х, 
t 


Mop 


(100) 


mal Equation]: Find the equation of normal at a point P(5,16/9) 


Solution: Result (100) is used to obtain the normal line to the given hyperbola: 


(xxn). JE Yi. a! 29,5 =16 


a A» 
а? p 


— ~— 
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yas ЦЕ 
$5). 9 (x,y, )=(5,16/9) 
5 ($) 
= - 1/16 
9 9 
-(x-3) (9у-16) 
5 Т ii 


ИШЕНЕ ТЕНЕЙ АР E а а] 


A In each case, sketch the hyperbola represented by the equation. Indicate the 
center, vertices, foci and the equations of the asymptotes: 


2 2 2 2 
a 2-221 b 2-221 
4 9 25 4 
2 2 2 2 
„®27 0-37, эл аха ч Бан 
9 16 16 25 


2: Tn each case, determine the equation of graphed ellipse: 


2 Ша each case, write the equation of hyperbola through the given information; | 
a. Foci are at (0,3) and (0,-3), one vertex is at (0,2), s : 

b. Foci are ац /2,0)and(-V/2,0), one vertex is at (1,0). 

c. Vertices are at (5,0) and (—5,0), one focus is at (7,0). 

d. Vertices are at (3,0) and (-3,0), and asymptotes are the lines y=3x and у= — 
3x. 

€. Transverse axis is the x-axis, asymptotes are the lines y=3x and y=—3x. 

f. Transverse axis is the y-axis, asymptotes arc the lines y=3x and y=-3x. 

g. Foci are at (5,0) and (-5,0), eccentricity is 5/3. 

h. Vertices are at (9,0)and (9,0), whose asymptotes are perpendicular to each 
other. 

4. Determine the path of a point that moves so that the difference of its distances | 


а. the points (—5,0) and (5,0) is 8. 
b. the points (0,-13) and (0,13) is 10. А 
(5. Writethe equation of thehyperbola 0 281723 А] 
à. with vertices at (2,-2), (-4-2) and that passes through the point with 
coordinates (5,1). 
b. with vertices at (-3,1), (-3,3) and that passes through the point with 
coordinates (0,4). 
6. In each case; sketch the rectangular hyperbola and identify the vertices, the ^ 
eS: Cu 


«Є >з 


MT 


«40» 


US 


>< 


a. (ха (y-2) 21 ь £37 О у 


4 4 | 
T: In each case, find the points of intersection in between the line and the | 
_ hyperbola: | 3 Е ЗА Н UE CETERAE sr | 
аху=4 у=х-3 b.x!-y21, у= À3(x-1) 
2 2 a 2 
eL х+4у-4=0 qu А эн 


178277 "Forwhat value of c, 


| 
а. иШ 


2 


« 2 
а. the line у=х+с will touch the hbyperbola2.-2- =1? 


2 Li 
b. the line у= —x4c will touch the hyperbola 2с - F =1? 


(Gm 
Pd "u 


d 2 2 
c. the line у=х+с will touch the hyperbola? -2 =)? 
LEA In each case, find the tangent line equation and normal line. equation 


5) 2 
a. ata pin (73,2) to hyperbola“ S СЭ?) 


А 16 y x 
b. at {| —, 5 |to hyperbola — —— = 1? 
al ТЕ Je yperbola ай 


Гад с ['frasiladon ава Rotation ӨЁ Axes M] 


If the coordinates of a point or the equation of a curve be given with reference 
1 to a system of axes, rectangular ог oblique, theri the coordinates of the same point or 
/ the equation of the same curve can be obtained with reference to another system of 
axes, rectangular or oblique. The process of so changing the coordinates of a point or 

the equation of a curve is called the transformation of coordinates. 


) i) Translation and rotation of axes Ш 
М Tn general, we come across to define three types of change of axes that are the 
following: 
1. Translation of Axes: This will be used in changing the origin only and the 
new axes are parallel to the old ones. 
2. Rotation of Axes: This will be used in changing the directions of the axes 
without changing the origin of the system. 
3. General Transformation: This will bc used, when the change of the direction 
and the origin of the axes both come together. 


Definition:8.4.1: [Translation of Axes]: The relationship: between the мо sets of 
| coordinate axes is called the translation of axes. T ande 


Definition: 42: Rotation of Axes] The rotational relationship Between ihe two sets | 


of coordinate axes is called the rotation of axes. 
4) — Equations of transformation for translation of axes 


If O(0,0) is the old origin of the set of old rectangular coordinate axes ox and 
оу, then the coordinates of а point P with respect to the old axes are P(x, y). 


2E ш ы... — 
———— oe) а 
VAL 
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If O(h, k) is the new origin of the set of new rectangular coordinate axes OX 
and OY parallel to the old rectangular coordinate axes, then the coordinates of a point 
P with respect to the new axes are P(X, Y). 

If PM and ON are perpendicular to old coordinate axis ox, where PM 
intersects the new coordinate axis OX at M,, then, the following assumptions 


y Y 


ON =h, NO - К,ОМ =x, MP = y also OM, = X, MP =Y 
through old rectangular coordinate axes 

xz0M = ON + NM = ОМ + OM,- h X 

у= МР= MM, - MP - NO MP - k4Y 
develops a set of rectangular coordinate axes in terms of new coordinates X, Y by 
means of the relation: 

x=X+h, y=Y+k (101) 


The set of equations (101) are the equations of transformation for 
translation of axes. By making this substitution in a given equation, a new equation 
of the same graph is obtained, referréd now to the new translated axes. 

ii) Equations of transformation for rotation of axes 


If ox and oy is the set of old rectangular coordinate axes, then the set of new 
rectangular coordinate axes OX and OY is obtained by rotating the old rectangular 
coordinates through an angle 0,0 < 0 < 90" in anti-clockwise direction. 


— — = 399. = mMM = 


SUUS VYY 


>< 


>< 
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If the coordinates of a point P with respect to the old axes are Р(х, y), then the ( 
coordinates of a point Р with respect to the new axes are Р(Х, ED 2 


4 
— Тил ШАШ / 


р” 
OU WA WP wp www. 


If PM and PN are perpendicular to ox and OX and AW,and NM, are i 
perpendicular to ox and PM, then, the following assumptions 

oM =x, MP = y, ON = X, NP-Y, ZM,PN =0 
through old rectangular coordinate axes 

х=оМ 

= oN, -ММ,=оМ,-М, N = ОМ cos0 - NP sin = X cos8—Ysin® 
y-MP 
Е = MM, M,P = N.N t M,P = ON sin0-- NPcosQ = X зіпе+ Y cos 


develops a set of rectangular coordinate axes in terms of new coordinates X, Y by 
means of the relation: 


xz2Xcos0-Ysino, у= XsinüiYcos8 — (02) ) 
An equivalent form of the relations (102) is; | 
| X = xcosð+ ysinð, Y =—¥sin®+ ycosó . 003. 


Example ТВДА: Translate | to parallel | axes pen the point (1-2) the 


{ 
1 
4 
1 
( 


TEER 
| 
ыы] 


| 
| Y 
(97) 
V 
| 
N 
4 
) 
4 y 
y 
1 


V conic4 x? 25 y^ - &x- 100y 4-4 « 0. 
y Solution: Substitute x=X+h=X+1 (һ=1) m у=Ү+К=Ү-2 (k=-2) in the given ЭМН { 
) 
- : Ё ҮЙ x ii / 
> ЕЕЕ... ТЕР 
— х 
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4x! 4 25y! -8х+100у+4=0 
а(х +1) «25(Y -2) - 8(X +1)+100(¥-2)+4=0 
which yields the standard form of ellipse in XY-plane by completing the square: 


The standard form of the given conic (ellipse) equation in xy-plane is obtained 
by backward substitution of x= X+1 and y= Y-2: 


(x1) 2)! 
25 


=1, Х=х-1, Y=y+2, xy-system 


» 


Solution: The substitution of equation (102) 
х= X cos0-Y sino, 0—45^ 
— X cos 45 - Y sin 45 
-1 yy 
2 2 
Px -Ү), sin45=cos45 — 
у= Хяш8-ҮсовӨ 


= X cos45- Y sin45 


"Ay f, x 


—X4 Xr RUD TY) 
inthe me conic smion 
Ax -ry +2 +2(х+у) aX. ZEE Ja- Ү)(Х +Ү)-1=0 
to obtain the transformed equation of hyperbola 


3x? -Y! -A20t -Y)-1=0 
which yields the given conic by substituting: 


2y 
42 TOT zm. 
2x эхэр UON Y mp » 
42 


iv) New origin and new axes with respect to old origin and old axes 


This is actually the general transformation ( third type) which requires both 
translation and rotation of axes. The procedure developed is as under: 


If o(0,0) is the old origin of the set of old rectangular coordinate axes ox and 
oy, then the origin of the set of rectangular coordinate axes OX and OY parallel to the 
old rectangular | coordinate axes is O(h,k). Further, the set of new rectangular 
coordinate axes OX’ and OY’ is obtained by rotating the rectangular coordinates axes 
OX and OY through an angle 0,0 < Ө < 90° in anti-clockwise direction. 


Fig. 8.36 


If the rectangular coordinates of a point P with respect to old rectangular coordinate 
' axes are P(x,y) then the rectangular coordinates of a point P with respect to 
rectangular coordinates axes OX, OY and new rectangular coordinates axes 
OX’, OY’ are respectively Р(Х,Ү) and P(X’,Y’). 
The following assumptions 
oM =x, МР= у, ОМ, = X, МР =Ү,ОМ,=Х',М,Р=Ү' 
through old rectangular coordinate axes 
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) 
) x=0M 
зоМ-МН 

) zoLt*LN -MN 
) -oL*ON,-M,N, Ч 

—oL* ON, cos0— N,Psin0 = + X'cos0—Y'sin6 
) yz MP 

= MM, * MM, * M;P 
} =0L+N, N, +M,P - k - ON, їп 6+ N,, Pcos0 

=k+ X'sin8--Y'cos8 р 
) develops a set of rectangular coordinate axes in terms of new coordinates X” and 

Y'by means of ihe relation: 

) * s6 — Y'sin8, + X'sin0 + Y'cos (105) 
› 


» 


Solution: The substitution of equation (105) 


) 
› 


~ 


зөс 
. 


in the given conic equation 
[emer -n| pex n|- 01 
мое der n]o-c 


to obtain the transformed equation of hyperbola 


, 
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3x? LY? kA 2 (x'-Y ) 42(x^ Y) 2020 
that yields the given conic by substituting: 
хаа УЦг-ү) И 
Ja уж Meat qM 


у-эж ter) 


The substitution of the equations of transformation (102) 
х= Хсоз6—ҮзїпӨ, у= Xsin8-- Y cos0 


in the conic of the form ax’ + 2hxy + by! is 
ax? +2hay + by’ = a( X cos0 Y sin)" 
+2h(X сове — Y sing) X SinB +Y cos) 4- b( X sin Y соз)? j 

= (acos^ 8 + 2hsin8cos8 +bsin?@) X? 

+{-2(a—b)sin @cos6 + 2h(cos* 0 — зіп? Ө)} ХҮ 

Заяа Ө— 2hsin @cos8 + bcos” Ө|Ү? 
The expression ах? +2hxy+by* will be of the formaX?+bY’, if the 

coefficient of XY term on the right side of the above equation equals zero: 
{-2(a—b)sin 9cos 6 +2h(cos? @—sin’ 8)] =0 

—(a —b)sin 20+ 2hcos 20 2 0 

—(a —b)sin 20 = —2hcos 20 

sin20 — 2h 


cos28 a-b 


2h 
tan 20 Сар 
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Solution: If the axes of the given сопіс are rotated through an angle, then the 
angle 8 can be found through result (106): 
delm ci om ur mean 
2 a-b 
) 


= pant 2O lanla lei yz 10679) за 
2 9-4 2 2 


3* 2 


1. Translate to parallel axes through the : 
a. point (0,2), the equation 2x — y - 2 - 0. 
b. point (-1,2) , the conic x? + y? 2x -4y 41-0. 
c. point (3,-4) , the conic x? +2y° -6x+16y+39=0. 
d. point (-2,2) , the conic x + y! —3xy +10x-10y+21=0. 
2. Transform to axes inclined at an angle i 
a. 45°to the original axes of the сопіс x^— y^ = a". 
b. 907 to the original axes of the conic y^ = 4px. 
c. 45°to the original axes of the сопіс x^-- у’ + 4xy -12 0. 
d. 45°to the original axes of the conic х? — y^ - 2/2x -10/2y 4 2 - 0. 
3. Transform to new axes inclined at an angle 
a. tan !(1/2)to the original axes of the conie 
Тах +1152 -36x-- 48y — 4xy +41=0 through (1,-2) 
b. (ап71(—4/3) (0 the original axes of ће сопіс 
Lx? + 4y? - 20x -40y + 24xy — 5 = 0 through (2,-1) 
c. tan" (3/4) to the original axes of the conic 
3x? +10y? + 6x + 52y – 24xy = 0 through (3,1) 


——— —  m— —— 
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4. At what angle the axes are rotated about the origin so that the transformed 
equation of the conic 


a. Lx! 4y! - 20x - 40y + 24xy — 5 = 0 does not contain the term involving 
1 


b. 55 7 y^ + 24 3xy —16 = 0. does not contain the term involving ХҮ? 


Glossary 
Parabola: 


The eccentricity'of the conic is e —c/a. The conic is 

ellipse , ife«l 

parabola, ife-l 

hyperbola, | еэ! 

a. The standard form of the equation of a parabola that is symmetric with 
respect to the x-axis, with vertex V(0,0), focus F(p,0) and directrix the line х= 
-pis: 5 

yc 4px 

b. The standard form of the equation of a parabola that is symmetric with 
respect to the y-axis, with vertex V(0,0), focus F(0,p) and directrix the line y= 
-pis: 

х?= 4ру . 

а. The standard form of the equation of a parabola that itgsymmetric with 
respect to the line y=k and with vertex V(h,k), focus F(h+p,k) and directrix 
line x=h-p is: 

(776) = 4p(x- b) 

b. The standard form of the equation of a parabola that is symmetric with 
respect to the line x=h and with vertex V(h,k), focus F(h,k+p) and directrix 
line y=k-p is: 

(«hj =4ply-k) 

The equation of the tangent line at a point. Р(х, у, Ло parabola is: 


: хул 2p(x+%) 


( 
( 
( 
ХҮ? 
( 
( 
( 
( 
( 
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The equation of any tangent to parabola y! = 4px in the slope-form is: 


у=т+Ё 

т 
` The line y=mx+ should touch ће parabola y? = 4px under condition: 
Р 
m 
The equation of normal equation to parabola y! = 4px at a point Р(х, у, Jis: 


у=тх+=, y o dpy 


сас 75 
мэл 2р ( x) 
Ellipse: 
a. The standard form of the equation of an ellipse with center at the origin, 
length of the semi major axis a, length of the semiminor axis b and major axis 
along the x-axis is: 
xy 
oe 
b. The standard form of the equation of an ellipse with center at the origin, 
length of the semimajor axis a, length of the semiminor axis b and major axis 


a. The standard form of the equation of an ellipse with center at C(h,k), length 
of the semimajor axis a and semiminor axis b, and major axis parallel to the x— 


axis is: 
2 
Gch} (yk Py 
a ГА 
b. The standard form of the equation of an ellipse with center at C(h,k), length 
of the semimajor axis а and semiminor axis b, and major axis parallel to the 
y-axis is: . 
2 
Gh (yk) | 
p а? 
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2 


2 
The equation of the tangent lirie to ellipse 3 У 2 lata point P( хь у, )is: 
E 


Dn 
» A 
g5 (хөуд 


2 


2 
The equation of any tangent line to elipse + = 1 in the slope-form is: 


b 


уст ат 


2 


2 i 
The line y=mx+c should touch the ellipse 545 1 under condition: 
a 


! 
| 


c2 Ea m +B" 


The 


2 


2 x ` 
normal equation to elipse t eL lata point P( xn y, Jis: 
а 


У-У, х-х 
УМБ | ха? 
Hyperbola: 
a. The standard form of the equation of a hyperbola with center at the origin 
and the x-axis as the transverse axis is: 


a Б? 


2 


21 


b. The standard form of the equation of a hyperbola with center at the origin 


‘y-axis as the transverse axis is: 


Eu 
a. For horizontal standard form hyperbola 2-5 lthe asymptotes are the 
d, 


a 


2 2 
b. For vertical standard form hyperbola? 75 = 10е asymptotes are the 
а 


SSA SS 
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o а, The standard form of the equation of a hyperbola with center at C(h,k), 
vertices aty {+ a, k) and V (В - a, к), and foci at F (hi - c, k) and F {Н+ c, k) is: 


(В) (yk) | 
os 
a b 
b. The standard form of the equation of a hyperbola with center at C(h,k), 
vertices at V {h,k +a) andy (hk -a),and foci at F (h,k +c) and F(h,k - c)is: 
OAY G-hf у 
a! b = 
* а. For translating the hyperbola—— Ёс реку -2 eu = l, horizontally, the 
а? 
asymptotes аге the lines: 


08-24) 


b. For translating thc netus он (yok) ша? i ar ie = |, vertically, the asymptotes 
are the lines: » 
(у-4)а ie -h) 


? 


2 
© Тһе equation of the tangent line to hyperbola шүүн = lata point P( хь y, Jis: 
a 


Xu iy 


a ЭДЕ: Ў 
а b Ни 


© Тһе equation of any tangent line to hyperbola; “5 = lin the slope-form is: 
a 


угт lem? - b 


аа 
The line y=mx+c should touch the hyperbola E, = | under condition: 
а 


The normal equation to hyperbola = —]at a point P(x,, y, )is: 


-(х-җ) x). ву = ун 
qia BY 


UNIT 


= 
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DIFFERENTIAL EQUATIONS 


ҮЕ — Excmi CAE 170205092048. 


This unit tells us, how to: 


| > define the differential equation, its order, degree, general and particular solutions, and its 
identification as linear and nonlinear ordinary differential equations. 
demonstrate the concept in forming a differential equation. 


! 

| solve the first order linear and nonlinear ordinary differential equations by separable variable 

| form, and homogeneous form and then how to reduce differential equations in the standard form 
of homogeneous. 


> solve the real-life problems related to differential equations. 


» define the orthogonal trajectories and then how to show the orthogonal trajectories of the two 
families of curves 


== - тш - TM oa 


: cue duce 
(94 => Introduction _ j | 

The laws ОЁ the universe are written in the language of Mathematics. Algebra 
is sufficient to solve many static problems, but the most interesting natural 
phenomena involve change and are describe only by equations that relates rates 
at which quantities change. 

Suppose the solution of problems concerning the motion of objects, the flow 
of charged partidies, heat transport, etc often involves discussion of relations of the 
form | 

dx dq 

—= f(x,1) or == АЗ 

p ISP) qr 8n 

In the first equation, x might represent distance. For this case, d is the rate of 
change of distance with respect to time t that is speed. In the second equation, q might 


be a charge and ga is the rate of flow of charge that is current. These are examples of 


different equations, so called because these are equations involving the derivatives 
of various quantities. Such equations arise out of situations in which change is 
occurring. Ч 

In engineering, differential equations are most commonly used to model 
dynamic systems. These are the systems which change with time. Examples include 
an electronic ¢ircuit. with time-dependent currents and voltages, a chemical 
production line in which pressure, tank levels, flow rates, etc, vary with time. 


E 410 
Л 


There is a wide variety of differential equations which occur in engineering 
applications, and consequently there is a wide variety of solution techniques 
available. 

i) Definition of ordinary differential equation, order, degree, peneral | 
and particular solutions 


Definition 9.1.1: [Differential Equation]: A differential equation is an equation that 
involves the derivatives of an unknown function (dependent variable) of one or more 
variables (independent variables). 

If the unknown function depends on only one variable, then the derivative is an 
ordinary derivative, and the equation is then called an ordinary differential equation. 

If the unknown function depends on more than one variable, then the derivative 
is рага! derivative, and the equation is then called partial differential equation. 

The following differential equations are the examples of ordinary differential 
equations with their corresponding unknown functions: 


2-9, yx) =? () 
xe у(х)=? (2) 
oa у(х)=? (3) 
4.50. +y=3, у(к)=? (4) 
ea Div ® зун 3, y@)=? (5) 


Definition 9.1.2: [Order of a Differential Equation]: The order of a differential 
equation is the order of the highest-order derivative occurring:in the equation. 


Definition 9.1.3:[Degree of a Differential Equation]:The degree of a differential 
equation is the power of the highest-order derivative occurring in the equation. 
Example 911: Determine the order and degree of the following ordinary differential 
equations: 4 
LO ty . v 27 
“к x y UE - gH 
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1 


P 


“(Фу Í Фу 29) PR 
c: (5) arig m pee 4 ) 


Solution: Differential equation (а) is an ordinary differential equation of-order 1 and 4 y 
degree 1, since the highest ordinary derivative is of order 1 and the exponent of the ? 
highest ordinary derivative is 1. Differential equation (b) is an ordinary differential 4 
equation of order 2 and degree 1, while Differential equation (c) is an ordinary — ¥ 7 


differential equation of order 3 and degree 2. 4 Ч 

- л 1.27 
Solution of a Differential Equation: А solution of an equation in a single variableis | Ji" 
a number which satisfies the equation. In similar fashion, solutions of the differential 


equations are ns, rather than numbers, which satisfy the differential equation. 
The variables which appear in equations are called “unknowns.” Exactiy, the only 
dependent variable in differential equations is referred to as “unknown.” 


For illustration, a solution of the differential equation dy/dx=1 is an 
expression of the unknown dependent variable y in terms of the independent variable 
х. . 


Definition: 9.1,4;[Solution of a Differential Equation}:A solution of an ordinary 
differential equation is any function y = f(x)or f(x y) which when substituted in 
the differential equation, reduces the differential equation to an identity’ that is, it 
satisfies the equation. | 


Example 912: Show that y=x+A is a solution of the first order differential 

equation dy/ dx =1. Ж 

Solution: The given function y=x+A and its derivative dyldx-l is used in the € ) 

differential equation dy/dx=1 to obtain: 

1 

Ф 9 

dx 1 

1=1, identity left side = right side Ф) 

This shows that у= х+А is а solution of the ordinary differential equation À 1 

dy! dr 21. ( 

'The solution that depends on an arbitrary constant quantity is called the р 
general solution of a differential equation. For example, by choosing different values“ 

of an arbitrary, constant quantity, different solutions of a differential equation are ) 

Ч 


(ES 


= \ a2 ————- 
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obtained. This means that the general solution represents a family of curves (many 
solution curves) for any choice of arbitrary constant quantity. 

Thus, the solution у= х+А of a differential equation dy/dx=1 is declared 
the general solution. The general solution у= х+ A represents a family of curves 
(parallel lines) for any choice of arbitrary constant A. 

І we give definite value to arbitrary constant quantity in the general solution, 
the solution so obtained is called a particular solution. For example, to determine а 
particular value of A for particuler solution (line), we need to be given more 
information in the form of initial condition. For example, if we are givén x=0, y=1, 
then from yz х+ A, we have the definite value of arbitrary constant A: 


у=х+А = 1=0+А = А=1 

The definite value of A is used in the general solution y 2 х+ Ato obtain the 
particular solution (line) y=x+A=x+1 which additionally satisfies the initial 
condition у(0)=1. 


Definition 9.1.5: [General and Particular Solution]: The solution of a differential 
equation when depends on a single arbitrary constant quantity, is then called the 
general solution of the first order different equation. If we give particular steps for 
value to a single arbitrary constant quantity, then the solution to obtain is called the 
particular solution or specific solution or exact solution or actual solution of first 
order differential equation. 

Graphically, 

e the general solution of a first order deferential equation represents a family of 
curves for any choice of arbitrary constant quantity. 

e The particular solution of a first order differential equation is a particular 
curve chosen from a family of curves (general solution) for a particular value 
of a constant quantity. 

», Example 9.1.3:(Сепега! & Particular Solution]: Graphically, show that y=x+A 

"Ба general solution of the first order differential equation ду/4х-1. Find a 
particular solution, when x=0 andy =1. > 
Solution: The general solution y=x+A of a first order differential equation 
ду! dx =1, represents a family of parallel straight lines for different values of arbitrary 
constant quantities А = 0, 1. 2,... 


) Ё 


3 Fig, 9:1 


The particular value for the particular line that passes through a point Р(0, 1) 
can be found frm the general solution y=x+A by putting x=0, у=1: 

у=х+Аж1=0+А=—А=1 

Use this particular value of А=1 in general solution у=х+А to obtain а 
particular solution (line) y 2 х+1. 


If we are to determine the solutions of a differential equation subject to 
conditions on the unknown function and its derivatives specified for one value of the 
independent variable, the conditions are then called initial conditions and the related 
differential equation is called an initial value problem “ТҮР”, 

Thus, the problem of example 10.1.3 is the initial value problem that leads the 
notation: 


22 3(0)-1, ТУР (6) 


> [Example 9.14: Determine! а particilar solution Tor the first order differential 
” [equation 5/4! = —32t /sec that satisfies the initial condition s=0, when 1-0. 
Solution: This information develops the initial value problem 
dsl dt 2 -32, s(0) =0 
for which the solution is the unknown function s(t) that can be found by integrating 
directly the first order differential equation with respect to t: 


2 
= 2 


= 
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ç 4 
/ E ) 
Ww 22-25 ( 
/^ e у | 
Ё И 45 4 
Ww | J—=[-32ar+A 1 
Ж J dt | Д 
uy s(t)=-32 +A $ 
PA The general solution s(t)=-32t-A at a point Р(0, 0) is giving A=0. Use A 
Y 4 this A=0 in general solution to obtain the particular solution s(r) =—32r . Ч | 


Another classification of an ordinary differential equation is to determine 
whether it is linear or non-linear. I 


W Definition 9.1.6: [Linear Differential Equation]: A differential equation is said to 
NN be linear, if the dependent variable and its derivatives occur to the first power only | 
1 and if there are no products involving the dependent variable and/or its derivatives. 
There should be no non-linear functions of the dependent variable, such as Sine, 
‘Exponential, etc. A differential equation which is not linear is said to be non-linear. 
The linearity of a differential equation 15 not affected by the presence of non-linear 
terms involving the independent variable. _ mets N 

The n" order differential equation 

d'y a" 20711) 
наа gar aate 0) 


5252 


«< 


/ is linear in y (dependent variable) and its all derivatives dy/dx, d^ y/ dx, ...., 
..d"y/dx" Here f (x), a, (x)... (х), a, (x) are functions of x (or real constant 


Y 
W/ Y 
P/N ^ 
) y quantities) and a, (x) is not zero. ' 
) B) Example 9.1.5:[Linear & Non-linear}: The ordinary differential equations are | 
Y 2 2 4 
\ | dv d's dy d'y „Чу 1 
V = =-32, = = 532, х —у+2х——+у=3 
Ы7 dt а? dx 5 а? dx ya atu ЫЈ 
2 Ч are linear differential equations, while the differential equation / м 
Е? сон 2 Ч 
X ау ну 2 +2y =cosx Х 
{ Y dx dx, 4 f 
| 4 is non-linear differential equation, since there is a non-linear term which is the | 
| \ product of y and its derivatives dy/dx whose exponent is 2. 
| 4 Sometimes the given differential equation, say, 
ГУ 
|" y- == 


dy 


22 = + 7 
Ус d ay 
is not linear, but can be reduced into linear form (7): 
dy 
“im y?x+xy, non-linear 
Vie Xy. 
Du divide out by у. 
du y y 
dy 
en Xy 
pun 
dy É 
Xy, linear 
dx Up EAS B dore 
The differential equations н 
3 
diee (ay 2117 1 
dx! x-y. dx dx 


are non-linear ordinary differential equations, кі is not possible to reduce them into 


linear form (7). 


92 Formation of Differential 277 


The Steps for forming the differential equations are the following: Ж 
1. Discover the differential equation that describes a specified physical situation. 
2. Find either exactly or approximately, the appropriate solution of that equation. 


3. — the solution that is found. 
i 


T 


ematical model of a real-life problem likes, 


1, та rate at which the distance travels by you is 30 mph (have you seen on the 
right hand side of the roads). Find the total distance travelled by you at a time / 


hours. 


The rate at which the distance travelled, is modeled by a first order differential 


equation: 


8. -30, the per hour speed 


Here S (t) is the unknown distance travelled by you w.r.t t number of hours, 
and the rate at which the distance travelled is the first derivative of S(r) with 


respect to f. 


Dm af formation of a differential equation 


FIG) | 


4 
\ 


) 
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Integrating with respect to t to obtajn 50) 
[458 

_—=30 

ја 

50) =30 +A 


the distance traveled by you with respect to t number of hours and the 
constant quantity A is the fixed distance in this situation. 


2. The rate at which the animal population is growing at a constant rate 4%. The 


habitat will support no more than 10,000 animals. There are 3000 animals 
present now. Find an equation that gives the animal population y wrtx 
number of years. 

The rate at which the animal popplation grows, is modeled by a first order 
differential equation: 


ЭР ему 
us (N-P) 


TKN >P), k is the constant gf. proportionality 
Here P(x) is the unknown animal population w.r.t x number of years and the 


rate at which the animal population grows, is the first derivative of P(x) with 
respect to x: Д 


T KI P) 


[Макс 
00,000-Р) ~ 
Here К =0.04 is the constant growth, N=10,000, is the total size of tha animal 
population in that habitat. 

Integrating with respect to x to obtain P(x) 


dP 
IEEE [@.о4уах+ A 


74 
the total population and A, the fixed population that depends on P=3000 when x=0. 
This problem is the IVP problem with the initial condition P(0)-3000. 


V T аана 
t Exercise 9:1 Ego 


Find the order and degree of each the following ordinary differentjal 
equations: 


dy d'y „ау 
a. eet? b. P REPRE 


— —gi— — 


hs - 1 Unites У = Differential Equations 


_ dy (2 J 
2---2-442|--1-у-0 
уса 
Aiso indicate the linear and non-linear in the above differential equations. 
2. In each case, show that the indicated function is a solution of the differential 


equation: А 
d'y „йу 
a yee +e, ———3——+2у=0 
y m i 37 


dy 


b. y=x—xlnx, x—+x-y=0 
y х PE Y 


dy 


c. y=(xtc)e*, ——y-e^ 
у= (=+с)є iss 


3. For each of the following equations, determine whether or not it becomes 
linear when divided by dx or dy: : 


a. (x+y )dy = (x— y)dx b. ady t bysinxdx =Q 


Ч 
с. 3ydx t aly = 0 d. e*dy+xy3dx =0 
4. In each case, find the particular solution, when the initial condition and the 
general solution of the differential equation are the following: 


a, ху=С, y(2)=1 b. у=х-хїах+с, у(1)=2 
у? х? 5 
c. sin(xy)t ye, у(8/4)51 drat zu y(1)=1 
x 


5. Solve the following initial value problems: 


dy dy 


а. ——cosx, y(0)=1 b. ==x7, у(0)=1 

dy 2 dy 3 
у, у(3)--1 LE ones jS. 
c 2xy^, y(3) d+ yy, у(0) 1/ 


«›®+уї-х-0, уфф=-1 t2 etu 00-2 


9.3 Solving differential equations 


1f the solution of a first order differential equation is not possible by direct 
integration, then, the integral process (in case of difficulties) for obtaining the 
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solution of a differential equation indicates the actual concept of a differential 
equation. 


i) Solutions of first order and first degree. differential 
equations | 
We examine techniques for solving first order differential equations. For this 
unit, the recommended techniques for solving the differential equations are the 
separation of variables, reducible to separation form, homogeneous and equations 
reducible to homogeneous form. 


o Separable differential equation 

If the solution of a differential equation is not possible by direct integration, 
then the integral technique called separation of variables will be used for solving the 
differential equation. Separation of variables.is a technique commonly used to solve 
first order differential equations. It is so called because we try to rearrange the 
equation to be solved in such a way that all terms involving the dependent variable (y 
say) appear on one side of the equation, and all terms involving the independent 
variable (x, say) appear on the other side. It is not possible to rearrange all first order 
differential equations in this way so this technique is not always appropriate. Further, 
it is not always possible to perform the integration even if thé variables are separable. 


> 
In general, a differential equation of the form b 
, ФӘ ш) 20 8) 
dk 80) ; 
, that by shifting x on one side and y on the otherside | 
зугт гт (9) 
Ј is giving a separable differential equation. The solution to separable differential 
equation (9) can be found by integrating left hand side w.r.t y and right hand side 
f WX. 
9 | [Example 9.3.1:[General Solution]: Find the general solution of the linear 


pns equation zy. 


Solution: The solution of the given n linear differential equation is not possible by 
direct integration. The separable form of the given first order differential equation is 
obtained by shifting y on the left and x on the right: 
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that by integration w.r.t x 
1 
-dy = [dx 
а=] | 
In у=х+с 
| у =e" 
4 шєє єє, ace (10) 


jp giving the general solution of the first order differential equation. This general 
golution represents a family of exponential functions as shown in the figure (9.2). 


Fig. 9.2 


• Differential equations reducible to separable form 
if the solution of the differential equation is not possible by separable form, 
then the given differential equation can be reduced in separable form by substitution. 
This substitution changes the dependent variable form y to a new variable, say, u and 
keeps x as the independent variable. 
I) | Example |9.3.2:[Reducible to Separable Korm]: Find the general solution of the 


non-linear differential equation 2 =(х+у). 
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Solution: The given non-linear differential equation is not separable differential 
equation, but can be reduced into separable form by substitution, 


xty=u(x) 
that on differentiation w.r.t x is giving: 


d du dy du ,dy du 
—(x+y}=— —14—2—2——-—- 
zo UU ITIN 


Use x+y=u and dy/dx=(du/dx)-1 in the given differential equation to obtain 
separable differential equation in variable u and its derivative du/dx: 


Шаби at 


Integrating equation (11) to obtain the general solution of ordinary 
differential é4uation (11) 


di 
Is "je 


tan! uy —x4c 
u— tan (xc) 


that by back substitution of u = x+ y is giving 

x+ý=tan(x+c) 

у=-х+їап(х+с) 

the general solution of the given ordinary differential equation that depends on a 
single arbitraty constant c. 

If thé differential equation is not reducible fo separable form by substitution, 
then the differential equation might be a homogeneous differential equation. This can 
be solved by the procedure developed 15 as under: 


* Homogeneous differential equation 


The homogeneous differential equations are related to homogeneous functions 
that are alreddy discussed in detail in Unit-11. 


421 `: 


Definition 9.3.1:[Homogeneous Function]: A function f(x,y) is homogeneous | 
function of degree п їп variables x and y if and only if for all values of the variables | 
x, and y and for every positive value of À, the identity is true: 


Fx Ay)z A (х,у), п=1,2,3,... (12) 

For illustration, the function f(x, y) = x + yis homogeneous function of 
degree 2, since the identity (12) is true: 

10х Ay) -(му (о) =}? (e + y) zAMf(xy),x21xy2Ày 

The identity (12) is not true for a function f(x,y)- x^ y^ +1, since the 
function 15 not homogeneous. 


[Definition 9.3.2: [Homogeneous Differential Equation]: The differential equation 


dy f(x,y) l 
di Jj) 13 
dy g(x,y) БЕ) 


is called а homogenous differential equation, if it defines a homogenous function of 
degree zero. 

The homogeneous differential equation (13) can be reduced to separable form 
by introducing a new variable: 


y dy_d du 
(x)=— уших and | —=—(ux)=u+x— 14 
nu Bue os Rubr 19 
The substitution. of (14) in equation (13) automatically converts the 


homogeneous differential equation in separable differential equation. 


„ Example 9:3.3:[Homogeneous Differential Equation]: Find the general solution of 


the homogeneous differential equation: 
айу 


ах Tye x ! АЯ 
Solntion: The given differential equation defines а homogeneous function of degree 
zero, whén the function on the right of the given differential equation defines a 


homogentous function of degree zero: 


C) ce 
dg ytx 
Еа 


CA Àx 
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The given homogeneous differential equation is used for the assumptions 


y-ux, z =и+ x to obtain a separable differential equation of the form: 


du и-1 
— ————Hu . 
dx uci = 
и-1-и? >u _ (и? +1) 
и+1 uci 
+1 
EC SDE (15) 
и +1 х 


Integrating SDE (15) to obtain the general solution of ће SDE (15): 
= lah ete (и+1)аи =f dx 
и? vl x 
ч шыу 2(u+1)du 
24и? 3) 
Es ЛЭН 2udu - На. 
ui ou? +l 


-|5, Multiply and divide ош Бу 2. 
x 
=1пх+с, 


—+1n(u2 +1)-тапи=1пх+шс 
2 


-Ш Vi? +1 апи =Incx 


-tan =Invu?+1+incx 


= асхуи? +1 
tan! и =—InexJu? +1 (16) 


з) M o С _ 


= 
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The back substitution и = y/ x is used in equation (16) to obtain thè general 
solution of the given homogeneous differential equation: 


2 
tan” = = =—incxy, Pn 
x 


tan“ ioa Е ) 


o Differential equations reducible to homogeneous differential équatibns £ 1 


Example 934: [Reducibie to Homogeneous]: Find the general solutioh of the | Д 


differential equation х0 lenin | | 


Solution: The given differential equation is not in the standard form of homogeneous | 
differential equation, but it can be reduced in the standard form of homogenous 1 
differential equation by the following procedure: 


Divide out by x to obtain the standard fori of homogeneous differential 
équation: } 


dy sk y E) 
== ‚ HDE (17) 

dx x 

Homogeneous differential equation (17) is used for the assumptions 

y ux, dyldx = и+ хаш dxto obtain a separable differential equation of the 


form: 
ux zx is 
dx x 
situ 
54 =i => du- S, SDE ав 
1 і х 
Integrating the SDE (18) to obtain the general solutioii of the SDE (18): 
dx 
du = |— 
ја» |5 
и= 1а х+1ас =1асх 


that by back substitution и = Zis giving 
x 


» 


mcr i — — 
mo. 424 тээшээ 


(5220) 
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б: —E—__— 
e^ ; 

T Усх 

4 ` d 

Ч yzxlnex 


the general solution of the given homogeneous differential equation that depends on a 
single arbitrary constant c. 


If the differential equation is not homogeneous differential equation, then it 
might be a nonhomogeneous differential equation. The nonhomogeneous differential 
£7 equation is beyond of this curriculum. 


ii) Real-life problems related to differential equations 


€» 

) \ [Natural Growth and Decay: The differential equation 

Ч 7 Фа y Dm y, Е isconstant of proportionality (19) 
UN dt dt 


Nu і а mathematical model, serves as remarkable wide range of natural phenomena. Any 
/A\ — quantity involving whose time rate of change is proportional to its curtent value. For 
Ч \// example, in problems to determine rates of decay, heating and cooling, compound 
)I( interest, evaporation, mixture, rumor and others. A positive value of К indicates 
(СУ) growth, while a negative value of k indicates decay. 

»4 In problems, such as space restrictions (a limited amount of ѓоой ог maximum 
" у size of population) tend to inhibit growth of populations as time goes on, the rate of 
N / / growth of population is proportional to how close the population is to that maximum 
( , Size N: 


К Mes | (20) 


The constant k is called the growth rate cohstant, while N represents the 
maximum size of the population. 


Example 9.3.5: [Real-Life Problem; IVP]:A certain bacteria grows at a rate that is 
{ў proportional to the number present at a particular time. If the number of bacterial at a 
JA |time t=0 is, and at time t= [1 hour, the number of bacteria 555 N,/2 . Determine the 


(9 [time necessary for the number of bacteria to be quadruple. 


$ ) Solution: If N(t) is the unknown number of bacteria w.r.t time t hours, then, the rate 
7 at which bacterial grows, is represented by: 
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aN on HN ew QU х 
dt dt . 5 р 
Reduce the differential equation to separable form 

ON үд 

N 

that on integration is giving the general solution of (21): 
|| an [ка 
N : 

InN =kt+e (22) 
The initial condition N (0) = N, is used in equation (22) to obtain c: 

InN, =0+с=с=шМ, | оз) 

У Use c in equation (22) to obtain a particular solution: 

InN =H +InN, әв oi =e S NN (24) 

The condition N (1) =5 N,/2 is used in equation (24) to obtain the value of k: 

5 М,/2-4М,6Є = е =5!2 = Е =In(5/2)=0.9163 (25) 


Use the value of k in equation (24) to obtain a particular solution (specific 
number of bacteria): 
NzN,ep (26) 
The condition N=4N, (when the bacterial have quadrupled) is used in 
equation (26) to obtain the time 
4N =N 1609163 
Ци 
42 6° — 0.9163 =1п 4 => 1-124/0:9163-1.51 hr 
at which the bacteria is four times of the original number of bacteria. 


Where y is the number of items produced by the worker per day, x is the number of 
days worked and the maximum production per day is 125 items. Assume that the 


SOO  — — 


= 


' worker produced 20 items the first day on the job x = 0. How many items will be 
produced by the worker on the job o£ x = 10 (days)? 

Solution:If у(х) is the unknown number of items produced by the worker w.r.t x 
number of days, then the rate at which the items produced, was approximated by: 


2 - Ki - y)202(125- y), к=02, N=125 


Reduce the given differential equation to separable form 


D _ ods 
(125- y) 
that on ES is giving a general solution (general items production): 
x. -1024х A 
125-у 
In(125- 
In(125-3) 55 ic 


=] 
In(125— y) -02x-c 


(125—у)=е 


yz125-eq ^ (27) 
The initial condition у= 20 for х=0 is used in equation (27) to obtain the 
particular value of constant c: 
| y=125-ce™ 
20-125-с6! => c =125-20=105 
c,=105 is used in equation (27) to obtain a particular solution y(x) (the 
specific number of items produced by the worker in x number of days): 
y({x)=125-105e""* (28) 
The items produced by the worker on the job ofx = 10 days is obtained by 
j putting x = 10 in equation (28): ы 
y(10)=125—105e =110.825 items 


220 — —— ы 
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94 Orthogonal Trajectories 


Our experience with first order differential equations has taught us that such 
equations often have general solutions containing a single arbitrary constant. Each 
such solution defines a corresponding set of integral curves. A nonempty set of plane 
curves defined by a differential equation involving just one parameter (single 
arbitrary constant) is commonly called a one-parameter family of curves. Of special 
importance in certain applications are those one-pakandeter families of cutves which 
are orthogonal trajectories of one another. 

Definition 9.4.1:[Orthogonal Trajectories): The curves of a family F(4,y,c,) are 
said to be orthogonal trajectories of curves of a family G(x, y,c,), if and daly if each 
curve of either family is intersected by at least one curve of the other family and at 
every point of intersection of a curve of F with a curve of G, the two curves are 


perpendicular. 
i) Orthogonal trajectories of the given family of curves 


The two families of curves F(z, y,c,) and G(x, у,с,) are perpendicular at a point of 
intersection, if and only if their tangents are perpendicular at the point of intersection. 
If their tangent lines, say, L,andZ,, are perpendicular, then the product of their 
slopes equals -1: 

myn, =+], m and m, are the slopes of the two tan gent lines L ànd L, 


dn PP E TR 
Биг -4, (8) a 
dx), 


This is called the differential equation of orthogonal trajectories. If one 
family of curves F is given, then the other family of curves G can be found by solving 
the differential equation of orthogonal trajectories (29). 

Example 9.4.1:[Orthogonal Trajectories]: Determine Не orthogonal trajectories of 
the family of curves (circles) x? + y^ =c. 


Solution: To determine the orthogonal trajectories of the circles, we need to 
determine the slope (derivative) of the family of circles 


428 


Unit - 9 Differentia! Equations 


(30) 


The differential equation of the orthogonal trajectories (29) with the slope of 
the given orthogonal trajectories (30) is used to obtain the other family of curves G of 
orthogonal trajectories: 


DE 


dx 
E dl „2 
dx х х 
y 
dy.dx SDE 
y x 
dy (dx 
PIE 
Jpy=inx+InC 
y=Cx (31) 
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) Thus, the family of curves G represents а family of homogeneous straight 
lines that pass through the origin. This is the result, we would expect, since the radii 
of a circle are the homogeneous lines (y-Cx, C is any real number) perpendicular to 

- the lines tangent to a circle. 


| 


4. Reduce the following differential equations in the standard form of 
homogeneous form and then solve: 


a. x ++ у, y4)23 b. (tt e y*)dx e 2x ydy, у() =0 
X 
| 


5 The slope of a family of curves at a. point Р(х,у) is 21. Determine the 


equation of the curve that passes through the point P(4, -3). 


= 


) 12 Find Pi solution of the following differential equations: 
dy 1 
2х---2у 
) a, —# | =9 b. 2+ у= 2d 
x 

? dy i T «йу, 1 

c. |— | =1— д. е--+у =0 

(2) 5 2-2, 

) e. N17 x! dy  41— y! dx f.cos ec! xdy + sec ydx 2 0 
) 2, Reduce the following differential equations in separable form and then solve: 
) a. y (yx) b. y 2 tan(x y)-1 
р 

с.у'=(х+е”—1)е? dy ey x0 
) dx 

2 

PIS f. (y -3dy = (2° - Ddx 

) dx х |у Р 
3. Solve the following homogeneous differential equations: 

) Seay 21510558 o Озу 

a3 хт y › “ах x “ах 2ху 
) а ® „уз =» у QS). xy 
) dx x ах х?+ху+у? 


eft УЧУ, 
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Find the solution curve of the differential equation xyy’=3y?+x? which 
passes through the point P(-1, 2). 

Determine the particular solution у = f (t) of the homogeneous differential 
equation /2у' = y? + 2ty with initial condition y(1)=2. 

A particle moves along the x-axis so that its velocity at any point is equal to 
half its abscissa minus three times the time. At a time г = 2, х= —4, determine 
the motion of a particle along the x-axis. 


The rate of consumption of oil (billions of barrels) is given by =1.2е%®'. 
t 


Where t= 0 correspond to 1990. Find the total amount of oil used from 1990 
to year 1995. At this rate, how much oil will be used in 8( = 8) years? 
The rate of infection of a disease (in people per month) is given by: 

di _ 100r 

dt +1 
Where ¢ is the time in months since the disease broke out. Find the total 
number of infected people over the first four months of the disease. 
The rate of reaction to a drug is given by 


ak =2x*e* 
dx 


Where x is the number of hours since the drug was a re Find the 
total reaction to the drug form x = 1 tox = 6. 


The rate of increase of the number of cellular phone subscribers (in millions) 
since services began, was given by: 


=0:38x+ 0.04 


Where x is the number of years since 1998, when the services started. There 
were 0.25 million subscribers in year. 1998 (x=0). Find a function that gives 
the number of subscribers for the year 2004. 


Determine the equations of the orthogonal trajectories of the following 
families of curves: 
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Glossary 


Differential Equation: A differential equation is an equalión that involves the derivatives of an 
unknown function (dependent variable) of one or more variables (independent variables), 

Order of a Differential Equation: The order of a differential equation is the order of the 
highest-order derivative which appears in the equation. 

Degree of a Differential Equation: The degree of a differential equation is the power of the 
highest order derivative which appears in the equation. 

Solution ofi a Differential Equation: A solution of an ordinary differential in one dependent 
variable y on an interval I is a function y(x) which, when substituted for the dependent 


variable y and its derivatives y", y",..., reduces the differential equation to an identity in the 
independent variable x over interval I. 
Linear Diferential Equation: A differential equation is linear in a set of one or more of its 
dependent variables if and only if each term of the equation which contains a variable of the 
set or any of their derivatives is of the first degree in those variables and their derivatives. 
Homogeneous Function: A function f(x,y) is homogeneous function of degree n in variables 
xandyif and only if for all values of the variables x, and y and for every positive value of А, 
the identity i ^ true; 

fx Ay) М(х,у), n212,3... 

Homogeneous Differential Equation: The differential equation 

df Ke 

dx (my) 

is called a homogenous differential equation, if it defines a homogenous function of degree 


10.1 Differentiation of Function of Two variables 
The goal of this unit is to extend the methods of single variable differential . 
calculus to functions of two variables. In many practical situations, the value of one 
quantity may depend on the values of two or more others. For example, the amountof 


water in a reservoir may depend on the amount of rainfall and on the amount of water 
consumed by local residents. The current in an electrical circuit may vary with the 
electromotive force, the capacitance, the resistance, and the impedance in the circuit. 
The flow of blood from an artery into a small capillary may depend on the diameter 
of the capillary and the pressure in both the artery and the capillary. The: output. of a 
factory may depend on the amount of capital invested in the plant and on the size of 
the labor force. We will analyze such situations using functions of several variables. 

In many problems involving functions of several variables, the goal is to find 
ie Seana ae ae with respect to one of its variables when ull the others 
are held constant. In this unit, we need to develop the concept and shall see how it 
can be used to find slopes and rates of change in case of two variables function. 


i) Definition of a function of two variables 

In the real world, physical quantities often depend on two or more variables. 
For example, we might be concerned with the temperature on a metal plate at various 
points at time t. The locations of temperature on the plate are given as ordered pairs 
(x,y), so that the temperature T can be considered as a function of two location 
variables x and y, as well as a time variable t. The notation of a function of single 
variable, we might extend this as T(x,y.t). We begin our study of function of two 
variables by examining this notation and a few other basic concepts. 
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) For illustration, if a company produces x items ai a cost of 10 rupees per 
3 item, then the total cost C(x) of producing x items is given by: 
C()z10x 
The cost is a function of one independent variable, the number of items 
y produced. If the company wants to produce two products, with x of опе product at a 
1 cost of rupees 10 each, and y of another product at a cost of rupees 15 each, then the 
) total cost to the firm is a function of two independent variables (two inputs) x and y: 
! 4 C (x, y) = 10x + 15у 
Y When х=5 and y=12, the total cost is written with C(5,12) = 10(5) +15(12) 
) | = 230 rupees, This is the linkage of a function of two variables in real-life situation 
ч 


problems. 
Definition’ 10:11: [Function of Two Variables] A function z5f(x)is а 
function of two variables x and y, if a unique of z is obtained from each ordered 
pair of real numbers (х, у). The real numbers x and y are independent variables; z 
) is the dependent variable. The set of all ordered pairs of real numbers (х,у) such 
Y that f (x, уу a real number, is the domain of f and the set of. ай values of f(x; y)is 
e» the range. | А 3 А 
ў пру SELES ыг не Variabel The area A() S j^ of à circle 
Ч ) (depends on the radius г is a single variable function. But the volume V(r,h) = ar7h 
Ж eta cylinder (depends on the radius т and height h), constitutes a function of two 
Ч ) independent variables г and h, i ЫА 
X p) Example 10 2: Domain and Range]: How to show that z = flx у) = 775779 
2 is a function of two independent variablesx and y? Find'also the domain and range of | 
(a fünction of a given function. — 
Solution: For this function, we need to show the transformation of two independent 
variables (inputs) x and y in just a single dependent variable (output) z. In respect of 
any two real values of independent variables x and y, say, x = 2 and y — 1, the 
function z = (2,1) = 41-2 +1 = 0 gives response of just one real value of z which is 
z- 0. 
. The function z= f(xy)=Jl-x+) is therefore declared a function of two 
independent variables x and y. 
The domain of f (x, y) is the set of all ordered (x, y) for which ЯЛ -x+y is 
defined. We must have 1-x- y 20 or y Zx-1, in order for the square root to be 
defined. 
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In a function z= f(x, y=- —х+у, we see that z= f(x, y) must be 
nonnegative and the 1 range of f(x, y)is all, z20 (because square roots are nonnegative). 


Example 710:1:3: Function. of Two variables}: Let x represent the number of | | 
| milliliters (ml) of carbon dioxide released by the lungs in 1 minute. Let y be the | 
Гол dioxide content of the blood as it leaves the lungs (y is measured | 
Lin ml of carbon dioxidesper 100 ml of blood). The total output of blood from the heart 
[moe нийн сана ни is given by C, where C is a function. ‘of rand y such 


22 Ge н „Ела C, when x = 320 and у = 6? 


Solution: The values E x=320 and y —6 are used in the given gis to obtain: 


m = 5333 ті of blood per minute. 


C(x, y) = (320,6) = 

i The similar procedure can easily be extended to défine functions in three, four 

К or more independent variables. Functions of more than one ai variable are 
called multivariate functions. 


) d) Definition of a function о of two variables. Re E 

[Definition 101.2: [Limit of a Function]: The notation of a limit of a function of two q 
P | variables z=f(x,y) x | 
" 


Јо у)=1 W 


Goi) Жыкы АРУ] 


! means that t the functional values fx, yom can it made arbitrary close do E ву! choosing 
р a point (x, y) sufficiently close е (but not equal) to the point (х,, Yọ). 


| E» [Example 10.1.4: Limit of a Function}: Find the limit of a function E 


Лолу) = 2 xy -3atapoin(q,3)-(24. ^ - : 147 


ERU ee) 


) Solution: By direct эг the limit of a fonction at a point (2, 4) is 


i = -3)=4+1 I 
Good es 207 NT Git Tags) el et 


e Rules of limits of a function of two variables 
If the limits of two functions f(x,y) and g(x,y) are 
fi y»- І and lim ‚#=»= M,L and M are real numbers, 


[5 E л) PAo. 

then the rules developed are the following: 

Sum rule: lim [f(x y)*g(xy]2L-M 
[E 
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] 


) E» 


boum io r 


Difference rule: ( lim Sud ox gn ys L-M 
Product rule: А lim [/ (х,у) в(х. y= LM 

| Я flay) L 
а ы a, 28: "M 
Powe rale: dm (FO =|, = fe» 


Example 10. ils: Limit of a Function}: Evaluate the following limits: 


fa lim Хоу) (нух +4x)(2x7 +3y" -3ху) 


(л, Pt 


xy +2 
Solution: 
a. The limit is related to the жас rule: 


(zy) s Ara »у)= 'IB ty +) e Ur +37 -3) 


= (-1+1-4)(2+3-3) = (-4)2) 2 -8 
b. Тһе limit is related to the quotient rule: 


5 


LEA i cip 

fi їхээ1-1-1) En 

а lim Gy +20) 19192 4 
GyHCL) 


° Continuity of a function of two variables 
Definition 10-13: Continuity of a Function]: The function f(x,y) is continuous at a 


(point: p(%, yp) if and only if 


a. fos. il 0) is defined 
b. ene MILL 

c. The limiting value of a function equals the value of a function at a point 
ds. 


f(x y)= f Gor *) 


(х, dm. ») 
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2 
f(x) at a point P(2, 2). 


Solution: For continuity, we need to test the following three conditions: 
1. Condition (1) is satisfied, since the function value at а point p(2,2) is defined: 
4-448 
2,2)2 
209) 242 
2. Condition (2) is satisfied, since the limit of a function at a point p(2, 2) exists: 
x! y! 4 2xy 
в, im Е »y)= Жон x+y E 
3. Condition (3) is satisfied, since the functional value and the limiting value of a 
function at a point p(2, 2)-are equal: 
x СА T2xy. 
+у 


=4 


The function f(x,y)= is therefore declared a continuous 


function at a point p(2, 2). 


To give clear sum to partial Derivate the problem related to our real-life 
Situations is considered as: 

Suppose, a small firm makes only two products, radios and audiocassette 
томат The рота of the firm from these two шшр is givén by: 


TE xis TE number бэт units of radios sold and y is the number of units of recorders 
sold. How changes in x will (radios) or y (recorders) affects P (profit)? 

Suppose that sales of radios have been steady at 10 units; only the sales of 
recorders vary. The management would like to find the rate (marginal profit/ 
derivative of the profit function) at which the y number of recorders sold. 

If x is fixed at 10 units, say, then this information reduces the profit two 
variables function (2) to a new single variable function that can be found from 
equation (1) by putting x=10: 

P(10, у) = 40010)? -10(10) y--5 y* —80 = 3920—100y +5y? 


The function P(10, y) shows the profit from the sales of y recorders, assuming 
that x is fixed at 10 units. The rate, at which the y number of recorders sold, is the 
ordinary derivative of P(10,y) with respect to y: 


АТО) _ 100 тоу B 


This represents the per unit profit from y number of audiocassette recorders. 


The notation of dP(10, y) / dy is usually stands for ordinary derivative, when 
the function is a single variable function. The profit function (2) is a function of two 
variables; its rate with respect to y should be a partial derivative. For partial 
derivative with respect to y, the ordinary derivative in equation (3) is replaced by 
9Р(10, y)/dy to obtain 


zT ees =-100+10y, prime notation is not allowed. 
Informally, 


e the partial derivative of (x, y)/ ax with respect to x is the derivative of f (x, y 
obtained by keeping x as a variable and y as a constant quantity. 

• the partial derivative of (x, y)/ ду with respect to y is the derivative of f(x, y) 
obtained by keeping y as a variable and x as a constant quantity. 


Definition 10.1.4:[Partial Derivatives]: If z= f(x, y) isa function of two variables, 


then the first partial derivatives of z = f (x, y) with respect t) x and y агг the functions 
f, and f, respectively, defined by, 


AN og pp Itn у)- Ду) 
x ^€0»-£ = lim iss e 
of _ ест aytay- fiy) 
a £,@ » -f,-lm 75 (5) 


Provided that the limits exis. 

iv) Partial derivatives of a function of twa variables 

н} TExsuigle J9.L7 Partial Derivatives]: The function is 7155) e x 'y 4) ^. Find 
partial detivatives f, and fj. 

Solution: ү. partial derivatives of f (x, y) w.rt x and y are the following : 


|___Fan и---“-НГ--- 
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of 9 

m sgert) y, y = constant 

of 9 

== f,-——((xXytay)ei 2xy, x = constant 

à ha (FI tay) aw + Day 
Example 10.1.8:[Partial Derivatives]: The function is z = x^sin(3y +x"). Find | 
z, and z, at a point (573, 0). 
Solution: The partial derivative of z (x, y) w.r.t x is: 


z -ip эщ(3х+ у?)], y=constant 
= 2xsin(3x+ y) +x Cost уу (arty) 


= 2xsin(3x+ y )+ x^ cos(3x+ y )(3-4:0) 
= 2xsin(3x+ у?) +322 cos(3x 4 y?) 


(8) - ~25sin( 2 39-30) 
GU 8 3 9 3 
22. 322 л? 

=—sin z +—-cosz =—— 

3 9 3 

The partial derivative of z(x, y) w.r.t y is: 


2, Е 6 віп(3х+ у?у], х constant 
Qr. 
=x —|sin(3x+ у?) 
ain x+y ] 
=x? cos(3x+ DE ») 
=x’ cos(3x4- y X0--3y^) 233^ y! соз(3х+ y?) 


ЖОО 


Example 10.1.9:[Real-Life Problem]: Suppose that the temperature of ilie Water ас | 
the point on a river where a nuclear power plant discharges its hot waste water is 
approximated by 

T(x, y) = 2x + Sy + xy -40 (6) 


— ЕЕЕ 


54 


ч 
> 


> 
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Where x represents the temperature of the river water in degree Celsius before it 
reaches the power plant and y is the number of megawatts (in hundreds) of electricity 
being produced by the plant. 


a. Find and interpret T, (9, 5). b. Find and interpret 7, (9, 5). 

Solution: 

a. The partial derivative of (5) w.r.t x is the rate of change in T with respect to x: 
Т,-24у, у= constant 

А This rate with x = 9 and y = 5 is 

[r1,472*»272*527 2 
the approximate change in temperature resulting from a one degree increase in 
input water, if the input electricity y remains constant at 500 megawatts. 

b. The partial derivative of (5) w.r.t y is the rate of change in T with respect to y: 
Т, = i | х= constant 
This ral 
[5,],,=5+х=5+9=14 


with x = 9andy = 5 іѕ 


the approximate change in temperature resulting from a one megawatt 


increase in production of electricity if the input water temperature x remains ( 


constant at 9°C. . SUNT 


1, The function is f(x, yz) = x ye? (x y -z). Find the function value at 
the following points: 
a. f (0, 0, 0) b. f (1, 21, D) c.f -1, 1, 70) 
9 9 9 2 
d. Р(х, х, ЈА. yt f£ fL 
5276 х, x) e »D a 2) 
23 Find the domain and range of each of the following functions: 
H 
a. f(x,y) = b. Ах, у) = Ё 
| x-y E: 


ox dire yet за 


с. fix, y) =e = 
Ї | > Ё 
3. Find the partial derivatives f, and f, of each of the following functions: 
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a. Дх, y) sin(x^)cos y b. f(x y) 2 fa + у* 
c. РО, у) = xy tan! y d. f(x yar te ytay ty? 
e. Дх, y) s sin! ху f. f(x, y) = xe" cos y 

4. The production function z for the United States was once estimated as: 
z= fix y)m y" 


Where x stands for the amount of labor and y stands for the amount of capital. 
Find the marginal productivity of labor (dz/dx) and of capital ( dz/ ду). 

Hint: Marginal productivity is the rate at which production z changes (increases 
or decreases) for a unit change in labor x and capital y. 


5. A similar production function for Canada is: 
z- fx ys 22404 


Where x stands for the amount of labor and y stands for ће amount of capital. 
Find the marginal productivity of labor ( д2/ дх) and of capital ( dz/ ду). 


10.2  Euler's Theorem 


The specialty of Euler's theorem is to verify the degree of a homogeneous 
function. The homogeneous function is a function z = f (x, у) not altered if the real 
numbers x and y of a function 2 = f (x, у) are stretched or squeezed by any real scalar 


quantity A. 
i) Definition of homogeneous Function of Degree n 


Definition 10.2.1:[Homogeneous Function]: A function f(x, y) is a homogeneous 
function of degree n in variables x and y, if for all values of the variables and for 


every positive value ofA, the identity is true; 


f(Ax, Ay) =A" f(x,y) a) 
If we use NEN then result (7) becomes: 
x c 
#(.2)-(4) FEDES) (8) 
x X x 
For example, 


f(x, y) = 3x + 4y is a homogeneous function of degree 1. 
Ах. y) 23x! +4y ? is a homogeneous function of degree 2. 
f(x, y) = 3x! 4xy is a homogeneous function of degree 2. 


| 441 


1 sin 2xy 


х+у ху 


z is a homogeneous function of degree - | 


Definition 10.2:2:[Homogencous Polynomial]: A polynomial function f (x, y) is 
said to be a homogeneous function of degree n in variables x and y, if the degree of 
each of its terms in x and y is equal to п, for which the identity 15 true: 


(ж y)sayx ka x! yta x" y ba, xy" a y. 
T x [as ka (1 3) a (1x) a, Qn "^ra (I) | 


see) o 


Hence a homogeneous function f(x, y) of degree n is of the formx"f(y/x), 
when x > 0. 
Example 10.2,1:{Homogencous Function): Show that the function 
Siz, y) = 2xy + y? 
Solution: The function f(x, y) = 2xy + y^ is a homogeneous function of degree 2, if 
the identity (7) is true: 
MATASE 2A Ay) САУД 
2245 ay" 
zy) 
=A? fie y, n=2 
Thus, the given function is a homogeneous function of degree 2. 


is a homogeneous function of degree 2. 


Example 10.2.2; Hontogeneous Polynomial]: Show that a polynomial 


f(x,y) = X - 333 ул бху! +4y’ is a homogeneous polynomial of degree 3. 


Solution: The polynomial (х,у) = х? –3х?у+бху?+4у' is a homogeneous 
polynomial of degree 3, if the identity (9) is true: 
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Fly) =x —3x y + 6xy! +4y? 
2 3 
5208 28 | 
x x x 
8! n-3 
2 x 


Thus, the given polynomial is a homogeneous polynomial of degree 3. 
Example 10.2.3:[Homogeneous Function]: Show that the rational function 


+ 
ЛХ,у) = SESS is a homogeneous function. 
ужх ў 
Solution: The given rational function is а homogencous function, if the identity (9) is 


true: 
ДСОР Үунд 


Thus, the given function is a homogeneous function of degree 1/2. 

The concept of homogeneity can also be extended to transcendental functions 
such as in example below. 
Example 10.2.4: [Homogeneous Function]: Show that f (x, y) = n is 
2 homogeneous transcendental function of degree 1. NO 
Solution: The given function is a homogeneous transcendental function of degree 1, 
if the identity (9) is true: 


| 443 |; 
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fos snl 2 
х+у x 


Thus, the given function is a homogeneous function of degree 1. 


Н) Statement of Euler's Theorem based on homogeneous functions 
Theorem 10.1: If z-f (х, y) is continuously differentiable and defines a 
homogeneous function of degree n, then 


[E _ s Е 
НЕЕ d (10) 


if z-x f(yl x), then, its partial derivatives with respect x and y are the 
following: 


221 
шах! (3) yx" 1 (2) 01) 
зөв pert 2 


The addition of the products of (11) Бу х and (12) by y to obtain the Euler's 
method of order n: 


12 Вози Шагына " 


а 7] 


(2) -r (z) 


E аз) 
The proper proof of the Euler's theorem is beyond of this unit. 


їй) Verification of Euler's Theorem 


Example 10.2.5: [Euler's Theorem]: Use Euler's theorem to verify that the function 
z= f(x, y)= ах? + 2Ьху+ cy^ is a homogencous function of degree 2. 
Solution: The homogeneous function and its derivatives i 


z = f(x, y) = ax? + 2bxy +су?, SE 2а + 2by, FE = 2he + ey 


are used in Euler’s result (13) to confirm the degree of homogeneous function: 


23,5 узом х(2ах+ 2by)+ y(2bx * 2cy) 
dx "Oy 
= 2а? + 2bxy + 2bxy + 2cy! 
= 2( ax! +2Ьху+су?) 
= 27, n= 2, 


The Euler's procedure confirmed the second degree of homogeneous function. 
к) 
Example 10.2.6: [Euler's Theorem]: If и = tan” EU then, show that 
rur 


хаи куак sin 2u 


Solution: The function u = f(x, у) is not a homogeneous function, however, it can 
be reduced to homogeneous form by introducing a new variable z: 


z-tanu 
xy! 
397 


AN alg 
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The given function is a homogeneous of degree 2. the Euler’s theorem in this situation 15: 


22 "X 227 ляд (14) 
The partial derivatives of z = tan и w.r.t x and y 

Oz єс ди 00. 2494 

Ox ax ду ду 


, are substituting in (14) to obtain the required result: : $ 


Red gr 
debis. 22 


д „ЗК р, = 
Е 22, т=іапи 


шан u= 2 


cosu = 2вїп u сози = sin 2и 


» ETE ioa p "Éxerdse102 | 11117 j 
/ 1.. Are the following functions homogeneous? 
\ . 
») aluu- puero cd Edu f b. z=f(x, — ee 
Se Ys Sil EIE TET f(xy) Je 
) „с. z= Йхуу= хх -3y x+y? ? dozefQy-0 +377 л 
2. Verify Euler's theorem for the following homogeneous functions: 
) = coy 2 r3 2 
/ а. z = f(x, у) = ах? +2hxy +Ьу Ъ. 2 = Py) =F 20:25) j 
- e, ЕРА + 
у c. z= Йх,у)= sin? reum = diz лау) Ка УЬ 
3. If u = f(y/x), me en mue E Eg 
Әх ay 
92 oz 
4. If z = xyf(x/y), then show that x ---4 y = = Zz. 
Ox oy 
t 2 
5. a If = tants Winer snow thereto +y = sin ucosu' 
x+y ox ду 
У-у Qu. ди 


b. If и = sin then show that x ——-4 у =— = 0. 
Jxxy' ox ду 


- I 
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Function of Two Variables: A function z= f (x, у) is a function of two variables x and 
y, if a unique of z is obtained from each ordered pair of real numbers (x, y). The real numbers 
x and y are independent variables; z is the dependent variable. The sct of all ordered pairs 
of real numbers (x, y) such that f (x, y) is а real number, is is the domain of f and the set of 


all values of f (x, y. ) is the range. 
Polynomial Function: A polynomial function in x and y is the sum of functions of the form 
fo y-cey 
Limit of a Function of two variables :The notation of a limit of a function of two variables 
z= 70,5) . 
lim y -L 
Y 5) fe » 
Continuity: The function f (x, y) is continuous at the point (x, , y, ) if and only if 
о — f(x yo) is defined » 
f (x, y) exists 


Јо, у) = f Gor у) 


lim 
22284522) 
lim 
(Gy Gas) 
Partial Derivatives: If z= f (x, y) isa function of two variables, then the first partial 
derivatives of z = f (x, y) with respect to x and y are the functions f, and f, respectively, 


defined by, 
li fix Ах, y)— ftx. y) 
[х+ Ax, х, 


ss й%у+4у)- йу) 
Јоу) = lim 78 2 flm a 


Homogeneous Function: A function f(x, y) is a homogeneous function of degree n in 
variables x and y, if for all values of the variables and for every positive value of. A, for 


which the identity is true: 

ГОХ, Ау) =a" f s y) 

Euler’s Theorem: The specialty of Euler's theorem is to verify the degree of в 
homogeneous function, The homogencous function is a function z = f (x, y) not altered if the 
real numbers x and y of a function z = f (x, у) are stretched or squeezéd by any real scalar 
quantity А 
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11.1 Numerical Solution of Non-linear Equations 

Scientists, economists, engineers, an other study relationships 
between quantities. For example, an engineer may need to know how the illumination 
from a light source on an object is related to the distance between the object and the 
source; a biologist may wish to investigate how the population of a bacterial colony 
varies with time in the presence of a toxin; an economist may wish to determine the 
relationship between demand for a certain commodity and its market price. The 
mathematicel study of such relationships involves the concept of non-linear 
equations. For example, the value of the assets of a certain company at time t years is 
modeled by a non-linear equation f (т) —- 100,000— 75,0007 where.t is measured in 
years. The standing rule for solving non-linear equations algebraic is quadratic formula. 
In this case, it is hot valid to obtain the actual number of t (years) at which the asset 
function f(t) is ging to be zero. Now we are in position to obtain the approximate 
‘number of year’s t that can be found by using some numerical procedures. For this unit, 
the numerical procedures recommended are the bracketing methods and iterative 
methods. 


i) Importance of numerical methods 


Numerical analysis is the theory of constructive methods in mathematical 
analysis. Constructive methods in their turn mean a procedure that permits us to 
obtain the solution of a mathematical problem with an arbitrary precision in a finite 
number of steps that can be prepared rationally (the number of steps depending on the 
desired accuracy), 

Numerical analysis is both a Science and an Art. As a Science, it is concerned 


| 448 ) 
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with the process by which a mathematical problem can be solved arithmetically. As 
an Art, numerical analysis is concerned with choosing that procedure which is best 
suited to the solution of a particular problem. 

Students of numerical analysis should have the following objectives in view. 


) First, he should obtain an intuitive and working understanding of some numerical 


methods for the basic problems of numerical analysis. Second, he should gain some 
appreciation of the concept of error and of the need to analyze and predict it. Third, 
he should develop some experience in the implementation of numerical method by 
using computer software. In this unit, emphasis is placed on understanding why 
numerical methods work and their limitations. 


, W) Basic principles for Solving non-linear equations 


Definition 11.1.1: [Root of an Equation, Zero of a Function] If f(x) is any 
continuous function of a single variable x, then any number г for which f(r) = 0 is 
Called a root of f(x) = 0. Also we say that r is a zero of the function f(x). 


If f(x) is any algebraic function (non-linear equation), then the actual roots of 
f(x) can be found by direct rules, such as quadratic formula, common factors 
procedure and synthetic division. 


For example, the quadratic equation x7+5x+6=O(or second degree non- 


) linear equation or algebraic equation) has two actual (or exact) roots л = —2 and 


7, =~3 obtained by common factors procedure/quadratic formula: 
f (x)=27 +5x+6=0 
зэх +2х+3х+6=0 
=(x+2)(x+3)=0 —>л+2=0,х+3=0=>х=-2=л,х=-3=гһ, 
On the other hand, the actual roots of nonalgebraic equation (or transcendental 
equation) х +5х+ 6 = 0 аге not possible by applying quadratic formula. The only 


way is to find out the approximate roots that can be found by using some numerical 
procedures. The numerical procedures are the bracketing methods and iterative 


methods. 
Wi) Calculation of approximate roots of non-linear equations 


For approximate roots of a non-linear equations, the numerical procedures 
Bisection method and regula-falsi method are the bracketing methods that depend 
on two initial approximations that must be in the shape of a closed interval [a, b]. 


„о ——————————— 
= as 
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The non-linear curve f(x) has the function values f(a) and f(b) in the interval [a, b] 
that must be opposite in signs for showing its continuity. Once the interval has been 
found, no matter how large, the iteration will be preceded until an approximate root 
is obtained. 


The fundamental principle in computer science is the iteration. As the name 


suggests, it means that a process of bisection or regula-falsi method is repeated unit 
an answer is achieved. 


ә Bisection Method 


If y= f (x) is continuous function in the interval [a,b], then, it will cross the x- 
axis at a point (1,0) whose x-coordinate x = ғ will keep as actual root that lies 
somewhere in the interval [a, b]. This is shown in the fig.11.1: 


à (n, f.) 


(b. f.) Fig. 11.1 


The bisection method systematically moves the endpoints of the interval [a,b] 
closer and closer together till it reaches an interval of small width that’ brackets the 
root r. The decision step for this process of interval halving is to choose the midpoint 
c=(a+b)/2 and then analyze the three possibilities that might arise: 

19 If the function values f (а) and f (c) at х=а and x=chave opposite signs, 

then the approximate root lies in interval [a, c] and discard b. 

2: If the function values f (c) and ДЭ) at х= cand х = b have opposite signs, then 

the approximate root lies in interval [с, Б] and discard a. 


шарын 


| 
| 
| 


— 
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3, If the function value at x=cis f (с) = 0, then c is our approximate root to 
actual root r. ы 
If either of cases 1 or 2 occurs, we have an interval half as wide as the original 
interval that contains the root, and we are "squeezing down on it" (see Fig. 11.1). To 
continue the process, relabel the new smaller interval and repeat the sequence of 
nested intervals and their midpoints. 


The procedure in detail is as under: 

The given interval [a,,5,] is the initial interval at which the function f(x) must 
be opposite in signs. At this stage, the initial interval brackets the actual root r whose 
midpoint is c, = (a, + b,)/2. It develops the first iterate c, (through properties 1 or 2) to 
actual root r in the interval [a,, b]. 

The next interval [a,b Jis the first interval which brackets the actual root r and 
су is its midpointe, = (a, - 5) /2. It develops the second iterate c, (through properties 1 
or 2) to actual root гіп the interval[a,,b,]. 

9 Similarly, the interval [а,, 5, 118 the nth interval which brackets the actual root 
rand c, is its midpointc, =(a,+b,)/2. It develops the (n-1)-th iterate суд to actual 
root гіп the n-th interval [a,,5, |. 

This completes the n times iteration of the bisection method and the midpoint 
€,, is taken as the desired approximation to the actüal root г = Caf y= f(x). 


| Bisection Method:To find approximate root of an equation f(x) =0 in the interval 

| [a, b]. Proceed with the method only if f (x) is continuous and f (a) and f (b) have 
| opposite in signs. 

ee РР ГЕ sok CR, 

Example 11.1.1: [Bisection method]: Perform two iterations of the bisection method 
to approximate the actual root г of the non-linear equation f(x) & sin x —e "(x isin 
Fadians) in the interval (0.5, 0,7]. s 
Solution: Reset the given interval to obtain the initial interval [25,55] =[0.5,0.7] and 
compute the function f (x) = sin x—e™* values at x = a, =0.5and x= b, =0.7 to obtain: 


Ff (a,) = f (0.5) 2sin0.5-&*5 2—0.127 «0 NE 
opposite in signs 
f (b,) = f (0.7) 2sin0.7-&*" =+0.148>0 


- 
(451, 
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"The function values f (a,) and f (b,) are opposite in signs, so the actual root 
rof f (x) lies in the interval [0.5,0.7]. 
295 MS : 0.5+0.7 
16 The midpoint of the initial interval [ay b,lisc, SEHE Rog us Lic and 
= b, — 0.1, cy = 0.6 are the following: 


the function values at x = а, = 0.5, 
^. ` 15) 


The function values f(a,)and f(c,)are opposite іп signs, so the 
approximation to the actual root r of f (x) lies in the interval 10.5, 0.6] and 
discard b, =0.7.The initial interval is reset to obtain the first interval 


[ab] 2 10.5,0.6]. 
a +b, 05406 _ 


23 The midpoint of the first interval is с ser 0.55,and the ^ 


function values atx=a,=0.5,x=5,=0.6, and x=cq=0.55are the 


J= ) JOme = 1-4) 
The function values f(b) and f(c) are opposite in signs, so the 
approximation to actual root r of f (x) lies in the interval [0.55, 0.6] and discard 
a,-0.5. The first interval is reset to obtain the second interval 
[a,, b,|=[0.55, 0.6]. 
After second iteration of the bisection method, the midpoint c,=0.55 is 
declared approximate root to actual root r=c, The approximation value of a 
function f (x) = біп хе at approximate root r= 0.55is f (0.055)= –0.054. 

ә Regula-Falsi method 
The next bracketing method is the method of regula-falsi method. It was 


developed because the bisection method converges at a fairly slow speed. As before, 
we assume that f (a) and f (b) have opposite signs. The bisection method always used 


——— ——n — — — 
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we assume that f (a) and f (b) have opposite signs. The bisection method always used 
the midpoint of the interval as the next iterate, byt in regula-falsi method, the next 
iterate is anywhere in the interval (а, b] represented by the point of intersection (c, 0) 
of the straight line formed by the points (а, f (a)), and (b, f (b)) and the x-axis 
x-f(o) f(b)-f(a) 
х-а b-a 
0-f(e) f(b)-f(s) 
с-а b-a 
“(в-9) (a) 
f(a)- (b) 
and then analyze the three possibilities that might arise : 


1. If the function values f (a) and f (c) at x=a and x=c have opposite signs, then 
the root lies in the interval [a, c] and discard b. 


2. If the function values f (c) and f(b) at x=c and x=b have opposite signs, then 
the root lies in the interval [c, b] and discard a. 


3. If the function value at х=с is f (c) = 0, then c is our approximate root. 
This is shown in the Fig. 11.2. y 


‚ at (x, y)=(c, 0) (1) 


Fig. 11.2 


(5,7) 


Regula-Falsi Method: To find approximate root of an equation f (x)=0 in the 
interval [a, b]. Proceed with the method only if f(x) is continuous and f (a) and f (b) 
have opposite in signs. 


- 453 
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(Example 11. 1123 ЕБНЫН ЕРЕН: two iterations of the regula-falsi" || 
imethod to approximate the actual root г of the non-linear equation f(x) =sinx—e~ 
|Œ is in radians) in ‘the interval (05,071. 0 uu EUN 
Solution: Reset the given interval to obtain the initial intervalla, piz =[0. 5! 0.7] and 
compute the босо: ES sinx-—e * values at x = а= =0.5 апі х= b, = 0.7 to obtain: 
Faje (05)- sins e 35. 9127«0 
opposite габ | 
f (b,)= f (0:7) =sin0.7-e*’ 230.148» 0 
The function values f(a,) and f (b,) are —: in signs, so the actual root r 
of f (x) lies in the interval [0.5,0.7]. 


> d Es те 


2 эн 


-€———— 


Equation, (1) is used to obtain. 

3 =b, 7)(-0.127 

) 6, =a, ~ а ») F(a.) -05- Turor 

д [f(a p) f(b, ) 0.127 -0:148 
Х That EE the function value : at co. ‚592364: 
9 f (c,) = sin (0.592364) - 99999 = «0.081 
N 1. The function values at х=а, =0.5, х= 707, cy =0.592364are the 
WV following: 

) " IMS 127517 Рт" 
ду f (a) 5in0.5- 6*5 =—0.127<0 | 
X f (b,) =sin0.7-e°" = +0.148 >0 | 

*)) f (с) =pin 0.592364 — 3970 = +0,0053>0 ) 
X The function values f(a,)and /(с,) аге opposite іп signs, so the 
Ч 4 approximation to actual root r of f (х) lies in the interval (0.5, 0.592364] and 
£F ) discard ,=0.7.The initial interval is reset to obtain the first 
Y intervalla] ,b 1 ]={0.5,0.592364]. 
( ) Equation (Di is used to obtain: 

Ж 05- 0.592364 20) 127 
A E (4-5) (8), JELEN 

Ww | f(n)- UI CN -0427- 00053 PPP) 
4 N The function value at eq 0.588662 is: 

) ( f (0.588662) = sin (0.588662) -. °°" = 0.00018 


ф хишгээ T; 


= i a 


-< 
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2, The function values atx=a,=0.5, х= b, = 0.592364, c, = 0.588662 аге the 
following: 


The function values f(a) and f(c) are opposite in signs, зо the 
approximation to the actual root r of f (x) lies in the interval [0.5, 0.588662] and 


discard 5, = 0.592364. The first interval is reset to obtain the second interval 
[a,, 2] - [0.5. 0.588662]. 


After second iteration of the regula-falsi, the point c, — 0.588662 is declared as 


Another numerical procedure is the Newton-Raphson method under the. 
umbrella of iterative methods. It was first used by Newton and then was refined and 
improved by joseph Raphson (1648-1715). The Newton-Raphson method is one- 
point iterative method (not bracketing method) which requires one previous. 
approximation in contrast of bracketing methods which require two in computing the 
Successive approximation. 


The Newton-Raphson method uses the slopes of the tangent lines to the 
graph of a function f(x) to approximate roots of the equation f(x) 20. 


If f(x) and f'(x) are continuous near actual roots, then this extra 
information regarding the nature of f (x) can be used to develop a sequence of iterates 
{х, ] that will converge faster to actual root than either the bisection and regula-falsi 
methods. 

If r is any actual root of an equation of the form f(x) 20, and x, is an initial 
approximation to the actual r , then the tangent line on a curve f(x) at a point (ху, /,) 
crosses the x-axis at a point(x,,0). The point (x,,0)is the point of intersection of the 
tangent line and the x-axis, and the x-coordinate x, of the point of intersection (3,0) is 
our first approximation to the actual root r of an equation f(x) = 0 This is shown in the 


Fig. 11.3. 


= 
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Fig. 11.3 


The slope of the tangent line on a curve y — f(x) at a point. (x, fo) is used to 
obtain the first approximation (iterate) хү: 
f(x) 
X f(x) 16.) 
Ee -p 
£z ЭДЕ ДЕ) 


tanO= 


Q) 
fx = 


Similarly, the ER of the tangent line on а curve y = ТОО at a point (x, f) is used to 
obtain the second iterate x, : 


£(x) 
tang, — — 
5-5 ог ДЕ аг E) 
PMID Cr ЛОС АГ 
ха 


This procedure of slope finding method is continued till it reaches the (i+1)-th 
iterate: 


= fla) =0,1, 3 
Xa —5— f'(x SOR Pas (3) 


which is called ће Newton-Raphson method. 
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Newton-Raphson Method: To find approximate root of an equation of the form 

f(x)-0 with initial iterate xp , the iteration method 

ей E1235 [S23 

fo) 
develops a sequence of successive iterates [ x, ] that will converge faster to actual root 
r than either the bisection and regula-falsi methods. 
I» Exampie:11.1.3:(Newton-Raphson method]: Use Newton-Raphson iterative method to 

‘approximate the actual root г = 0.438447 of the non-linear equation. (х) = x^ —5x+2 
with initial start x, = 0.4 that must be accurate to six decimal places. 
Solution: The given non-linear equation f(x)=x’-5x+2 and its derivative 
f'(3)-2x-5 are used in the Newton-Raphson iterative method (3) to obtain the 
successive iterates _ 


(9. 
zax-—--,i-042 
Ain = % Fæ) 


2.409) 
а (а) 


f) 3 
31-2 _ (0438005) 2 
2x -5 2(0438095)-5 
which converges to the actual root г = 0.438447. 

The second iterate x, 20.438447 agrees to six decimal accuracy of actual 
root г = 0.438447. We achieved the six decimal accuracy in just two iterates of ће 
Newton-Raphson method. 

d) Exampte:11.1.4:[Newton-Raphson method]: Find 1/5, (the square roots of any positive 
quantity, say 5) by Newton-Raphson iterative method with initial start x, — 2. 
Solution: For square roots of 5, the function must be a quadratic function 
f) 2-5 and its derivative w.r.t x is f(x) = 2x, 

The given function and its derivative are used in Newton-Raphson iterative 
method (3) to obtain the successive iterates 


= 0.438447, i=1 


— 457 


2 
Lx-5 x5 (2) +5 
2x! 2x, 20) 


=2.25, 1-0 


AAS Hts (22555 nye) 1111, 1-1 
Bho 2 —2(225) 
x-5 x5 (23611 +5 
2x, 27 = 202360101111) 
which converges to the actual value of 45 = 2.236067978. (obtained by calculator). 

The third iterate x, = 2.236067978 agrees to nine decimal accuracy of actual 
root /5 = 2.236067978. We achieved the nine decimal accuracy in just three iterates 
of the Newton-Raphson method. 

> Example: 11.15:[Newton-Raphson method]: Use Newton-Raphson method to 
approximate асра! root г of an equation of the form x^ +x+1=0 in the interval 
E2, 2]. 
Solution: The given non-linear equation (х) = +х+1 and its derivative 
(х) 5 3x3 +1 are used in Newton-Raphson iterative method (3) to obtain: 
Го) xxl] 20-1 
Jia =47 =X тҮҮ L3 Д 2 
б). Зх +1 3x41 

A convenient choice for the initial iterates is ху=-1. Use this initial 

iterate x, = —1 in the above equation to obtain the sequence of successive iterates 


i #=0,1,2,... 
29-1 2(-1j-1 3: 
х=) =-0.75 1-0 


цаг. 2(:0157-18 —0.6860465, 1-1 
BUB 3(-0.75) 41 - 


SENE 22236067978, 1-2. 


i=0,1,2,... 


| SSRI- 


ee 
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xi-1 2(-0.6860465) —1 
-2 2 iol 1 --0.6823396, i22 
3x1 3(-0.6860465) +1 


that converges to the actual root r of the given equation. 


1. 


2. 


Find an interval a < x Sb at which f(a) and f (b) have opposite signs for the 
following functions: 

а. f(x)» e'-2-x 

b. f(x) 2 cosx--1—x x is in radians 

с. f(x)ex-10x423 —— 

Compute four iterates of the bisection method for the following functions 
with indicated interval[a,, 5, ] : i 

a. f(x)=e"-2-x, [1.1.8] 

b. f(x)=cosx+i-x, [0.8, 1.6] xis in radians 

c. f(x)=x°-10x+23 [3.2, 4] 

Compute four iterates of the regula-falsi method for the following functions 
with indicated interval [a,, b;] : 

а. f(x)ee -x [-2.4, -1.6] 

b. Р(х) = соѕх+1-х, [0.8, 1.6]x is in radians 

с. Р(х) =? 210x423, [-2.4, -1.6] 

Let f (x) = х? - 2x - 1.The actual roots of f(x) are гү-2.414214: and 

т 21.414214. Use Newton-Raphson method 

a. with the initial start x, =2.5to compute the iterates Ху, x, and xs that will 
converge the actual root 7; of f(x). 

b. with the initial startx, ——0.5to compute the iterates x, x,and x4 that 
will converge the actual root r, of f(x). 

Find iteratex,of Newton-Raphson iterative method for the following 
functions with initial start x, : 

а. f(x) 2 5-3, x, =l 


b. f(x) =sin(x),x, =1 
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с. РО) = x +2х-1, x, -0 


6. Use Newton-Raphson iterative method to approximate the actual r of the 
following non-linear equations with indicated interval: 


а. f(x) = +3х-1=0 on (0, 1) 
b. f(x) e x 2x! -x 4120 on (3, -2) 
с. ¥x-3 = х+1 оп [-3,-2] 
Continue the process until two consecutive iterates will agree to three decimal 
places. 
7. Сап Newton-Raphson iterative method be used for the following functions? 


a. f (x) =9х* - 162? - 36x? 496х-60-0, „= 


1 
b. f(x) 21-—, x, 22 
fha) x 


11.2 Numerical Quadrature 


Numerical integration is a primary tool used by engineers and scientists to 
obtain approximate solutions for definite integrals that cannot be solved analytically. 
For example, the integral 


1 = [е^ (4) 


has no actual solution. By any integral formula we are not in position to evaluate the 
given integral (4) for obtaining the actual solution directly. The only way is to find 
out the approximate solution that can be found by using some numerical procedures, 
such, as numerical integration. 

We now approach the subject of numerical integration. The goal is to 
approximate the definite integral of f (x) 


ES ©) 


over the interval [a, b] by evaluating f (x) at a finite number of equally spaced grid 
points: 


Тавь: 
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xU gg Xy X e "| 
fQ: ҮКЕ ate dum Ja 
i) Definition of numerical quadrature 


Definition 11.2.1: [Numerical Quadrature]: If a set of points in the interval [a, b] is 
@=X, «x, €x, <... < X, «x, =b, then an expression of the form 


ого] Ўн) =, f) WFR) +t EG 
Ге] 
with the property 
b 
jreoax- oir eoe E602] (6) 


is called a numerical integration or quadrature formula. The term E [f (x)] is called 
the truncation error for integration. The values [xj are called the quadrature 
Ha 3 


nodes and {w,| — are called the weights. 
jo 


Depend on the given numerical procedure, the grid points (xj) are chosen in 
various ways. For trapezoidal rule and Simpson's rule, the grid points are chosen to 
be equally spaced. In this unit, the numerical 
procedures recommended are the trapezoidal rule y 
and Simpson's rule. 


e Approximation by rectangles 

Е f(x) 20 is a function over the interval 
[а, b], then the definite integral (5) represents the 
actual area under the graph of f (x) on the 
interval [a, b]. This is shown in the Fig. 11.4 

For approximate area, the function f (x) 
must be known at equally spaced grid points in 
the intervalfa, b], each of width Ax = (b—a)/n: Fig.114 


31 й=х, A XX = 
‚  =л„+КАх, k 20,1, 2,.‚п 
FOS £A eeu d : 


| 461 


In light of above equally spaced grid points, the actual area (5) under a curve 
f(x) over the interval [а, b] is rearranged as under: 


г-да | fend Тоа. јлда (0) 
а & 4 na 


Approximate Area by Rectangles: Consider the initial subinterval [x),,]. Let x, 
denote the right endpoint of the initial subinterval, and the base of the rectangle is of 
course the initial ubinterval and its height is f(x,). The area of the rectangle in the 
initial subinterval is therefore f(x, )Ax. 


If } f(x)dxis the actual area in the initial subinterval, then the approximate 
3. 


area f(x,)Ax is of course the area of the rectangle lies in the initial subinterval 
[x,,2,]. Thus, the sum of the areas of all n rectangles is giving approximate area 
under the curve f(x) to actual area represented by definite Integral (7): 


b + 
102257: 


=f (ЈА f(x)Ac f(a) хэс f (nan 


This approximation improves as the number of rectangles increases, and we 
can estimate the integral to any desired degree of accuracy by taking n large enough. 
However, because fairly large values of n are usually required to achieve reasonable 
accuracy, approximation by rectangles is rarely used in practice. 

y 


_% 


© The Trapezoidal rule 
The accuracy of the approximation can 
be improved if trapezoids are used instead of 
rectangles. Figure (11.5) shows the area 
approximated by n trapezoids instead of n 
rectangles. 


It] fGDdxis the actual area in the 


Xo 
initial subinterval, then the approximate area 


Е LE Nast of course the area of the 


‘trapezoid lies in the initial subinterval [x,, х,]. Thus, the sum of the areas of all n 


Fig. 11.5 
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trapezoids is giving approximate area under the curve f(x) to actual area represented 
by definite integral (7): 


| гом =, Lf) f] ЦЭГЭЭ 
eG dero) 
= 21625 (Mes fay t flax o е 
Trapezoidal Rule: If f (х) is continuous on [a, b], then the trapezoidal rule is 
г- 6): s af naf e 8 *2f. f]. 


The n" subinterval is x, =x, +пАх => b=a+nAxthat gives Axc(b—a)/n. 
Moreover, the larger the value of n, the better the approximation. 


Example 11.2.1: [Trapezoidal Rule]: Approximate the definite integral [= јад 


in n=4 subintervals and then compare your approximate answer with the actual value 
of the definite integral that must be accurate to 5 decimal places. 
Solution: The given interval is {a, b) = [-1, 2] and the width for n = 4 subintervals is 


The trapezoidal tule (9) is used for Ax = 0.75 and n=4 to obtain: 
1 Н 
1 
[а= T= 25:252, f (0:79 (10) 
=l 
The function values f,, fis fa: Jas Ja at grid points z,,x;, x; x,, x, are 


xac л-16)-(6 1 


З m ү 
OG f,=| -=| 2200625 


=a+2ty—-1+9( 3) = 4-1] 2-02 
= 2) mg EN a 


463 


wohl) Ae 

кані 14(2)=2 =O} =4 
used in (10) to obtain: 

Para" = 825 52520 Ls 


-!pi«a(0095):2(025) 420565) 441025) 


-3,28125 
The exact value of the definite integral is: 


азаи 
1 z^ 8-8 cien 
The trapezoidal approximation T4 developed an error, which we denote by E, : 
E, = Actual – Approximation = I —T, = 3—3.28125 = —0.28125 
The negative sign indicates that the trapezoidal formula overestimated the true 
value of the definite integral. 
In terms of numerical quadrature notation, o[ f (х)] =T, =3.28125 and 


Е,[(х)]=—0.28125 with nodes x, 21, x, 7 —1/4, x, =1/2, x, 75/4, х, =2. 


• The Simpson's rule i 
The accuracy of the approximation can be improved if instead of trapezoidal 
strips, the parabolic strips are used in three consecutive equally spaced grid points. 
The name given to the procedure in which the approximating strip has a parabolic arc 
is the Simpson's rule. 
Mathematically, the parabolic arc is represented by a second degree 
polynomial p(x) = Ах? + Bx C. 
Simpson’s rule approximates the actual area in an interval [a, b] by parabolic 
arc if f(x) is replaced by second degree polynomial p(x) 
b i b 
[f God = | p(x)dx 
а п 


| jue sacos (Eoo (ete 2) (1) 


= = 


› gus EN — — / 


БУ” 


D 
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that requires three consecutive grid points in an even interval [a, b]. The definite 
integral of the second degree polynomial in equation (11) is simplified by a rule 
called prismoidal rule. This rule is valid for a polynomial p(x) of degree less than or 
equal to 3. y 


Fig. 11.6 


For Simpson's rule, the function f(x) is known at equally even spaced grid 
points in the interval [a, b]: 
х: а=, X Xy Xona Хур х, =D А 
, with 
709: LA fefe fea Ун 
X, =X, - 2nAx, п=0,1,2,.... 
b=at2ndx, х, =, x, =a 
_b-a 
2n 

In light of even spaced grid points, the definite integral (7) is rearranged as 


(2) 


under: 
1=| (дах=] rogas] roce bees * f f (x)dx (13) 


Жөе 


If 1 J (x)dx is the actual area in the initial even subinterval[x,, x,], then the parabolic 
х 


arc in the subinterval | х, х, | represents the approximate area: 


] гоа = ] P(x)dx, а= ху, Ь=х,, used result (11) 
% 


EC єз] ро] 


= 
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If the width of one subinterval is Ax-(b-a)in,t:- the width of two 
consecutive subintervals is x, —x, = 2Ax. The subintervals are of equal width that 


5 25 = il Using these in equation (14) to obtain 


gives 


Тош = | pod: 
ЕЛ х 


uzav 
6 


[pese ( 855 ene 


Ч ) 1695 4р\х,)+ р(х,)] @5) 


Since the polynomial passes through the three consecutive grid points on the 
p A- curve, the best approximations would be the function itself: that is px) = f(x), and 


Wi р(х) = f(x), and px.) 7 f (x,). These are substituted in equation (15) to obtain: 


[C : 


| pends = | рй» 
Je х 
iri pose ApQs)* р(х) 
) 2 
EA == U) 4f(x)+FG2)] un 


Thus, the sum S,, of the areas of all n parabolic strips is giving the approximate area 
4 under the curve f(x) to actual area represented Бу definite integral (13): 


\ s. 2 F(a) 44s (a) rere 169] 


X ot ээл ан £082] 


256 ЗАЛ) Ufo tTa EA al an 
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Simpson's Rule: If f(x) is continuous on (a, b], then the Simpson's rule 18 


I = |/(х)=5,„ - [5 *4(fi ++ XU e fite T hes A] 


The even n" subinterval is 


X, =%+2nAx = b=a+2nAx that gives 


Ax=((b—a)/2n.Moreover, the larger the value for n, the better the 


approximation, 


Example 11.2.2: [Simpson's Rule]: Approximate the definite integral 


1= | Хах 
EI 


in n=2 subintervals and then compare your approximate answer with the actual value 
of the definite integral that must be accurate to 5 decimal places. 


DEEG РУСУ} = 


2п 4 4 


The Simpson's rule (17) is used for Ax = 0:75 and n=2 to obtain: 


Ї 0:75 
| бахь s, - 3 [Л 545 5)*2(5) + л=2 (18) 
“I 
The function values fo, Л, fos Jas Jaat grid points Xo, X, X3, XX4 are 
x, =a=-1, fr=f(-1)=(-1) m 
х,=а+1Ах=-1+—=——, f=(-4) = 7700625 

3.1 182291 

=а+2Ах=-1+25==, =|—| =—=0.25 

Por ay Ё (3) 4 

9-5 5ү 25 
Хэ зш-1833-3, 2| == =0=1.5625 
x, =a+3Ax Bui Ч Ta (2) 


хаж 142-2 


f 2Qyz4 


These function values are used in equation (18) to obtain: 


PEN 
я =| 367 — шилж 


fez 
| [ax = з, рал] 
E 


С) = 22 [L--4(00625« 1,5625) + 200.25) +4] 
E =0.25(1+6.5+0.50+4)=3 
ч The exact value of the integral is: 
4 2 2 
9 |5) CE 
14 Эй Bim 9 € 
мм The error term is therefore: 
An, E,=1-S,=3-3=0 ) 
N 7 This develops the idea that Simpson's rule is much more accurate than — 
( N trapezoidal rule. EHI 
w EE meree ЖЕ [Te B 
WN ig хилэн 
Ч f 1. Use de trapezoidal rule to approximate the value of each definite integral. 
/ÀN Round the answer to the nearest hundredth and compare your results with the 
( 62) exact yalue of the definite integral: 
з H 2 
а. 1 2|[x dz, п=4 b. i (Ene n-4 

N 1 2 J 

Ж 3 2 

é сєт=}®, п=6 d. 12 | Vii x dx, n=6 

РЙ x ° 


1 
uP 
e I2|———dx, n=5 
| 4142 
2. Use Simpson's rule to approximate the value of each definite integral. Round 
the answer to the nearest hundredth and compare your results with the exact 
) value of the definite integral: 


4 HE 
a. I 2 [x!dx, п=3 EI Ee n=4 
2 z 


4 3 1 
! сл: 2853 d. I 2 [e"dx, п-4 
1x o 


1 
e. 14 [5 ee п=2 
22+х+х 
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) 3. A quarter circle of radius 1 has the equation y 2 /1—x^ for O€ x X1, which 
means that: 


3 
[4-2 = п=4 
1 


Approximate the definite integral on the left by trapezoidal rule that equals the 
right side when 1 —3.1. 


4. A quarter circle of radius 1 has the equation y=Vi~x? for O€ x &1, which 
means that 


1 
) [i-a nz4 
0 


) Approximate the definite integral on the left by Simpson's rule that equals the 


right side when x— 3.1. š 

› 5. The width of an irregularly shaped dam is measured at 5-m intervals, with the 
result indicated in figure given below. Use Simpson's rule to estimate the area 
of the face of the dam.Hint: 


X:X70 355 x-10 х,515 x,220 
› /:Һ=9 4-15 5-20 А-27 f,=30, Ах=5, п= 2(even interval)) 


8, - AG + A)+2f f] =411.66m = 412m? 
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Bisection Method: If f (x) is continuous and f (а) and f (b) have opposite in signs, then the 
bisection method will be used to approximate the actual root r of the non-linear equation f 
_(x)=0 in the interval [a, bj. In bisection method, the approximate root of r will always be the 
midpoint of the interval [a,b]. 

Regula-Falsi Method: If f (x) is continuous and f(a) and f (b) have opposite in signs, then the 
regula-falsi method will be used to approximate the actual root r of the non-linear equation f. 
0)-0 in the interval [a, 5), In Regula-Falsi method, the approximate root of r will not be the 
midpoint of the interval [a,b] that shouid be anywhere in the interval [a.b]. 

Newton-Raphson Method: If f(x) and its derivatives are. continuous functions and. X,is the 


initial iterate, then the Newton-Raphson method 


БЭЭ LIU үз =. 
fo) : 


produces a sequence of successive. iterates x, | that will converge faster to r than either the 


bisection and regula-falsi methods. 
Rectangle Rule: [ff (x) is continuous on [a, b], then the rectangle rule 


f(a) Act f (x Arto f) Ax 


b 
is used to approximate the definite integral | f (x)dx. ( 
Trapezoidal Rule: If f (x) continuous on [a, b], then the. trapezoidal rule is 
T, - [A24 ht 22 f] Ат=ф-а)/п ‹ 
4 


b 

is used.to approximate the definite integral [ f (x)dx. 
с а 

Simpson's Rule: 1f f (x) is continuous on [a, P], then the Simpson's rule Й 


FRERE R tt Smi) fate Sina) Sa] 


b 
with Ах = (b — a)/ 2n is used to approximate.the definite integral j f(x)dx. 
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Answers 


21: a. indep: d; dep: Р c. indep:F; dep;C - 
d. indep : r,0;dep:s e. indep:m, a; dep:F 
2 a. 43, 15,3a° +6ah+ З +7a+7h-5 
b. -7, 2.8, -0.19 
c. 35.69, 103.4, 34.12 
а.14Лш, | b. 40.3 m c.2856in 


3 
5. гс. 108] mm” 1081mm- 
7. . b.5 

8 

9 


(х= и, "Y 
2 ex tan( 7, 


13. 


a a 


> [ Exercise 1.2 


[ 1. а.4°” с.е e. 8e 


36r 


Я а. х=1 c. х= -1.6 e.x-3 g.x-3 i x=-3,0 
К з. a27-9 1091 e.82 47 


4. a.log,49 = 2 c-log,8=5 e.log, A=u 


/ 5. a, х=9 с. у=2 d. b=10 е. y=-2 f. b=100 
Ч 6 ах с. x-8 d. х=7 
Yy e. No solution (х= —11/9, domain is only positive real numbers) 
A 7; a. $125,000 b. About $211,000 c. About $235,000 
) 7 d. About $307,000 e. The sales product is growing slowly. 
ү This is shown in the graph below: 


S) 


400 
300 
200 
100 
10 20 30 
Exercise 1.3 
1. (8) h(x) (c) N 
H 
45 7 
.5 
їй t 


a.You should recognize these equations as parametric equations of the 
straight line parallel to the direction vector u=(-1,2) and passing through the point 
p(3,0). 


b.In order to eliminate the parameter t here, you do not want to solve for the 
parameter. Instead, look for some relationship between the variables. You should 


- 473 - ын «——— 


5 2 3 2 
ue) ит 


4 which is thé equation of an ellipse : 


c. You should recognize these equations as parametric equations of the straight line 
parallel to the direction vector u=(2,-3,-4) and passing through the point р(3,5,2). 


‚ Ехегсве1.4 | 
y |. а.-9 b.-8 c. -1/2 e.9/4 {И 
М g.-19 h.-1 il йө оао 
f) 2. a. Does not exist. b.-1/9 c.1/245 а1л0 
а. 5 b. -7 
ү, а, Continuous for all x. c. Continuous for all x, except x5. 
N e. Continuous for all x, except x= –2 and x=3. 
Г" 6. а. Yes b. Yes c. Yes d. Yes 
) [Exercise 2.1 | 
Eo аз” | цэл с21 4025 
2. а.22 b. Ax= 0.1, 2x Ax-6;0.1 
1 
c. Arz 0.1, n(2r x Аг); 4.17 d. Atz 7, PER. ae 


, а. Аг= 011; 14.4 b. At = 0.01;15.84 
4. М = 2; 25; the average rate of inflation is Rs.25 per year. 


‚ Exercise 2.2 E 
К а.3 b.5 c. 2x d. ~2x 
-7 -3 -10 
.32х-7 for — «hh oe 
е х "Gy o Qe 


i. 6x4 
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2. a2 Ь. -1 c. 1/5 


1. а. у= 9 42x-6 b. y= 1202 —54x? +10 
c. у= 420 - 112? +бх? - 8 ( 
d. у= 50х* +80x° — 3937 + 16x45 
е. y 237 -(x"*12)-2 f. y'a-12415x | 
2 ay--H(x-4f b. у'=—6/(3х—5) 


c. Р) = [ - 2t - 1J(r- 1 f 
d. у= [4x - 48? - 2x4 6]/(4 +17 


“БЭ: 
„ y'2[5——-—-]/x f. у= [x -4x-12)/(x-2 
e. Y 2377 ri у= [х i / 
в. fip)=[24p? * 32p * 29]/(3p 2 7 
h. 8х) = [J0xf - 18? - 65? —20x -9]/[(2x 1 (5x2 Y] E 
3  aC(0-1«28x'^ 
b. About 9190 dollars c. About 9150 dollars d. Yes 
2000 
4. M'(d)- ——— b. M'(2) 2125/16, M'(5) - 80/25 
а. @)= ау (2) = М"(5) 
xP EST d 
6. p ys b. у= 
узул: рў 
7. a. С'(20) =1/200, go faster b. G'(40) 21/400, go slower 


t а -20(7-r) b. 20 (2? - 4x2) (33^ -4) 


с. 305 (4-115)' d. Bear)" 


Р wu" uuu D N N м жом 
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paa 
22 Q2 2 -16 

(-32) “сар “(2х-1) 
2) a f'G) x-5 (40x—67) ЗЕ E520) 
(x-1) 
pa EAS) ; 6x +11 
s so d. -————— 
dT TT. fo inp 
Р -9х-74 m 245(3х+8)° 
E = DARON 
барат (54 тоъ 
3 2 
3: а. fers b. yia c. tra bea) 
2 а 2at 
, , 2t-u* 
У оз 
, 4. а. pd 1508+)" (Ы) About 3.96, .34, 0.36, 0.09. 
; ас .. dC dà _ 155) вог 
) Came асите ныт: 
aysiu by /=-у/х 3 c y ! 2—[4xy  3y* ]/[2x7+ 6xy) 


d. у= zx Sy) 3x4 2y] e. y 2 (х+ у)* (х+ y P1] 
Ly 2-y/ g y 5-28 
2. aye 122214 y 2p -4ххє2Р, у =[2х- у]/Їх+2] 


3x +1) 
c y= y’, y-MIS-xl. à y 2 3Mx-1)) y =U- yix- 
3. Kai (71:47 b. PL 
a. y'= 1/2560-5- b. y бая сай ) 
c. у = соз (sipx)cosx d. у = cos/x- ыг x 
e. y'= gecx к у= 6r xsin (пх?) соз(лл?) 


Cg —— рт эрт сэр сэт ээ со” ос» 
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^ 


Р 


шин... 


a. у'= —бсовес?3х b. y'= т1аплхзеслх 
c. у'=—8со12хсозес2х d. у= 4(x-- 3kec/(x 3 ) 
, Ax Scifi LIAC: 3 
е. у= cosec^Vx? -1 f. y'= бх? sec? x? tan x 
4x -1 f 


в. Y' = —cosec'(x-- 2)cot(x-- 2) 
‚ _ 25ес22х+ 3cot 3x(1-- tan 2x) 


h. 
2 cosec3x ` ( 
ў -1 A 11 
ay таг b. y =——_, 
I-(x4 f 1+(11х) ( 
„ 2sm'x © ЖА” ih 
с. у= E d. у= gt 3x°sin 2х ( 
f 41-4 
Tem X | 
" -1 Хе -9(14cos 33x) ( 


е у= — — ————— f у= ; 
(x43 Nu 7-1 4Л-Өх" 
a. Pts sin P. 0«:6104 
26 26 


b. P'(8) = $50/week; P'(26) = $0/week; P'(50)- —$14/week 
0.35n 
2 
b. У{3)= —0.55liter/ sec; V( 4 ) = 0.00liter/ sec; V( 5 ) = 0.55liter/ sec 


a Vft)2 


sin™ 08:58. 
2 


а. у= 2+2 b. y' 2 [2x 31/02 - 3x 2] 
c. у= [1-8In 5x]/ X$ 

d. у= x/[x? +1] e. y = 2x /[(14- x°) [In(1 + x? J? 

f. у= 2x [3(1- x?) 1-2 )^ 


xx 
* е , 3) 02-25 
а. у= 5 5 b. у= c. у= 2(e" - e?) 
y у эх b 
d. y'z12e^(e*-1) e. у= e^] x xInx) 


Е ys (2x-1)( In 5)s ^? 


iy iy, iy, DM 
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) 6xlo, 
2. ‚_ (2x+3).loge 
3 Lys b. y= 
) а= 2+7 YEP sare? 
,_ (2x-1 Лов, , со(1орх) 
p ym £ d. y-2————— 
) Byte 2 х 
& go LT uA f. y-secx D CN 
) l- x sinx 
} 4. a у= = b. y = (cosx)" d 
x -1 x 
у с. у= (Ie x 1) [log 130) Oe" Л 
“(ху (23х 3 1 4х 9x7 l6 
d =e uB| un qs 43.3) 5(4-3) 
G-x 4-5: 20-x) 32-3) 43-х) 54-x) 
E (2xf+15x? + 36) 
2У5-0-0Г-1300117 238 
Узуга? 
) £ у= (sinx)(In x)( x") cot x+(xinx J^ 1 In] 


5. a у= (4x3 )sinhx( 2x7 43x) b. y= sinh 2x2" * 
) c. ys tanhx| d. y’=—2aftanh(x? +1 )sech(x? --1)- sech'( +1 J] 
e. у = 3x! coth(x? +1 Jcosech(x? +1) 
" ya усилхлсожу 
! xsinhy - sinhx 1 3 1 
6. а, y-sex| by'-sex c 1 13727201 
ivy? 


а. у= 3х алап 3х e Yz-coh t у= 
1-90 Xx? -lcosh x 

1: 2.27 mm of mercury/yr; 0.81 mm of mercury/yr; 0.41 mm of mercury/yr. 

8. A(t) = 10,000(1n2)2" ; А() = 27,726 bacteria/hr (rate of change at the end of 
the first hour); А/(5) = 7,097,827 bacteria/hr. (rate of change at the end of the fifth hour). 


1. а. f'(x) 2 18x b. f" (x)= -6/ x* 
" 4 ” -25 m 
в. Р) d. 500) = — (St+7) 
Е 4 


———— — An  —  — — 


= 


a 
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e y'z id f. y“=6x+20 
МГ», 
2 а. у= 6sec^X- dsec?x b. у= 2cotxcosec?x 
4 
c. ye ДУ] - Дх) pee СА 
x* 
е, у” = —sin.xcos( sin x)- cosx sin( sin x) 
2 
3, ay -Qy*2) усе vis 
y F 
5 » cba! y eb!) 
cy =0 d. y Li > j 
ay 
Ee 1an^y - tan^x. nU- ete’) 
тап?у (e? +1) 
4, a. y^ =9/32t b. y 24/3a* с. y's-la(l-cosr) 


d. y" 2 —b/ a! sin? 2t 


а. у= (х+5)/4 b. у= -2х с. у= х/е 

dy= 3237 ё.у-05 f. y=—3x+3n4] 

gy-2xle hy=2x4+4 - 

a y=(-x+2e+1)/2e Ы. у= (х-п)/6 с. у= (1-х)/2 

d. у= (—х/12)+1 Se у= х+е Е у=-х+(8/2) 
45 


g уш-х+1 
а. y-3=2(x42) 


а. 1-x х?- +... 
x х x 
c. 1432-42-42 
2! 4! 6l 


b. 2.7183 


ta уе-Траж245 


b. у-п=(1+7)х * c.x-l 


b. y 


2 


6 
== 56s 


45 


d. -4x-By? S 


Ja, д/4 


b. tan"! 4/16 


Exercise 3.3 
2. а. 1. x=0,x = -2. 
ii Increasing on (-»o,-2)U(0. o» ); decreasing on (—2, 0) 
ш. Critical points: (0, 1) is relative minimum; (-2, 5) is relative maximum. 
iv. Graph of 2a: 
b. i. х= 5/3, х =-25. 5 
ii Increasing on (-ee, - 25)U( zu + oo ); decreasing on (-25,5/3) 
ш. Critical points: (5/3, -9481) is relative minimum; (-25, 0), is relative 
maximum. y 
x 
-10,000 
iv. Graphof2b: (b) 
de a. xz-3,4 b. x=-3, 5 с.х=0,1 а. х=0, 1 
4. b. Relative minimum at x=1 d. Relative minimum at х=4 
5. a. Relative maximum of 1 at x=0, relative minimum of -3atx-2 


b. Relative maximum of 2 at x=-3, relative minimum of -2atx--l 
Relative maximum at х= 2 , relative minimum at х= 4, neither at х=1,—5 
р'(х)= 108- 3x! 20 => x= £6. 

а. The expenditure on advertising that leads to maximum profit 1s.x—6. 

b. The maximum profit at x=6 is f (x26)-$512 hundred dollars. 


10. 


1. 


р'(х)= -3х*+18х+120=0 => х=—4,10. 


The number of hundred thousands of tires is x=1,000,000 tires; the number of 
developed the maximum profit is 


hundred thousands of tires x that 


` P(10)=$700=$700,000. 


K'(x) 


_ -12x +108 _ 
(Зх? +27)? 


02 x=13 


а. The drug concentration is increasing in the interval (0, 3) and is decreasing 
in the interval (3, о ). Note: x must be at least 0. 


b. The maximum drug concentration time is x23. 
с. The maximum drug concentration at a time x=3 is К (3)=0.22%=0.0022. 


cuis 300 
х 


Hint: C(x) = [G(x)][32]2.25] = 2 


300 


—+2x 
x 


зро => х= #150 


Minimum cost at x = V150 = 12.2 is C (12. 2) = $7.50. 


Exercise 4.1 
at#0,t>0 


ed #0п+1)5, n= 41,42... since tant = 


brtz2 120. 


sint . 
—— is undefined for 
cost 


te n1, n 0132.., t "m, nis odd. 


d. t nF, n=0,1,2,.. 


f.t #0, t>0 


(а) у 


e. #0, t 210 orco. 


g. t#-2,1<50 


F(t) = (21,7) 
F (0) = (0,0) 
F(1)=(2,1) 
Е (2) = (4,4) 


(b) 


рээ (m. 2x) 
x 
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————-=——————-——— 


3. a (71-30-1022 -2 k ъ.31-20 с. (I-d)sint 


e d. 2+0 sint) «(2te' «5sint)k 
e. (40е +1-2 + IOsint)i (2e +1)k 
4. а.3і+е2ј  c3i-(/3)j*2k е. і+ек g 2i- 3j eek 


58 а. All values of t. b. All values of t except tf = 0 

c. All values of t except 1 20,1 2 —1 

c. All values of t except t = 0 f. All values of t except t =0,t ——1 
2 


1 а.Е(0-1420-1-3 )k 
2 а F(t)- 2ii-t^j«2e*k Е”(}= 214212) 4e"k 
c. F(s)= cossi — sin sj + 25%, ir —sin si — cos sj + 2k 


3: а. f'(x)2 9x! -2x c. g'(x) T 


a. V(t)2 i26 2k; V(1)s i« 2j 2k, |V1)]- 3 
in the direction of i нь А(0-2) А(1)=2] ` 


42, Ж? 


с. V(t)=—sin ti + cos tj + ЗК, Үс: Fai ask 
(л14- 410 inthe direction of т ЖЕК 


v2, v2, 


A(t)=—cosri—sint j, А(л14)в--2- i- x 


5.  &is2-3k c.2414 
а. [6t 2cos(2—1)i-* 9sin 3 - (3r? 4e" Jk 


x ix! 
а.—+3——-7х+С 
5 4 


ЕЭЗ 2 491 ni fe; 
„>x t3yst— +C d. —+——+C 2---раїС 
зл VPE 4 5 515 3° 


е. 
——— n——— 
m ——— 
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) 22-1 2.2 
“гс "o RI 
) 2x! Ч 7 ан 
9 3-4р 3 9 
£5. a С) ET. (ус 
27 2 9 
) -1 2xi 6х? =, 
dt e e o go se 
) 3( x! -7x) 3 5 2( 2x42) 
5+1 1 
3 a. e 4 C галлаж сонын С 
) 10 3 
80-32) 
4. +C 1 
) 8 
) 4. dyldx 24x +6x’, ys x! +22? -3 
5. — dy/dx=x(2x?-D?, уб) = (a? 1 -40642 Ч 
, 
T. a. W (Ah) = 0.00057? b. W(70) =171.51Ь 
5 8. N(9)=19,400 
, ie 
: i ? 2 
p aec p зэ oe —cose*+C 
I 2 
d. 7 sin(t +3) +C 
1 14, 
2. а. 5521 +c b. tan4x +C c. gum x+C 
d. dn sec3x1+In see 3x-+ tan ЗС 
e lore C f. 21n I sindx 14C 
g. -Inlsinx--cosxl4C h. ~Fln(3+2c0s 2)+C 
a RET а e 
3: a. Fi TAG b. -tan™ (cos x)+C 


re 
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42. (N10. 1 i 
e sin” | 5 +C d. 2517 +C 
e. In( x! 4x 5) tan (x 2)* C 


259 Wei [txt T 1 a х 
f. -4-2x- X. эш (p) g Ws (Z) 


| 1 2 
1" а. 113 x-3.. b. 3x-Inte ссү tib р ince + D+C 
Ci 
a+ Ins - nsx + у--1)--ршп xt. c 
: КЗ 
4 
e. 60, Inx +2 2in(x-1)* C 
1 E 2 
2. а= —|+С b. Inl(x4 3(x-1) | «C 
2|х+1 
1 55 Ж Ч) 
сац шо daft ге 
(x- V (x3) 
с аннар 
xtl 2(х41) 
2 14 
f Lan xen 2217 lc 
2 (x1) 
181 1 3 1 
~h. х+ую\х-1!——;}х+11—таа" x+ C g.-2 tan! x+ sin Qiai'x) + C 
> : 
3. a. £-Ox-UC b. sinx—xcosx+C 
c. хлап? х (Гв 4! )+C d. хэл xe +С 


| 
yz }12 a ET А 
е. x3) 0—3)" (х3) с f. fr (мах +совх)+С 


112 78 1092: 
g Eaz -sint (sim (-xcosn) +С hi 01-е) +2)+C 


7 
——— — аво) 
| 


a 
| 
| 
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e. В 3 3 
i xcos2x sin2x | T Холу +С 
4 4 3 9 
4. b. Loos? x—cos? xIn(cos.x)+C 


5. Use partial fractions; R(1) = 4.522 ml; Fourth hour = R(4) -R(3)-1.899 ml 
6. Use partial fractions; 45 thousands 
3: 110 ft. 


1. а.8 b.7 c. 6.5 
" а.7 b. 5.75 c. 5.1875 
а. 13.5 b.-3 c. 2.67 d. 2.33 


EET b.8 с.-2 4.14 е. 15625 
f. 18.667 в. 9:333 h. 25.918 
а. 7.819 b. 0.928 c. -0.203 4.0 
а-2442 — b.-028 cel 00241 e.z/4 
f.z/12 ошл A 
2а 
4. а-1.609 b. 28.2 d. 0.458 е, 3.16 


g. 15/56 h. 4.1548 
2 3 

5. a. Área fi- ax- И-х&= 23/3, square units 
0 2 


2 3 

b. Area = fe -5x6)dx- JG? -5x+6)dx = 2916, square units 
H H 

c. Area = fx-e 8)dx— f 3-6x-8ax- 8, square units 
e 2 


3 
d. Area = [(Sx—x*)dx = 34/3 211.34 
1 


6. a, 23/6 square units b. 8/3 с. 4.01 square units 
7. a. About 414 barrels (опе day means 24 hours) Б. About 191 barrels 
c. Decreasing to 0 


eS Л 
nerie SA EET a ашны 


1. а.2 b. 11 c. 1l d.3 
2.  IABIzIBCI- УЗ, |АС|= 24/13 


3. 54е: ABI-I BC|=|CD|=|AD|= 18, Diagonals:ll AC =I BD Il 6 


am м» as ae afe ail aif, af 


S. — Sides:| ABI-I CD I= J 180, BC 1=|AD| = V500 
Diagonals:| AC |= BD I= V680 
& — lABI V5,|BC|= V5, triangle ABC is isosceles. 
а. (-1,6) b. (0,0) c. (a.a) 
} а. (1 16,17/6) b. (-24,-2) c. (5.-20) d. (-32/9,41/9). 
10. а. Q(5,1) b. Р(-8,-12)  c.QC2.-1) 
п. а. 3:4 b. 1:2 с. 1:2 d. 1:3 
12. а. GC7/3,7/3) Ы. G(10/3,10/3) c. G(1,4/3) d. G(2,3) ( 
= сураг, EA 
1 а. у=х+5 b. у=-3х+6 c. у=2х+1 П 
d. y=-L/2)x+1 e yax f. y=(-3/4)x-3 
g x h. y=3 af 
2. e. d, b, a,c 
а. 1/4 b. -1 с. -3/2 ‘ 
d. -4/7 e.2 f.-1/6 
4. 2.—3,6 b.3,9 с.-2,2 ‘ 
d.4,-8 - e.-2, 10 £.2,-10 
5. a. 0.5х+0.87у-4=0 b. y-8=0 
c. 0.87х+0.5у-5=0 d. 0.71х+0.71у-2=0 
6 a 3x+2y-12=0 b. 2x4 y-8-0 
c. 2x y- 1020 d. 5х-у+5=0 
ТА а. у= 3х b. 5х-у-5=0 ` 
c. у-х=0 d. х+2у-5=0 
8. a. 4х-у-2=0 b. х+2у+5=0 
с. Jx yt 420 d. 5х-у-43-0 
9. а. 2х-у+2=0 b. 8х-у+4=0 
c. x-2y-8=0 4. бх+2у-1=0 


> 
————— — m. 
CA ETIN 


= 


| 
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1. 


2. 


= 


9. 
Е 


Цайгаа 


ив» 


a. Below the line; on the opposite sides of the line 
b. Above the line; on the same sides of the line 
c. Below the line; on the opposite sides of the line 


a. On the opposite sides b.Onthesamesides с. On the opposite sides 
a6 6//13 с.1 d.4 е.0 
1 1 11 11 
2 b. az, at р Pup ait 
a. 45 tan 7 tan 7 с. 180 -tan 23 tan 23 
d. tan! 2 
: 7 7 « 
а. tan (>) = 90? b. 180"- tanc, tanc : W 
a@=tn(-l) | b-nr'03 | с6- tn" ‘ 
27 27 27 9 9 
Б ЕЕ b. tan "=, tan ^ —,180^- tan (9 
a tan” түлэн estan 723 tan 5> tan” ==:180 -їап (9) X 
5 6 е "3 2 
c. tan 5,90, tans d. tan '(3),tan oun 13) ү 
а.1192+102у=125 b. 23x+23y=11 (9 
c. 3х+4у=5а d. x-3yz0 4 
b. 4x-5y-6-0 


а. х+у=0 
t 


РД ES 
a. (1,2) b. (14,-20) c. (8/36) d. (13,15) 

а. concurrent; (3,1) b. concurrent; (71,2) c. not concurrent 
d. concurrent; (23,-14) 

аб hI am 

2ac 

а. x+y=0, 3x-5y-0 b. х-у=0, 4x-5y-0 


c. ЕЗ ЕЗ d. х-у=0, x-6y-0 


а. Ө= tan! (-4) b. 0- ten" 

J3 5 
c. 87 fide d. 8 = tan! — 
c. 0 = tan 2 Oz tan 7 
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а. (=) y=0, (225). у= 0, ; perpendicular. 
b. 2x+y=0, 1-y=0; neither. 


c. (25 ee y=0, (E25. у= 0, ; parallel. 


10. err b. x?-2tan Oxy- y 20 
x? - 2Rxy + ay? 


a x! & y! 16 

e(xre4j i(ya3y-16 — &(rta) +(y+b) =(a+b) 
2 а. xy =25 с.(х- 6) +(y+6) =7 

e(x+9) +(у+6) -317 в(х+5) «(y-4) =1 


3. а@зу4 b(-23/2,2/2 cC23,0 dC12-4,1974 
4, aD, 172 c(012) г=3/2 e(-L1) r2 2 


g. No,coefficients of х? and y^ are not equal. i. No, r20 


5. axtt+y?—4x-21=0 bx c y o 4x-6y- 1220 
| 
c. x! e y! -22x-4y 425-0 ax+y?+x-5y-2=0 
6 — axy-2xt2y-48-0 b. x? + y! -6x-8y 41520 


d ae ae dx? +y? -2x—9=0 


м 
э 


ох жу F-sy=0 b.x’ +y —3x+y=0 


8. The center of the required concentric circle is (-g, -D-(3/2,2) and the radius which is 
the distance from the center (3/2,2) to the point (-3,0) on the circle: 


r=d= | a - P. 


The required concentric circle is: 


2 
(3), *(y- 2y -9.g жу!-3х-4у-18-0 
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9. a. The center of the required concentric circle is (-р, -f)=(-4,7/4) and the radius which 
is the perpendicular distance from the center (-4,7/4) to the tangent line х=0 on the 
circle: 

r=d Bane bya MCU The required concentric circle is: 
Jat 4v 
2 
(x+4)’ 4-2 -16 
b. (x-4)? +(у-0) 220 c. (x43) +(y—5)? =25 

10. a. The circle equation x^ + y? +2ex+2fy+c = 0 that passes through the origin is 
giving a circle equation x^ + y^ --2gx - 2 fy = 0, c=0. Intercepts means the x- 
intercept and y-intercept that are x23, у=0 and у=4, x=0. These intercepts develop 
the two points (3,0) and (0,4). The circle equation x^ + y^ +2gx+2fy=0 through 
these two points (3,0) and (0,4) give the values of g=-3/2 and f=-2. The circle 
equation x? + y? + 2gx - 2 fy = 0 through these values of g=-3/2 and f =-2 is giving 
the required circle equation of the form x? + y! -3x- 4y- 0. 


b.x +y?—2x—4y=0 
санла er 


1. a х+2у=5; y=2x 
b.4x+5y=1h 5x-4y+17=0 
ах+у= 25/2; х-у=0 
а, 9(1-1)- n! 20 = 18-n* =0 
b.81(4-4)-n^ =0 —81(8)-n —648-n'-0 
4. an?=18 —n-418-34/2 
b.n!2648 —n-t/648 =+18V2 
5 ас®=аЧї+т?уэс=®айї+т? ьс =9(1+1) S c MIB 3/2 
6. (c- £^) + 2fgim (c -g^)m? - 2n(gl + fm) n* =0 
7, 
8 


wo 


a n=7, -43 b. п = 4.52, 13.52 
а.(3х+4у+3) =25(x 4»! -9) 
1H. а. (8,2),(3,7) b. (1,0), (1,2) 
12. y=mxtc=tan45° xc-xt2, tan45°=1 


IMEEM mel 
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13. a у=3,у 2 a7. (choose negative sign) 


2  a(x-2f-8y4D bx 42x-3y 4120 
3. а12у= х? b. y =16х с.у =12х3 


e(x-5J = (64/3 Ху-1) 
4. (x74? +(y~ 3)? = G2) +y- = 3х+у=5 


a. (1,3), 46 b. (-3,-1) 4-2) 

c. (2,0), (2.0) d. (2,0), (2,0) Ч) 
7. a. c=p/m=9/4, m=1 b. c=2 

с.с=—2 Ч. с=-1/6 
8. a. x-y+2=0, х+у-3=0 b. у=х+3, х+у-9=0 

с. 4х+2у-3=0, 4х-8у+27=0 4.4х43у-1-0, 8х-9у-7-0 
9. а. 2х+у+1=0, (12,2) b. у=(—1/4)х—5, (20,-10) 


А 1 
10 а у=т+с= tan45 seco xe е xe ре Мате tangs =] 
т 


7 1 
b. у= mx c- tané( xc 3x E = /Зха--г, 
d m m EN 


12 2-643) 


Мааа Сява] 


(х + 1)2 -2И 
нөх Ux 


ыб” o2) | 


49 16 
2 2 2 
а rd 02 га «А6 шар 
4 1 16 4 
2 2 4 2 
e E03) 4 ax 09:57 
25 9 4 9 
4 . ae-caz23/5-206 
3 2 
b aig ba ec M Ea?e -16 


c. e= c/a = J12/4 20.87 
5? а. с= +35 b. с=14 с. с=+6 
6. а2х+3у= 8, Xx- D - 2-3) b. y=2, x=0 Я 


с.Вхаду-4, 20-48) = 4307-3) 
7: a.8x-9y- 1-20 b. 2x + 7у-14 -0 


a. 


ар 


NU) 


P 
R^ 


FEMTI 
e) 6 а 
* 7) i Novam 
2 2 
a Xu 
16 4 
2 2 
„®4Ў Фу-37 1 
9 9 


а, Є-1,—4), (4,1) 


tb 
c. (0,1), (-8/3,5/3) d. (0,3), (-8/3,-5) 


e ч 
P" : 
FEVT. O) 


(+1) -Q-27s1 


(c) 
FO, V29) | 
AY E 


nf 
3d 


ЦЭС 


а) (0+2) 3f | 


16 


b. (10),(2,43 ) 


8. ас=+243 b.c- 47 сс= +3 
Е c E RUNE та d 
2 er Se Дз 1:20-187:5154:5 324 355189 
1 а.2Х-Ү-0 b. X’ «Y! 24 с. X* -2Y? «16-0 
2: a. 2XY ta! -0 b. X? 2-4pY c.3X?-y?-1-0 
3. a 3X! «2Y'-5 b. X^-4Y? +1=0 
4. a. 0237" b. 82-30? 
1. a. order = degree=1, linear b. order = 2, degree = 1, linear 
C. order = 3, degree = 1, non-linear 
2 a. y is a solution, since the substitution of y and its derivative y’ reduce the 


differential equation into an identity. 
b. y is a solution. 
с. y is a solution 


3. a. Non-linear in x and y b. Linear in x and y c. Linear in x and y 
а. ху=2 b у=х-хшх+1 с. ѕіп(ху)= 0.7071 
2 2 
ai xe 
Qe 2 
5. a. у= sin x + 1, obtained by direct integration. 


b. yz In 19 obtáined by shifting x on one side and y on the other side. 


с. y= = , Obtained by shifting x on one side and y on the other side. 


d. y Z 1/(1- e") , obtained by shifting x on one side and y on the other side through 


partial fractions. 

е. у=-1, obtained by shifting x on one side and y on the other side through 
substitution y =. 

Е y=—2xe™* —2e* +44, obtained by shifting x оп one side and y on the other side. 


iai 


1. а. у=сх b. y22-ce c. yz tsin(x-4c) 


d y=— e. y=sin(sin™ xc) 


v v v v ë v 
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_———— Á———Á 


vem (ee | | 
f. yssin^ 00 
4 2 
2 а у=іа(х+с)-х b.sin(x+y)=ce" c. e” -c-x 
] 
x А 
d. у?=1-се” 21) = с? f. #-бу=7;+2х+с 
" yy} E 
3 a. tan! = (н) b. х= се? 
х х 
c х -c(x ty) de® Sox 


е. y = со + 2xy—y?ln у?) 


4. ayaa b. y! Ga x) ln x) 
| 1 
T | 4 1 
ИР, SESS 6. (2 "| =9°х 
x-i | x 
| 
8. FRE х(ї)= вг+12+сё1, х(1)-6:412- asd) 


9. General consumption of oil is x(t) 2 30e 9" +c. At time г=0 (1990), the oil 


consumption! was х=0, that gives c——30. The actual oil consumption at 
time tis x(t) = 306^ –30. 

10. ` General пш г of infected peoples is /(t}= 50(2 +1)+с. Attimet=0, the 
number of infected peoples was I= 0, that gives c = 0. 
The actual n ber of infected peoples at a time t is 
1() 50ш(2-41) 
The total numbers of infected people over the first four months of the disease are the 
following | 
1(1)234. 66, 1(2)-80.17, 1(3)=115.13, 1 (4) =141.66 peoples 

11. General reaction of drug 188 (х)-с-267 (x 2x2). At time x = 0, the 


drug reaction was R = 0, that gives c = 4. 
The actual dmg reaction at a time x is 
R(x)-4-2e* (= + 2х+2) 

| 

| 


= 
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The total drug reaction from x = 1 (hour) to x = 6 (hours) are following: 
R(1) = 0.321 = 0.321{100%) — 32.195, 

R(2)21.293 —1.293 (10096) — 129.395 

R(3)= 2.307 = 2.307 (10096) = 230,7%.......... 

s(x) = 0.19x? +.04x +c, c =0.25,5(6) = 7.33 millions 


2 
a x? +3y = b. y! - x! zk с. Z =-x+ink(x+1) 

у? e 
d.yx-k о е. = ink(cos2x)s Е e'siny-k 
в. у= е“ h. 2y=—-Inx+k ie^cosy-k 


j. sinxsinh y - k k. siny-ke* 


— 


a0 b. l-e? c.e^41 d. 2x8" 4 3x!e" e 2x 
e. e +2y f. 402° 2) 
a. Domain: x > y; range: f (x, у) > 0 


b. Domain 20 x #0; range: f(x, y) 20 
x 

c. Domain: у #2; range: f(x, у) >0 

d. Domain: x 2+ y ^ < 9; range: f(x,y) >0 


a. f, -2xcosx^ cosy, f, =—sinx’ sin y 


b. f= Е et арч 


3 
c. f, = y tan y, Ff: un +3y? tan »j 


d. f, 5335 4 2xy y^, f, = х? +2ху+3у? 


e f A. fo 
E 1- уг , А-у 


me 


с? 
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E f, =x(x+2)e" cos у=, f, =x e (cos у- sin y) 
f: =0. тха Vane ifs = 0,3307 у? . 


a. Not homogeneous b. Homogeneous, degree=1/2 


c. Homogeneous, degree=:3 d. Homogeneous degree= 2/3 


1. There are many choices for intervals [a,b] on which а) and f(b) have opposite signs. 
The following answers are one such choice. 


a. Guess two values of x for which f(x) must be opposite in signs, such as 
f(1)«0 and £(2)>0, so there is а гоо! in interval [1,2]; also f(-1)«0 and f(-2)>0, so 
there is a root in interval [-2,-1]. 
2. а. c971.4, 0171.2, c571.1, £371.15 
a. c, =—1.8300782, с = —1.8409252, c, — -1.8413854, c, = —1.8414048 
4. à. The iterates is converging to the actual гоо! гү: 
x, 72.5, x, = 2.41666667, х, —2.41421569, x, 2241421356 
b. The iterates is converging to the actual root г): 
x, =-0.5, x, = —0.41666667, х, = —0.41421569, x, =-0.414213564 
5 а.ху=1443 — b. x, = 0.000 
с.Х4-0453 — d. x, — 0.000 


a. 0.322 b. -2.5468 c. -2.79632 
eh а. Fails, since f (4/3) =0, we cannot process Newton-Raphson iterative method. 


s 


e 


b. If x, = 2, then the first iterate is x, = 0 and itis impossible to continue with 


| 
ПИЙ method any more. 


b. T, 21.17 


с. Т,= d. T; =3.26 

2 a S= b. S, 21.11 
cise d. S, =3.19 e. $,20.37 
3. 5. 412m" 


